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Precision measurements of nuclear gamma-radiation by 
techniques of beta-spectroscopy 


Part J 


The spectrometer with two-directional focusing as a tool for precise 
gamma-measurements 


By Arne HEDGRAN 


With 13 figures in the text 


Introduction 


The rapid development of nuclear spectroscopy has given an abundant ex- 
9erimental material on excited nuclear levels. Refined techniques have been 
vorked out to reveal the characteristics of these levels, for instance, their ar- 
‘angements and angular momenta, but it is a striking fact that determinations 
of their energies are generally rather imaccurate, especially if one compares 
them with the corresponding data in atomic spectroscopy. According to a recent 
‘eview of the spectroscopy of artificially radioactive nuclei by A. MrrcHeEtt (1) 
she accuracy in energy determination by conventional nuclear spectroscopic 
methods is 0.5—2% and radiations have usually to differ by about five percent 
n energy to be separated. 

Level energies may be obtained by studying the heavy particles emitted or 
cattered instantaneously in nuclear reactions or by investigating the continuous 
yeta-spectra from radioactive nuclei. The most general method is, however, an 
nergy determination of the gamma-radiation emitted in the transitions between 
he levels, so that the problem of accurate level determinations is intimately 
connected with the development of precise gamma-spectroscopy. 

It is not difficult to find the essential reasons for the low accuracy in the 
wailable gamma-measurements. The interaction with matter upon which every 
nethod of measuring must depend is very weak for the gamma-rays, and at the 
ame time the available intensities have been small. At present the situation 
eems more promising because of the development of high resolution instruments 
nd the availability of intense radioactive sources from the nuclear reactors. 
The investigations reported in this work are aimed at utilizing these progresses 
o increase considerably the resolution and precision of gamma-spectroscopy. 

The main reasons why this program of research was started are the fol- 
owing: 
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a. There was reason to hope that accurate knowledge of the energies of the 
levels will giwe new information on the structure of nuclei as was the case in 
atomic spetroscopy. Assumptions of simple numerical relationships between the 
level energies have in fact been put forward (2). Hven if such relations exist 
without being exact, an analysis from this point of view requires accurate data. 

b. Accurate gamma-determinations may serve as a cheek on those disintegra- 
tion schemes where “cross over” transitions are assumed. In these the sum of 
two gamma-energies must add up to the third. 

c. By increasing the resolution one would expect new lines to show up and 
natural line broadening — caused, for example, by the Doppler effect — may 
be detected and studied. 

d. Some fundamental constants, as for example, the binding energy of the 
deuteron (3), are derived from gamma-ray energies and will be better known 
when these are determined accurately. 


Section 1. Gamma-spectroscopy — A survey of methods 


In the following we will discuss only measurements of gamma-radiation emitted 
by radioactive nuclei. This gives data on the bound levels in the product 
nucleus being formed as a result of the decay. Most of these gamma-rays are 
within the energy region 0.1—3 Mev. The instantaneous gamma-rays emitted 
during nuclear reactions may be attacked in a similar way, but the technique 
is more difficult because the investigations have to be performed in connection 
with apparatus generating energetic particles or slow neutrons. Also these 
gamma-rays stretch over a larger energy interval. It is, therefore, natural to 
work out a precision method for the first type of radiation where the condi- 
tions are more easily mastered and where the best results may be expected. 
There are in principal two completely different ways that may lead to precise 
measurements of gamma-ray energies: 


A. Crystal diffraction of gamma-rays; 
B. The beta-spectrometer method. 


A. The crystal diffraction method 


This method measures directly the wave-length of the gamma-ray and utilizes 
the same principle of selective reflexion by the atomic lattice of a crystal as 
has been used in X-ray spectroscopy. The energy is then obtained by the 
well-known relation 


E=hyv=hela. (1:1) 


Great difficulties are, however, encountered because the intensities are weaker 
and the diffraction angles smaller than for X-rays. Early experiments in this 
field also appeared to be rather discouraging, but lately DuMonp and col- 
laborators have designed a curved crystal gamma-ray spectrometer with a very 
high performance (4) and measured a series of gamma-rays accurately. Their 
fae. are WEN Ha to ser most reliable hitherto and the lines measured 
are frequently used for calibration. Some of their indivi i igati i 
be referred to in Part II of this work (5) meri as 
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One of the greatest advantages with this instrument is that it has an ab- 
solute energy calibration; it gives the wave-length of a gamma-ray directly in 
X-units, but the error introduced in the conversion to cm is completely neg- 
igible. The method has, however, certain limitations. It requires very high 
ntensities. Further, the technical difficulties associated with the construction 
of an instrument of this type are rather great. This is probably the reason 
why only one such apparatus has been built. A fundamental limitation is, 
10owever, that the instrumental line width is constant in wave-length over the 
whole energy region, so that the accuracy, which is mainly given by the per- 
sentage line width, must therefore from (1:1) be roughly inversely proportional 
30 the energy. The resolution, defined here as the percentage width of a line 
at half-maximum height, appears to be ~ 0.5 % in the 0.5 Mev region. 

The beta-spectrometer method has in some respects the opposite advantage 
jo the crystal spectrometer: high accuracy at high energy. It is therefore evident 
that the two methods will supplement each other. The boundary between the 
bwo energy regions where the one or the other is superior must in the end be 
fixed by the practical developments of the two methods. 


B. The beta-spectrometer method 


Gamma-energy measurements with a beta-spectrometer are indirect in two 
ways. They are based on secondary electrons! produced by the quanta. Further, 
the spectrometer, measures the momenta and not the energies of the electrons. 

In beta-spectroscopy the momentum of an electron is usually given by the 
quantity Ho expressed in gauss-cm, where e@ corresponds to the radius of cur- 
vature of the path of the electron when moving at right angles to a magnetic 
Held H. If P is the true momentum of the electron and e the electron charge 
in absolute e.m.u., then 


Ho = Pie. (1: 2) 


The kinetic energy V of the electron, derived directly from the basic laws 
of relativistic mechanics is 


vau||/ (£22) 41-3] a3 


where «= mc” is the electron rest energy. If we use the atomic constants 
with assigned probable errors from the 1950 Report by DuMonp and CoueEn (6) 
and express V in ev, the relation (1:3) will be 


V - 108 = (510.97 + 0.01) [V (3442.3 + 0.2):10--Hg?+1—1]. (1:4) 


It is evident that the conversion from Hg to ev will not introduce any 
srror of significance. The same is true of the conversion from wave-length to 


1 The notation, secondary electron, is a little inadequate for the internal effects, in which 
1 gamma-ray is never emitted but the excitation energy of the nucleus is given directly 
0 the internal conversion electron or the internal pair. This distinction is, however, un- 
mportant here where only the energy balance is considered. 
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ev, and we will not therefore make any distinction in this respect between data 
obtained by crystal diffraction and those received from measurements of electron 
momenta. ’ 

Gamma-radiation interacts with electrons in the followimg processes: Compton 
effect, external and internal pair formation, external and internal conversion. 

All these have been used in gamma-spectroscopy and every method requires 
its own technique. The methods based on external effects have in common 
that a foil of suitable material is irradiated with the gamma-radiation and is 
used as a beta-spectrometer source of secondary electrons. For this foil we use 
in the following the notation “converter”. When one utilizes the internal ef- 
fects, where the conversion of the gamma-ray to an electron or an negatron- 
positron pair takes place at the disintegrating nucleus itself, an ordinary beta- 
sample is prepared. In all the applications the energy loss of the secondary 
electrons in the converter or in the beta-sample must be considered if high 
accuracy is aimed at. A short review of the different methods will now be 
given. 


The Compton method. The Compton effect is the phenomenon in which 
the gamma quantum is scattered by a free electron. This secondary electron 
gets an energy Hs that is dependent on the angle 0 between the primary quanta 
and the electron 


__ 2 EF} cos? 6 
2+ 2uE, + Ey sin? 6 


Es (1:5) 


If the gamma-emitter is placed close to the converter a continuous spectrum 
of Compton electrons will be recorded in the spectrometer because all angles 
are represented in the scattering. From the high energy limit of such a dis- 
tribution, corresponding to 6 = 0, the energy of the primary quantum can be 
computed be equation (1:5). As the distribution is continuous it is, however, 
not very suitable for precise work. By using collimated gamma-radiation and 
thin converters it is possible to select only electrons corresponding to 9 ~0 and 
“Compton lines” are obtained. This procedure has been used by Larysnev (7) 
but in this case too the resolution seems to be rather low. The technique may 
on the other hand, be very valuable for intensity comparisons between gamma- 
rays, because the energy dependence of the cross-section for the Compton effect 
is well established both in theory and experimentally. 


Methods based on pair production. As the energy required to create a negatron- 
positron pair is 2m, this will be the threshold for the pair production pro- 
cesses, and their cross-sections will increase with increasing gamma-energy. The 
energy H,—2 is shared between the positron and negatron according to 
energy dependent distribution functions. Fy can consequently be inferred if 
the sum of the kinetic energies of a negatron and a positron belonging to the 
same pair is known. The external method is most used and a converter of a 
high Z material is employed (the cross-section is proportional to Z*) and spe- 
cially designed spectrometers (8) (9) are used to select and measure the two 
members of the same pair. As this method is used for gamma-energies higher 
than 3 Mev it is not suitable for the present investigation. | a 
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Methods based on the photo-effects [external and internal conversion]. 
In the photo-effects conditions are particularly simple because the gamma- 
quantum gives up all its energy to one bound electron! and the effects will 
thus result in discrete energies of the expelled electrons. For this reason we 
must a prior consider these processes to be the most satisfactory as a basis 
for precise beta-spectrometric gamma-determinations. It has, moreover, been 
found that the cross-sections will generally allow one to utilize either the in- 
ternal or external conversion over the whole energy region concerned here. 

The internal conversion might from our point of view be considered as a 
secondary effect where the emitted gamma-quantum is absorbed by one of the K, 
Ij, ly... electrons in the atomic shells of the gamma-emitting nucleus, so 
that the expelled electron will acquire the gamma-energy minus the binding 
energy for the particular shell where the conversion took place. 

Thus the following relations hold 


h,=Ex+K=£,,+ y=... (1: 6) 


where we denote by Hx the energy of the K-conversion electron and by K the 
binding energy of an electron in the K-shell and so on. (It should be pointed 
out that if the gamma-radiation is following a beta-decay, the electron binding 
energy refers to the product nucleus). Consequently every gamma-ray will give 
rise to a series of A, Ly, Liz... lines, and as the binding energies are. known 
precisely from X-ray data, #, will be known with the same accuracy as are 
the conversion line energies. The problem is thus reduced to an energy deter- 
mination of discrete electron lines. The total probability for internal conver- 
sion and its distribution among the different shells is a very complicated func- 
sion of the gamma-energy, the Z-value of the emitting nucleus and the mul- 
bipole character of the radiation. Generally the total probability decreases 
rapidly with increasing energy and decreasing Z, and the K-conversion is usually 
she predominant mode. From the point of view of energy determination the 
K-line is preferable because it is a singlet. (The L, M... shells are all split.) 
[f it is not known to which nucleus the gamma-ray belongs, this may be 
Jetermined by an accurate measurement of both the K and Lr lines. 

In measurements based on the external photo-effect, a converter of a heavy 
slement is used and the energies of the secondary electrons are given by the 
elation (1:6) with the exception that the binding energies then refer to the 
sonverter element. 

Because of the simple energy relationship in the photo-effects, they have 
seen used exclusively in the following investigations. The difficulties encountered 
when high precision is aimed at vary and depend on the properties of the 
jarticular gamma-emitter. A short survey of previous work in this field will 
slucidate the question and define the requirements of the instruments to 
»e used. 

The technique of internal conversion line measurements was developed early 
luring the period of natural radioactivity. The activities studied most inten- 
ively were the active deposits of radium and thorium emanations, Ra (B+ C+ C’’) 


1 The small recoil energy imparted to the atom in the process is completely negligible in 
his connection. 
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and Th(B+ C+ 0”) (their internal conversion lines are called simply the Ra 
and Th lines in the following). The experimental conditions are extremely 
favourable in these cases for the following reasons: 

a. Strong activities are available and the internal conversion is high because 
of the high atomic numbers. 

b. By a simple procedure (10) carrier-free beta-sources can be prepared, so 
the conversion electrons will suffer no energy losses in the source. Equally im- 
portant is the fact that the source can be made with very small dimensions. 

Because of these circumstances it was possible to measure the Ra and Th 
lines with high resolution with the simple semicircular beta-spectrograph with 
uniform field and photografic registration’. For these experiments is was es- 
sential to have a narrow source and that was attained by collecting the active 
deposite on a very thin wire. A definite advantage of the method is that the 
radius of curvature of the electrons of a line can be accurately measured and 
if an absolute determination of the field is also performed the H g-value of 
‘the line is obtained absolutely. A large number of investigations have been 
made in this way with the main purpose of ascertaining the energies of the 
Ra and Th lines. Here will only be mentioned the classical measurements by 
Exuis (12), because his values for the momenta .of the Th lines have served as 
calibration references for most beta-spectrometer measurements of induced ac- 
tivities, until the crystal spectrometer data became available in recent years. 
Ellis’ H g-values have a quoted uncertainty of 0.1 %. 

In the spectroscopy of the artifically radioactive isotopes the situation is. 
quite different from the practical point of view. To get enough intensity one 
generally has to use weighable amounts of material for the beta-source. The 
effect of energy losses in the source may be limited by spreading the sample 
over a larger area but then the semicircular spectrograph is no longer suitable. 
The lens spectrometer has therefore been most commonly used for these ac- 
tivities; it has high transmission and allows large samples. The resolution ob- 
tained has, however, been far lower than in the previous investigations of the 
natural activities. 

Low resolution not only makes the positioning of the conversion lines un- 
certain, it may also prevent their detection. In most applications there is a 
continuous beta-spectrum present and the lines may appear superimposed on 
this spectrum. With high resolution, e.g. in the Ra and Th investigations, this 
is rather unimportant because the continuum is suppressed in comparison with 
the discrete lines, but with low resolution the lines may be completely shad- 
owed. In addition, the probability for internal conversion is less in the induced 
activities because of the lower Z-values. | 

For gamma-rays from light and medium nucley the external conversion has, 
therefore, to be used. The difficulties met with here are similar to those in 
internal conversion line measurements: the photo-electrons loose energy in 
emerging from the converter, the size of the source (which here means the 
converter) must be fairly large and a continuum is present because of Compton 
electrons. An account of the basic features of the external conversion method 
has been given by Drurscu et al (13). Investigations have later been made 


4 ; ; 
For a review of the various types of beta-ray spectroscopes and their potentialities the 
reader is referred to a recent paper by Persico and GEOFFRION (11). 
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(Hornyak eé al (14)) to increase the accuracy by studying the effects of elec- 
tron straggling in the converter. No work has, however, been performed with 
very high resolution. 

The above discussion indicates some essential instrumental requirements for 
precise measurements of gamma-rays from induced activities. A spectrometer 
must be used that yields high resolution in spite of the relatively large sources 
generally necessary for both the internal and the external method. There must 
be facilities for determining accurately the corrections due to the electron 
straggling in the source. Finally, the H @ measurements must clearly be carried 
out with the same degree of precision that the resolution yields. The present 
paper reports the application of a spectrometer with two-directional focusing to 
the problem. Section 2 is devoted to the focusing properties of the spectro- 
meter and to a discussion of the source arrangements. Section 3 deals with 
the procedure of field measurement. 

In two subsequent papers, Part II (5) and Part III (15), the investigations 
of gamma-ray energies will be reported. 


Section 2. Spectrometer adjustment 
A. Investigation of the focusing properties 


The spectrometer with two-directional focusing was proposed by Svartholm 
and Siegbahn (16), who showed that it is possible, by using an inhomogeneous 
magnetic field of axial symmetry and specified radial gradient, to design a beta- 
spectrometer which effectively combines the high resolution of the semicircular 
spectrometer with the high transmission of the lens type. The authors also 
describe a small spectrometer working after this principle. The investigations 
reported below have been performed with a large instrument which has since 
been constructed. A detailed description of this latter spectrometer together with a 
report of its first applications to the determination of gamma-ray energies has been 
published by Hedgran, Siegbahn and Svartholm (17). For the present work 
considerably higher accuracy was intended and the following will treat the pro- 
cedure of adjustment and the constructional improvements made in order to 
achieve the optimum results obtainable with the instrument. A short summary 
will first be given of the properties of the instrument which are essential for 
this work. The electron-optic relations used are taken from the paper by Svart- 
holm and Siegbahn and from subsequent works by Svartholm (18). 

The spectrometer consists of a ring magnet of high permeability iron with 
a central cylindrical yoke surrounded by the exciting coil. The pole shoes are 
shaped to give a magnetic field of rotational symmetry and with a vertical 
component H, in the medium plane of the form 


Hz (r) = Hz (1) [1—2(=") + dp (—*)"4 | (2: 1) 


i) 


The study of the electron orbits in such a field shows that there is a simul- 
taneous first order focusing in both the radial and the axial directions after 


an angle ¢ = «V2 = 254° (this is independent of the factor dg, which may 
be varied in order to improve the second order focusing; in this spectro- 
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meter a, = 3). The source and the detector are consequently located at this 
angular distance, each of them in the center of the pole gap, and the spectrum 
of beta-particles is examined by varying the field strength. The pole gap has 
the dimensions 28 X 28 cm and the central radius 79 is 50 cm. The aperture 
can easily be varied by adjustable shutters (see below). A GM-tube is used as 
detector and slits of different width can be inserted in front of it. : 

It is ‘of interest to estimate the resolution to be expected from the instru- 
ment for monokinetic beta-lines under the conditions that are typical of pract- 


ical measurements., 


ee ATT: sued For: 
The total relative line width expressed in FA if the detector slit is small 


compared with the image width 6, 


fae (2:2) 


6 is composed of three terms: the sample width 69, the aberration width 
6ap and the astigmatic line width 6as. Every term gives its specific intensity 
contribution. If these distributions are known, the resultant line shape may 
be obtained by a convolution procedure. It is, however, difficult to determine 
the actual field form with sufficient accuracy for such an analysis, and the 
line profiles have instead been investigated experimentally. For the present 
estimate we only notice that the optimum result should as a rule be expected 
when the various contributions are about equal. 

Sample width 69. It has been pointed out earlier that the source area is 
an essential quantity in work with induced activities. In this spectrometer the 
resolution is insensitive to the height of the sample so this can be made fairly large. In 
practice it is fixed to 15 mm, and a width of 4 mm then gives an area that 
is usually sufficient. The contribution to the line width is in this case 0.2 %. 
Many converter measurements have actually been performed with a converter 
area of 2X 15 mm, when the contribution is only 0.1 %. 

The aberration width day depends on how big a solid angle one has to utilize to 
get enough intensity. The spectrometer has a field-form corresponding to ag = 3 
in (2:1) and the aberration then comes mainly from the radial angular aperture 
yi, and the aberration width is equal to 

dab = $7 170. (2:3) 
The aperture is therefore adjusted by means of radial shutters only. At max- 
imum aperture (defined by the pole gap), 7; = yz (axial aperture) = 0.2 radians, 
corresponding to a solid angle of 1% of a sphere. The aberration contribution 
to _the line width should then be 1.3% and it should rapidly decrease with 
solid angle, amounting to about 0.1% at a solid angle of about 0.25% of a 
sphere. Equation (2:3) will not be completely valid at small y1 because the 
aberration from the fixed axial aperture will then be effective. 

The astigmatic line width das is caused by a deviation of the field gradient 
from the prescribed value. If the relative deviation is e, which means that the 
first coefficient in the development (2:1) would be —4(1 +), the astigmatic 
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line width in the image plane $ = aV2 is 


Oas = To yyenV2. (2:4) 


A small astigmatism is most easily corrected for by adjusting the detector 
position from the plane ¢ = 2 V2 to the plane of the radial image (the height 
of the detector slit must be sufficient, so that no radiation will be lost because 
of the imperfect axial focusing.) If, however, the gradient is field-dependent 
— and this may be expected because of the use of iron — this correction can be 
made for one field only and one must assume astigmatic line broadening to ap- 
pear with a magnitude that depends on the field-dependence of the gradient. 
According to (2:4) the astigmatism does not decrease as rapidly with aperture 
as the aberration width (2:3). 

Experimentally, the focusing properties of the spectrometer were investigated 
by using the ideal beta-lines from Th active deposite. The F, L and X lines 
(Ellis’ notation (12)) have H o-values 1388, 2607 and 10000 gauss-cm and cover 
the momentum range of interest (the corresponding range of field strength in 
the spectrometer is 27—200 gauss). The shape of these lines were recorded 
under various conditions as regards source size, aperture, detector slit, and 
premagnetization of the magnet. By varying the source position along the optic 
axis the focusing was also studied as a function of ¢. The axial focusing was 
in every case investigated using a vertically adjustable slit in front of the de- 
tector. 

The investigation showed that the relations (2:2) and (2:3) are in principle 
valid for the spectrometer. As expected, the gradient at low fields appeared 
to be dependent on the prehistory of the iron. The relative variation of the 
gradient when the magnet is excited after a careful demagnetization was esti- 
mated to be a few per cent over the range 30—200 gauss. The final position 
of the detector was chosen as to give no astigmatism at high fields; the inten- 
tion was that the corresponding gradient should be possible to realize at all 
fields by carrying out a particular cycle of exciting current, and in this way 
the instrument should give the optimum resolution over its whole range. (The 
same procedure has been used for a shaped field spectrometer, by Langer and 
Cook (19)). Although this procedure appeared to give a constant gradient, it 
was later abandoned as it did not seem satisfactory if the highest precision 
is desired. It involves in principle that the spectrometer is given residual mag- 
netism, and if this has not the same magnitude along the optic axis, the field 
measured will not correspond to the Ho of the focused electrons (cf. Section 
3). The positions of measured lines did reproduce much better if the spectro- 
meter was carefully demagnetized before a run and the current was varied ouly 
in one direction, and all measurements have therefore been performed in this 
way. The variation of the gradient will then have the unavoidable effect that 
the “window curve’’, i.e. the instrumental response to a monokinetic electron 
group, will not be the same for different electron energies. It is essential, how- 
ever, to know accurately the window at any energy, and too large energy de- 
pendence should be avoided. In practice a compromise has been made between 
the demands of intensity and constant window; by sacrificing somewhat on 
aperture the astigmatic line width has usually been kept low in comparison 
with that caused by the finite sizes of the source and the detector slit. 
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Data for two typical set ups will be given. At an aperture corresponding 
to a solid angle of 0.2% of a sphere and a source width of 4 mm the window 
curve had a relative half-width (in momentum) at half-maximum height of 
0.35 % at 1400 gauss-cm and 0.30 % at 10000 gauss-cm. At a solid angle of 
0.1% and a source width of 2 mm the half-width was 0.2 % and almost per- 
fectly independent of momentum. In both cases the width of the detector slit 
was the same as that of the source. The investigation of the axial focusing 
showed that the image height of a point source is always less than 10 mm. 
As the height of ordinary sources is 15mm and that of the detector slit 30 
mm it is certain that no radiation is lost due to the astigmatism. 

As a rule the width of the detector slit is chosen to be the same as that 
of the source. In this case one cannot assume in general that all those mono- 
energetic electrons, which are emitted within the solid angle defined by the 
entrance aperture will be recorded for one field setting. With the instrument 
adjusted as outlined above this assumption can, however, be made to give a 
good estimate of the height of the line to be expected from a beta-group of 
known intensity. Interpreted so, the reported data give hope for high resolution 
when working with the intensities that are often available, and indicate that 
the spectrometer is a suitable tool for the planned investigations. The instru- 
ment is not an appropriate one for electrons of very low energy, since because 
of the big radius the field is then low and difficult to reproduce. This is not 
a serious limitation, however, because soft gamma-rays will anyway be best deter- 
mined by crystal diffraction. Somewhat arbitrarily one might define the suit- 
able range of the present spectrometer to be for gamma-ray energies 0.3—3 Mev. 


B. The source arrangement 


As all gamma-measurements are performed as comparisons, it is essential that 
the sources should be easily interchangeable and that the source position should 
be well defined. The source is introduced into the chamber through a vacuum 
lock as is shown in Fig. 1. The source holder (under C) is fixed to a rigid 
brass rod. This can be moved through a Wilson seal while it is well fitted 
mechanically to the part B, which is screwed to the actual lock device A (of 
a type commonly used in the laboratory). A number of dowel pins define the 
relative positions of the different parts. The rubber gasket used between A 
and B is thin, so that metallic contact is assured, and the radial location of 
C accurately reproduced. . 

Fig. 2 shows a sectional view of the source assembly C when adopted for 
external conversion measurements. The gamma-source is kept inside a cylindrical 
brass container with walls of sufficient thickness to stop the primary beta-par- 
ticles. The variation in specific intensity and beta-energy of different activities 
makes it necessary to use containers of different sizes, but it has been found 
convenient to standardize them to a few types. Whenever precise comparisons 
are made the two samples are mounted in indentical capsules. The container 
has a well defined position, being pressed into two V-shaped grooves in the 
sample holder, Uranium is used as converter material and is evaporated onto 
a 0.1mm aluminium plate. The converter is immediately adjacent to the sample 
container and its effective area is defined by a slit in a thick aluminium frame 
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Fig. 2. Sectional view of the sample and converter. 


(shaded in the figure) which also supports the converter. A series of frames 
are available with slit widths 2, 4 and 8 mm; which of these is chosen depends 
on the container size to be used. 

The same source holder is used for internal conversion measurements, but 
the converter is now replaced by a thin aluminium foil on which a beta-source 
is prepared. The effective source area is defined as before by the slit. In par- 
ticular, the window curves, which are measured in connection with all ex- 
ternal conversion work, are obtained in this way by utilizing the Th lines. No 
special effort has been made to reduce the scattering from the source holder, 
because scattering does not seriously affect high resolution measurements of 
discrete lines. 

It has been verified that the interchanging of sources introduce an error less 
than 1:104, which means that the radial location of the source is reproducible 
within 0.2 mm. 

No general rule can be given as to when an energy determination is per- 
formed best by using the internal or the external conversion method. The first 
one fails for gamma-rays from light nuclei, and it requires very thin and uni- 
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form beta-sources, which are most easily prepared from activities which are 
available carrier-free. The converter method, on the other hand, is laborious 
for very complex gamma-ray spectra, because the contrast of the photo-lines 
to the Compton distribution is then low. The source preparation 1s simple, how- 
ever, and the energy losses in the converter are more easily corrected for than 
those in a beta-source, because only a small number of converters are used and 
these can be investigated with respect to electron straggling once and for all. 
For most investigations in the following the converter method has been preferred. 

The choice of converters requires some comments. Uranium is ideal as con- 
verter material mainly because the photo cross-section increases rapidly with 
Z, but also because the electron energy losses simultaneously decrease some- 
what with Z. The number of photo-electrons is proportional to the converter 
thickness, but one evidently does not gain anything in peak height by increas- 
ing the converter thickness over that at which the additional photo-electrons 
would suffer energy losses greater than the resolution width of the spectrometer. 
At this limit one obtains the maximum contrast of the photo-line to the Compton 
background. For accurate measurements it is, however, desireable to use thinner 
converters. It is necessary to examine the straggling effects in detail and that 
is best done if the “‘primary’’ photo-electron distribution does not seriously dis- 
tort the spectrometer window. The average energy loss of 0.3—3 Mev electrons 
in a 1 mg/cm? uranium foil amounts to about 0.05 kev and is approximately 
independent of electron energy (20). The best instrumental resolution conven- 
ient to use is 0.2%, and it has appeared feasible to allow for an average 
energy loss of about 0.1 % for this resolution. The procedure used to correct 
for the converter effects is discussed in detail in connection with the measure- 
ments (Part II, Sect. 5). In the present work only two converters have been 
used, one with a surface density of 0.7 mg/cm? for gamma-energies below 0.5 
Mev and another with 3 mg/cm? for more energetic gamma-rays. For work 
with complex gamma-ray spectra a larger number should be available, so that 
there is one converter matching the resolution at any energy. The converters 
have been prepared by vacuum evaporation of uranium. Activity measurements 
showed the uranium layer to be equally thick over the converter area. Its 
thickness was found by activity comparison with an uranium standard but is 
not considered to be known better than + 20%. 

As is well known there is an energy-dependent angular correlation between 
an incident gamma-ray and the emitted photo-electron; at low energy the photo- 
electron comes off preferentially perpendicular to the gamma-ray while at high 
energy it tends to acquire the direction of the photon. In previous converter 
work this has not to be considered because so thick converters have been used 
that the photo-electrons have lost their original direction by multiple scatter- 
ing and could be assumed to emerge isotropically from the converter. This is 
not true for the thin converters used here and this made it possible to perform 
the following experiment illustrating the angular correlation in the photo-effect. 

The thin, converter was irradiated by the 0.41 Mev gamma-radiation from a 
strong Au sample. The converter arrangement was the same as in Fig. 2 
with a 2 x 15 mm defining slit, but the sample container was kept at a dis- 
tance of 22 mm from the converter and fixed to an arm turning horizontally 
around the latter as is shown in Fig. 3C. The photo-lines were recorded for 
different angles 0 between the arm and the optic axis of the spectrometer, and 
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F ig. 3. Angular distribution of the K photo-electrons ejected from a uranium converter by 
the 411 kev gamma-ray of Au’®*’, C shows the source arrangement. The photo-lines recorded 
‘for different angles 0 are shown in A. B shows the photo-line intensity as a function of 0. 


are shown in Fig. 3A. In 3B the heights of the photo-lines are plotted as a 
function of #. The plot can be considered to give only a qualitative picture 
of the angular correlation in the photo-effect for two reasons:1) the problem 
is treated only in one dimension, 2) the photo-electrons suffer some multipole 
scattering from which they will acquire a most probable deflection amounting 
to about 15° for 300 kev electrons in a 0.7 mg/cm uranium foil (21). The 
differential photo-electric cross-section per surface unit should in the relativis- 
tic region be approximately given by 


Od Sore ee (2:5) 


where f is v/c (v = the speed of the electron) (22). According to this formula 
the maximum of the photo-electrons should here occur at 0% 30°, which is in 
reasonable agreement with the experiment. For gamma-energies higher than 0.4 
Mev this angle is consequently less than 30°. This circumstance together with 
the small amount of multiple scattering is important in the choice of an effec- 
tive converter area for the standard source arrangement (Fig. 2). It is not 
necessary or convenient to use defining slits much wider than the gamma-source, 
as is the case in work with thick converters (13). 

Finally some data should be given about the intensities required for high 
resolution spectroscopy. The converter efficiency expressed as the ratio of the 
number of photo-electrons to the number of incident gamma-quanta is ~ 5 X 107° 
for a 3mg/cm? uranium converter and a 1 Mev gamma-ray. If the appropriate 
converter thickness is used this efficiency stays constant for gamma-rays above 
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1 Mev, while it is somewhat higher for lower energies. The matching resolution 
0.2% is attained by using a solid angle of 0.1% of a sphere, and the “over-all 
efficiency” — the ratio of the counting rate on the peak of the photo-line to the 
intensity of the gamma-ray — will be of the order of 5 X10e The large 
dimensions of the spectrometer are important for work with so low efficiency, as 
they have made possible an excellent shielding between source and detector. 
The direct radiation from an energetic 10 mC gamma-ray is hardly noticeable in 
the detector. In practice a gamma-ray of ~5 mC can be conveniently recorded 
with the highest resolution if it is the most energetic gamma-ray in the spectrum. 
Stronger sources are, however, required if the photo-line is superimposed on 
a Compton distribution. If one can allow a decrease in accuracy and use lower 
resolution the “over-all efficiency” will increase rapidly, because a larger solid 
angle as well as thicker converters can be used. 


Section 3. The field measuring system 


If the high resolution yielded by the instrument is to be fully utilized for 
energy determinations, special care should be paid to measurement of the 
field. If a line is well analyzed, it is generally possible to locate the true 
centre within a tenth of the half-width, even if corrections have to be made 
for converter effects (see Part II, Section 5). This means, according to Sec- 
tion 2, that an accuracy of about 2:10 may be expected from the resolu- 
tion obtainable in favourable cases, and the field measurement should conse- 
quently have the same degree of accuracy in order not to be the limiting 
factor. 

In applications where the line profile is especially important — e.g. in the 
study of converter effects or in intensity comparisons, where the area under 
the line is used — the field measurement has to be very systematic and ac- 
curate to get the true shape of the line; it is desirable in these cases to have 
the field setting accurate to 1:2 X 104, but this need only hold over a small 
interval. A high “small region accuracy” in the field measurement can some- 
times by used for very precise comparison of “Jine pairs”, the reason for this 
being that for a given resolution the line analysis can be made more accurate 
when energy dependent corrections are eliminated. (Cf. Part II, Section 1.) 

It appears from the above that the field measuring equipment of the spectro- 
meter should meet with the following conditions: 


a) To be accurate to about 1: 104 over a large field interval. 
b) To be accurate to about 1:2 X 10* over a small interval. 


There are descriptions in the literature of a variety of devices for magnetic 
field measurement, the latest and most accurate being the utilization of the 
proton nuclear resonance (Cf. e.g. Pounp and Knieur (23)). This method is 
however, at least in its present stage, not applicable for spectrometers of this 
kind where the field is rather low (10-200 gauss) and has a large gradient 
(about 1% per cm). In order to get a good signal a large size proton sample 
has to be used, but the field inhomogenety will then cause too great a line 
broadening. 

The measurement of fields of this kind, which are being used more and more 
must therefore be attacked by more conventional methods. As a continuous 
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control of the field is necessary, some arrangement utilizing rotating pick up 
coils seems most suitable. Cork et al. (24) have given a method where they 
have a drum-armature rotating in the field and measure the direct voltage 
taken off by commutators and brushes. This requires, however, a very constant 
rotational speed and it seems likely that contact potentials at the brushes might 
cause trouble in precision measurements. Lancer and Scort (25) have recently 
described a fieldmeasuring device, the method of which consists of balancing 
the a.c. voltage picked up by a coil rotating in the spectrometer against that 
picked up in a standard Helmholtz coil. They have given the accuracy to be 
higher than 0.1%. A similar system was originally in use in the present 
spectrometer (17). This arrangement has many favourable features. As it is a 
null method the calibration is independent of the rotational speed; besides, by 
using a.c. instead of d.c. one can easily take off the voltage from the rotating 
coils by brushes and the influence of contact potentials will be negligible. It 
was decided therefore to retain this system and investigate the possibility of 
making it accurate enough. The equipment finally arrived at has been in use 
for more than one year and seems to meet the conditions stated above. 

As the field measurement is a very essential part of the precision measure- 
ments, a rather detailed description of this measuring device together with a 
discussion of possible sources of error is given below. 


A. Method 


Although the general idea of the equipment is simple a short analysis will 
be given in order to emphasize the important factors in the design. The principle 
is illustrated in Fig. 4. Two flat coils C, and C, are fixed to the same axis 
and rotate around the z-axis with the same angular velocity w in the fields 
H, and Hy, respectively. H, is the spectrometer field we want to measure and 
H, is the reference field produced in an iron-free set of Helmholtz coils, having 
its axis along the z-axis. H, should be an accurately known function F (J) of 
the current J through the Helmholtz coils taking into consideration the earth’s 
field and the stray field at C,. The two fields H, and Hy are for the moment 
assumed to be homogeneous. The relative position of the planes of the two 
pick-up coils is so adjusted relative to the fields that the phase difference of 
the induced voltages from the two coils will be as nearly as possible equal 
to z. The voltages from the pick-up coils are taken out by brushes and led 
to a detector. The two fields are said to be balanced when Hy is so adjusted 
that the detector shows a minimum. We then have 


Hives He = const - F (1) (3:1) 
iL 


where s, and Ss are the effective areas of the two coils Cy and C,. The ac- 
curacy of this measurement depends on two factors: 


a) The precision with which H, is balanced against H,, (which means estab- 
lishing a constant ratio between the two fields); and 

b) The accuracy of the measurement of J and that of the stray and earth’s 
fields, which determine F (J). 
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A.C. Detector 


Fig. 4. Principle of the method for field measurement. 


a) The field balancing. Let the E.M.F:s of the coils C; and Cy be (A +A A) 
cos wt and Acos(wt+a2+ 6) respectively, where the coils are mechanically 
adjusted to make 6 as small as possible. The resulting E.M.F. read on the 
detector is called AH, where 


AE=(A+ AA) coswt—A cos (wt + 0). 


Neglecting terms of higher order we get 


a= Al/ sint d+ aA in (wt + @). 


Fig. 5 shows the amplitude as a function of - It is seen that the 


A sin 6 
minimum may be located within a region A A~ A sin 6. For the “‘small region 
accuracy” mentioned above, the field balancing is the most important factor 


A 
and consequently we want ae < 1:2 10+. 6 should therefore not exceed 5- 10° 


radians or 0.°003. That means that the two coils must be adjusted relative to 
each other to an accuracy of 0.°003, and the torsional vibration in the rotating 
system must of course have an amplitude less than that, in order not to affect 
the null reading. 

In practice, H, is the field in the spectrometer and is not homogeneous but 
varies as 1/Vr. The pick-up coil Cy is situated on the optic axis (r = 50 cm) 
and is rotating along an axis that coincides with a radius in the cylindrical 
field. As the coil diameter is about 4 cm the field will vary along the axis 
of revolution to about 4% over the coil C,. It is easily seen that even in 
this case the rotating coil will give a very nearly pure sinusoidal E.M.F. and 
the same is true for the coil Cy because the reference field Hy is very nearly 
homogeneous. A difference in curve form of the two E.M.F.:s would affect the 
minimum reading on the detector in the same way as a phase difference and 
might seriously decrease the accuracy of the balancing. From the actual meas- 
urements shown later, the effects of different curve forms appear to be neg- 
ligible. Even though inhomogenity in the fields does not affect the sharpness 
of the minimum it must be allowed for in the design. The coil C, rotating in 
the spectrometer field will measure a mean value of the inhomogeneous field 
over the region occupied by the coil. As the field gradient is ~ 1 %/em a 
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Fig. 5. The figure illustrates the balancing sensitivity in relation to a phase difference 6 
between the voltages from the rotating coils. 


displacement of the coil of 0.05 mm along the z-axis will change this mean 
value by 1:2 X 104. 

The final critical phase adjustment between the two pick-up coils would be 
difficult by mechanical means and it is achieved by means of a weak cross- 
field H, perpendicular to the reference field and the axis of rotation. With 
H,, it is possible to vary the direction of the resultant field in the yz-plane, 
which, in effect, means a very accurate phase adjustment, without affecting 
the field measurement (see below). 

b) Influence of stray and earth’s fields. The field H, is mainly that produced 
by the current J (H;) through the sets of Helmholtz coils, but one has to notice 
carefully the influence of the earth’s field (H-) and the stray field (Hs) from 
the spectrometer magnet. A vector diagram of the various contributions to the 
reference field in the yz-plane is shown in Fig. 6. As both the spectrometer 
and the Helmholtz fields are vertical, the stray field will fall mainly in the z- 
direction. The same is also true of the earth’s field. By the cross-field H, the 
y-component of the earth’s and stray fields can be compensated. If now, the 
two rotating coils are so adjusted that there is a phase difference 6, it means 
that the reference field has to be given the direction H, to achieve the ideal 
balancing. This may be effected by an additional variation of H-. It is the 
field H, which enters into equation (3:1) and for small 6 the following rela- 
tion holds 


H, = Hz [: med (* + (He + oN 


9 ay (3: 2) 


By careful mechanical adjustment once and for all it has been possible to make 
the fields in the y-direction less than 0.2 % of H, for the whole field range. 
The second order term in (3:2) is therefore completely negligible and 


Hy = He= Hy + (He), + (Ass. (3: 3) 


Consequently, our task is to measure these quantities with the appropriate 
accuracy. 
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He 


H,|---‘H, 


z 
Fig. 6. Vector diagram of the fields in the reference coil, explaining the phase compensation 
and the correction due to the earth’s field. H; is the field from the current through the 
reference coil, H, is the earth’s field and H, the stray field from the spectrometer magnet. 
H, is the cross-field applied to achieve phase compensation. 


B. Design and construction 


Fig. 7 shows a schematic picture of the whole arrangement. The set of 
Helmholtz coils, Cz, constituting the reference field, is placed on a concrete 
foundation about 2 m away from the spectrometer. This distance is necessary 
to reduce the stray field from the spectrometer in Cg. With this long distance, 
it was found impossible to have the two pick-up coils attached to one rigid 
rotating shaft because of the vibrations produced. The rotating system was 
therefore divided into four segments (s,, S2, 83 and sy in the figure) with a 
semi-flexible coupling A between each pair. The segments s, and s3, carrying 
the pick-up coils, can be made to run on bearings on both sides to assure a 
smooth rotation in a fixed position. The segments sg is an aluminium tube 
with a wall thickness of 0.5 mm and a diameter of 50 mm. It was given this 
large diameter in order to achieve torsional rigidity. As all ferromagnetic 
materials have to be kept at a safe distance from Cy there is another similar 
tube, sy, leading to the wheel driven by a motor through a plastic trans- 
mission belt. A rather large shunt motor used for a fairly constant speed, 
which is easy to vary if necessary. The speed is about 20 revolutions per second. 

The details of the segment s3, rotating in the reference field are shown in 
Fig. 8. The pick-up coil C, is wound on a flat ebonite spool. It has 8000 
turns and a mean diameter of 33 mm. The wire used is 0.08 mm enamelled 
copper wire. The coil is fixed at the centre of a big ebonite frame into which 
two shafts of bronze are driven. Thus any large rotating metal piece in the 
immediate neighbourhood of Cy, which could cause troublesome eddy currents, 
is avoided. Special care was taken to align the ebonite frame and the shafts. 
Oil bronze bearings are used and the slide surfaces on the shaft have been ob- 
tained by grinding a thin layer of cobolt, electroplated on the necks. It was 
found that the motion was smoothest when there was a little play lengthwise ; 
the ebonite frame as well as the corresponding part inside the spectrometer 
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were held in position by a weak pressure from the coupling A. The leads from 
the coil Cz are led through holes in the shaft to two slip rings of brass, in- 
sulated from the shaft by a piece of ebonite. For each ring, there are two 
sliding contacts consisting of brushes of 0.1 mm silver wires (not shown in the 
figure). When the pressure of the brushes against the rings 1s well adjusted 
a good continuous contact is assured without any mechanical wearing. It has 
been pointed out earlier that contact potentials at the brushes will not in- 
troduce any errors. 

To the left in Fig. 8 is shown the coupling A. Each segment ends with a 
flange and between them is inserted a 0.1 mm thick circular argentan plate B, 
which is riveted to the two flanges in such a way that it works as a simple 
cardan joint. Alternate points on the argentan plate were riveted to each 
flange. This simple devise has satisfactorily damped the vibrations, which other- 
wise accompany the motion of the long shaft, and are transmitted to the pick-up 
coils. This coupling has, however, a very high rigidity against torsion, which 
is very essential here. The segment s, rotating inside the spectrometer is almost 
identical with s3;. The bearings are fixed to both ends of a brass tube attached 
to a plate screwed to the pole pieces. There is a bigger brass tube keeping 
the vacuum. 

The following conditions must be satisfied by the standard field: 


a) It is desirable that it be homogeneous over the space occupied by the 
pick-up coil, and 


b) The field produced by the current should be strictly proportional to it. 


To satisfy a) the coil Cq is made after the conventional Helmholtz principle 
with a distance of 12 cm between the two coils. It is wound on a heavy brass 
frame (with openings for the rotating segment) and stands on three leveling 
screws on a concrete foundation. Condition b) implies that there should be no 
ferromagnetic materials in the neighbourhood and that the insulation of the 
coils should be perfect. Enamelled, double cotton insulation copper wire, 2 mm 
in diameter, was used. The insulation resistance between adjacent layers was 
found to be of the order of 100 MQ, which is enough to make the effects — 
of leakage currents negligible. The frame is water-cooled in order to prevent 
thermal expansion of the coils. 

The coils giving the phase adjusting cross field are omitted in Fig. 7. They 
are also made after the Helmholtz principle and are so placed that they give 
a field strictly perpendicular to the reference field. 


C. The electrical arrangement and procedure of measurement 


The circuit diagram is shown in Fig. 9. The main current supply, B,, is a 
150-volt bank of storage batteries. During the run, switch S, is in position A 
and coil Cy for the reference field and the spectrometer coil are connected in 
series, the latter being shunted by R;, which has about the same resistance as 
the spectrometer coil (~16Q). That means that the current through Cy is 
about twice that through the spectrometer. Og is so designed that it will 
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Potentiometer 


Fig. 9. Schematic diagram of the complete electrical arrangement. 


produce a field equivalent to half that in the spectrometer magnet for the 
same current. As the two pick-up coils C, and C, have about the same ef- 
fective areas, an approximate balancing is thus automatically obtained. A better 
balancing can then be effected by the multipole switch system denoted by Rg. 
With Rg the current through the spectrometer can be changed without altering 
the current through Cg. The final balancing is made with the high shunt 
resistance Ro. 

The arrangement involves, of course, some waste of electrical power but as 
the power consumption of the apparatus is low (~ 300 watts for 3 MeV beta- 
particles) this can be tolerated and the fact that the field balancing does not 
affect the current, once it has been chosen is an advantage in practical work. 
The current is continuously variable by a set of rheostats R,. With the bat- 
teries used it is possible to have the current constant to 1 in 5 x 10%. 

With S, in position B there is no current through the spectrometer, but a 
current can be sent through Cg by a small battery B,. This is used for the 
measurement of the earth’s and stray fields and the residual magnetism in the 
spectrometer magnet (see below). 

The current in Og passes through a manganine measuring resistance Ry 
immersed in a stirred oil-bath. The voltage drop across Ry is measured with a 
potentiometer of type Siemens and Halske against the E.M.F. of a standard cell. 

The null detector is a selective audio amplifier very similar to that described 
by J. Srurrevant (26). It is tuned for 20 cycles and the rotational speed of 
the shaft is adjusted somewhat above this so that the output from the am- 
plifier is independent of small variations in speed. The rotating coils are con- 
nected to the amplifier through a switch Ss as shown in the figure. In position 
A the sum of the E.M.F:s from C, and C, is fed to the detector, in position 
B only that from Cy. 

- Referring to equation (3:3) we now find that all the quantities on the right 
hand side can easily be measured in terms of the current through Cz. 
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Fig. 10. Curve showing the stray field in the reference coil as a function of the spectro- 
meter field. 


a) H; is obtained from the relation H; = k R', where k& is a constant of Cy 
and R; is the potentiometer reading corresponding to the current through Cz. 

b) (H.)z is obtained by nullifying the earth’s field in Cy in the absence of 
the stray field from the spectrometer. This can be done by sending current 
through Cz with S, and S3 in position B, when no current flows through the 
spectrometer. If R, is the potentiometer reading corresponding to the current 
through Cy for which the detector indicates a minimum, we have (H.)z =—kR.. 
This value is generally measured before and after each run when precision is desired. 

c) The stray field Hs; can be assumed to be proportional to the spectrometer 
field. It was verified by supplying the spectrometer and the Helmholtz coils 
from two independent sources. The spectrometer field was given different 
strengths and the field strengths were measured in terms of R; and R,. After 
each field measurement the current was reduced in Cg, and the sum of the 
stray and earth’s field were obtained by the null method as in b). Subtracting 
(H.)z from this value, H, was obtained. Fig. 10 shows a plot of the stray field 
versus the spectrometer field. Within the accuracy of the measurement the 
stray field is proportional to the spectrometer field. 

Referring to equations (3:1) and (3:3) we can now write 


H,= rs (1 + (H.)z + (const); i) (3: 4) 
why 


H, = (const) [Hi + (Hz):] = (const)s (Ri + Re). (3:5) 


It might be pointed out that it is just the z-components of the stray and 
earth’s field that are measured. The component H, used for phase compensa- 
tion is so small in each case that it does not affect the result (cf. equa- 
tion (3: 2)). 

Equation (3:5) gives the desired linear scale for the spectrometer field, and 
henceforward all fields — or rather H o-values -~ will be expressed in terms 
of the sum of these potentiometer readings. The proportionality between field 
and H 0 implies that @ should be constant. As all measurements are based on 
comparisons performed with fixed spectrometer geometry, this is true for any 
specific set of measurements (cf. the discussion on field perturbation in the 


next paragraph) but does not hold strictly when different sets of measurements 
are compared. 
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Fig. 11. Curve showing the sensitivity of balancing. 


D.. Discussion of the accuracy 


1. The field balancing 


a) The uncertainty introduced in localizing the minimum is negligible. The 
appearance of this minimum, as obtained from the final equipment is shown 
in Fig. 11 (cf. also Fig. 5). It was obtained by carefully balancing in the two 
fields (at about 50 gauss) and noting the detector output when a weak external 
field was superimposed on the reference field. The vertical lines through the 
detector readings indicate their fluctuations, mostly due to vibrations, and the 
abscissa gives the ratio of the external to the reference field. In practice, this 
minimum can be located without difficulty with a precision of 1 in 30000. 
This is also confirmed by the reproducibility of the shapes of electron lines 
taken with very high resolution. The absolute sensitivity is about 0.001 gauss 
and consequently it does not limit the accuracy in the field region used. 

b) In equation (3:1) it is assumed that s/s, is a constant. This implies 
that there is no temperature rise in the two rotating coils, which would cause 
unequal thermal expansion. Effects due to this are estimated to be negligible. 


2. The reference field 


a) In the coil Cg considerable power is dissipated (about 100 watt for 3 
Mev beta-particles) and although the brass frame is well cooled, in the coil 
itself there must be a considerable temperature rise. From a careful measure- 
ment of the resistance of the coil its mean temperature can be well determined, 
because of the great temperature dependence of the resistivity of copper. The 
temperature has been determined in this way as a function of the current and 
also of the time. The temperature increase for the highest field is about 20° C 
corresponding to a linear expansion of 3 in 10000. It is reasonable to assume 
that the two coils of Cg will expand uniformly in the radial direction and 
the constant of proportionality between the field and the current for the highest 
field will become about 2 in 10000 lower than for the lowest field and 
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Fig. 12. Total view of the measuring equipment: A, scaler; B, null-detector; C, lock device 
for} sample holder; D, coil for the reference field; E, coil for the cross-field; F, measuring 
resistance; G, galvanometer. 


the measurements have to be corrected for that. In comparisons between lines 
of very widely different energy there is presumably a systematic uncertainty 
of 1: 104 due to this correction. 

b) The error in the current measurement is assumed to be negligible. The 
temperature in the oil-bath for the manganine measuring resistance is con- 
trolled and the variation never exceeds 10°C. The linearity of the potentio- 
meter has been checked, and no contact potential effects have been observed. 

c) In the correction for the earth’s field are also included all the stray fields 
except that from the spectrometer. Its z-component, which is of interest here 
amounts to ~ 81Q, (~ 0.4 gauss). This field has been observed to vary oc- 
casionally by about 0.50, probably due to the variation in the stray fields of 
uncertain origin. As it cannot be measured during the run, one has to use the 
values obtained before and after it. Consequently the field measurement has 
an absolute uncertainty of about 0.5 Q. 

d) From a careful survey of the stray field measurement (see Fig. 10) it 
may be concluded that the assumption of proportionality between the stray 


and the spectrometer field does not introduce any error exceeding 1: 104 over 
the whole field region. 
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Fig. 13. Total view of the spectrometer: N, diffusion pump; M, mechanical pump; O, vac- 
uum-meter; K and L, arrangements for adjusting the detector and exit slits respectively; 
H, potentiometer. 


3. Field perturbations 


A fact that has to be considered with greatest care is that a large region 
of the field is used for focusing while the field is measured at one point only. 
As has been stated in Section 2, the radial field gradient varies slightly with 
the field strength, but this variation over the small radial part utilized at the 
highest resolution is of no importance when the field. is measured — as in this 
case — at a point on the optic axis. If the field measured has to be a measure 
of the momenta of the focused electrons, the field everywhere along the axis 
should also be strictly proportional to the measured field. It would be ex- 
tremely difficult to verify this question directly with appropriate accuracy and 
no attempt has been made to do so. Measurements performed with a ballistic 
fluxmeter at not too low fields have shown the field to have cylindrical sym- 
metry. Deviations from this symmetry are certainly present within the accuracy 
of that measurement, but it is reasonable to assume that these deviations, 
<0.5 %, will be approximately proportional to the field so that our procedure 
is justified. Considering the reproducibility of the data obtained, one is in- 
clined to conclude that the residual field plays a role here. It is easy to de- 
magnetize the iron in the spectrometer and the residual field, which is always 
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measured before a run, to check of the demagnetization, amounts to ~ 0.01 
gauss or less in one or the other direction. This small residual magnetism does 
not seem to be the same along the axis, but to have uncertain variations of 
the same magnitude as the field itself. When the magnet is excited these 
variations gradually decrease. Because of these effects there should arise an 
absolute uncertainty of about 1 Q in the H o-values, somewhat more at low 
fields and less at higher. According to this picture, the uncertainty should be 
statistical and cause a spread of the observed H g-values of a line at different 
runs but not any systematic error in the mean value. This question is, how- 
ever, critical and should be checked. This can be best done by means of the 
gamma-ray data themselves (see below). 


4. Source position 


From Sect. 2 is quoted that the uncertainty in the comparison between 
gamma-rays from different sources, due to exchange of samples, is less than 
1TeL0": 

According to this discussion, only the contributions under 2a) and 2d) would 
produce a systematic error (about 2:10* over a large energy interval). The 
effects in 2c) and 3 would cause random displacements of the lines of ~ 2 
ohms or somewhat less at high energies. If they are of a purely statistical 
nature the error due to them can be computed from the internal consistency 
of the data, but it is difficult to estimate to what extent this is true. In any 
case, these displacements are serious only at low energies. The displacements 
for a line of 1 Mev, corresponding to ~ 18 000Q, are of the order of only 
1:10*. One has to be particularly careful, however, with low energy lines. 

It is of great importance to verify these statements of accuracy experi- 
mentally. One of the experiments described in Part III (15) was carried out 
with this aim. Three gamma-rays of La!!° were measured. Of these, one cor- 
responds to a “cross over” transition and should come out as the sum of the 
two others. With the statistical accuracy obtained (~ 3:10*) no systematic 
error in the Ho-scale of the instrument was detected in the energy region 
0.2-0.8 Mev. In any case it is obvious that the systematic uncertainty in 
comparing lines of not too wide energy difference, is negligible. 

Ultimately, the error that should be asigned to a measurement must be 
estimated with regard to the circumstances in every specific case. 

Fig. 12 and 13 show total views of the measuring equipment and the spec- 
trometer respectively. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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Precision measurements of nuclear gamma-radiation 
by techniques of beta-spectroscopy 


Part IT 


Determination of calibration energy standards using gold’, 
annihilation radiation and cobalt®°1 


By Davin Linp? and Arne HEepcrRAN 


With 8 figures in the text 


Introduction 


In Part I (2) of this work a beta-ray spectrometer was described that has 
been specially adapted to precision measurements of gamma-ray energies. It 
-was found that many gamma-rays from artificially produced radioactivities could 
be recorded with high resolution (~2 — 3 x 10%) by means of their internal or 
external photo-lines and an analysis of the field measuring equipment showed 
that the apparatus possessed an accuracy sufficient to utilize this high resolu- 
tion when comparisons of electron lines, which did not differ greatly in mo- 
mentum, were made. These properties indicate that the instrument is adequate 
for the present task, the aim of which is to make it possible to get easily an 
accurrate value of any gamma-ray energy which may be of interest. 

There are three steps in the accurate determination of gamma-ray energies 
by a beta-spectrometer. These are as follows: 

a) Establishment of an absolute energy calibration standard. 

b) Measurement of standard gamma-rays over the whole energy region. 

c) Comparison between the gamma-ray to be determined and a_ standard 
gamma-ray. 

a) As an instrument like the present can perform only relative measurements, 
the success of the method depends on the accuracy of the available absolute 
gamma-energy standards. (There is, however, one special procedure, discussed 
in Section 3 of this paper, by which the absolute energy of a beta-line can be 
obtained with this spectrometer also.) 

In the past, three independent types of calibration standards have been used 
in beta-spectroscopy. 


1 An abstract of the main results in this paper has been published earlier (1). 
2 On leave of absence from the California Institute of Technology. 
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1. Internal conversion lines from Th (B + C + C’’) (in the following called simply 


the Th lines’). 
- Gamma-radiations which have been measured absolutely by crystal diffraction. 


2 
3. Annihilation radiation. 


A short discussion of the methods used for 1. and 2. is given in Part I. 
Here it need only be mentioned that the standards given by the Pasadena 
curved crystal gamma-ray spectrometer (4) are considered to be the most accu- 
rate at the moment. Of these standards, the Au’? gamma-ray (hy = 411.24 + 
0.10 kev (5)) has been used mostly for calibration for the following reasons. It 
can be taken to be very reliable, the quoted value being the average of three 
separate determinations made over a period of two years with two different 
crystals. Further, this gamma-ray is also suitable for beta-spectrometer calibra- 
tion because it is considerable converted, and as the isotope can be obtained 
with high specific activity, the calibration may be based on the internal as 
well as on the external conversion lines. 

The energies of the Th lines have been derived from absolute measurements 
of their momenta. By this method they are known with an accuracy of about 
1x 10%, and cannot at present be comparable with the best crystal data as 
absolute standards.” 

The annihilation radiation has a semewhat special position in this connexion. 
It has generally been accepted that the masses of the positron and the negatron 
are identical and the annihilation energy, #4, should be equivalent to the rest 
mass, m_, of the negatron; and then according to the Einstein law 


E, = m._c’. 

This gamma-energy might consequently be derived from the atomic constants 
which are known very precisely, and on this assumption the annihilation radia- 
tion has been used extensively for calibration purposes. 

These three standards have not yet been accurately correlated. Evidently it 


is of great importance to perform as precise a comparison as possible between — 
them and check their mutual consistancy. Such an investigation will throw new 
light on the reliability of different data and be a valuable contribution to the 


establishment of the best gamma-energy standard. 


b) When one gamma-ray energy is known absolutely, its internal or external — 
conversion lines may be utilized to calibrate the spectrometer. The calibration — 


will, of course, change with changes in aperture and detector slit, and one has 
to alter these geometric parameters in different cases in order to achieve the most 
favourable resolution and luminosity. Consequently it is necessary to make a 
calibration for each particular set up. 

Tt is always difficult to make an accurate comparison between gamma-rays 
of widely different energies. Special care must, in this case, be paid to check 
that the instrument gives the true Hg-ratios. If external conversion is used, 
converters otf different thicknesses must be employed and the corrections due 


* For the individual lines the notations of ELurs (3) have been used. 


* The absolute determinations of the Ho-values of the Th lines will probably be consid- : 


erably improved in the near future. Experiments to this end are being carried out in this — 


laboratory. 
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to the energy losses of the photo-electrons in the converter must be closely 
investigated. It is therefore suitable to select a series of gamma-rays spread 
over the whole energy region and use them as intermediate standards. 
These gamma-rays should belong to activities which have simple gamma-ray 
spectra and should be available in high intensities so that they can be acertained 
in terms of the absolute standard under ideal experimental conditions. It is 
desirable that the standard gamma-rays should be measured in different instru- 
ments so that ultimately very reliable data can be obtained. 


c) Finally any specific gamma-ray may be compared with the standard ray 
most close in energy. With a suitable resolution alternative runs are made of 
the two lines. The systematic errors in the comparison due to converter effects 
and non-linearity in the spectrometer are then usually negligible and the accuracy 
is given by the resolution. 

The present paper is mainly concerned with the consistency of the absolute 
energy standards given under a). Some work has earlier been performed with 
this aim. Wourson (6) has measured the Th X line (hy = 2.62 Mev) in terms 
of the Au’®® gamma-energy. When an investigation was performed with the 
present apparatus to check his data, first with the annihilation radiation and 
finally with the Au! radiation as a standard, the result led to the belief that 
there was a discrepancy between these two standards (7). The experiments re- 
ported in the following will show shat this inconsistency is real. 

The fact that we found an unexpected discrepancy between two accepted 
standards and that this discrepancy might have important theoretical conse- 
quences has concentrated our interest on the annihilation radiation. It should be 
mentioned here that a direct measurement of the annihilation energy has been 
performed by crystal diffraction (8). Because of reasons stated above we have 
assumed, however, that the Au’? gamma-ray energy is the best standard de- 
livered by the crystal spectrometer! and our first task was to make an accurate 
comparison between this gamma-ray and the annihilation radiation. This com- 
parison is treated in Section 1. Sections 2 and 3 describe experiments made in 
order to get a check on the Au’*® gamma-energy and in Section 4 the conclu- 
sions are given. In some of the measurements it was necessary to correct for 
the energy losses of the electrons in the converter. The procedure used for this 
is discussed separately in Section 5. 


Section 1. Comparison between the annihilation radiation 
and the Au!®* gamma-radiation 


A very reliable comparison between the annihilation radiation (511 kev) and 
the Au!®8 gamma-ray (411 kev) can be performed by the external conversion 
method in the following way. The difference between the K and Lzzr binding 
energies in the uranium atom is ~ 98kev, so if an external converter of ura- 
nium is used, one will find that the K photo-electron line from the annihilation 
radiation will be separated from the Lz photo-electron line of the Au'®* 
radiation by only about 1 part in 1000 on the momentum scale. The accuracy 


1 This point of view has been confirmed by J. Du Monp (9). 
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in the energy comparison of the two radiations will therefore depend primarily 
on the precision in the uranium X-ray data. The converter effects will be | 


essentially the same for the two lines, and there will be no errors introduced 
by a non-linear response of the spectrometer. It is of course necessary to use 
a resolution which will separate the Lyzr photo-line and the Lr— Lu doublet; 
this requires a resolution of at least 4 x 10%. It was found that a resolution 
better than this could be obtained with the available sources and hence a 
comparison was performed in this manner. 


Experimental. The source geometry is shown in Fig. 1. As is well known 
the direction of emission of photo-electrons is anisotropic; at very low energies 
the photo-electrons come off preferentially normal to the direction of the primary 
photon, but at higher energies relativistic effects shifts the preferred direction 
to the direction of the photon. The instrument window is always taken with a 
source emitting isotropically in all directions; hence the external converter should 
be irradiated so that it does likewise. This condition is only approximately true 
in the present source. The active materials were a gold wire activated by neutron 
capture in one case and copper activated by deutron bombardment in the 
cyclotron in another. The converter was uranium metal evaporated to a thick- 
ness of ~ 0.7 mg/cm? on a 0.1 mm thick aluminium sheet. The gold wire, 1 mm 
diameter by 10 mm long, was contained in a brass capsule of 2 mm diameter 
in order to cut out all beta-particles from the source. The capsule was mounted 
behind the converter in such a manner that its position was accurately determined 
relative to the source slit which covered the converter. The active copper from the 
target was scraped off, dissolved in nitric acid and plated on a copper wire of 
the same diameter and length as the gold wire and mounted in an identical 
capsule. The two sources could be exchanged without changing the relative source 
position. It was necessary that the source position be reproducible to about 
0.2 mm for reproducibility of 10* in Ho; experience verified that this could 
be attained. 

Before the actual determinations were made, the window curves of the Th 
I, L and X lines were made with the same source geometry and resolution 
used in the comparison. Some preliminary adjustments of apertures and source 
position were made to eliminate the tails on the window curve and to make 
the window as symmetric as possible. Successive runs on window curves showed 
that their shapes were exceptionally reproducible. The Th J, L and X lines have 
Ho-values of 1750, 2603 and 10000 gauss-cm respectively and thus cover the 
range of the spectrometer in ordinary use. The three windows are shown in 
Fig. 2, where they have been plotted for comparison at the same resistance 
(Ho) value. To do this we used the fact that the theoretical fractional resolution 
1s constant over the whole momentum scale. The J line is actually an internal 
conversion Ly — Ly; doublet, which is not completely resolved. However, com- 
parison with the Th L line shows that the fundamental line shape is the same 
in _these two cases. The X line is a little narrower but the statistics are not 
quite so good in that case so the exact shape is not completely certain. 

A total of 5 determinations of the Au®*-annihilation doublet were made 
over a period of three days. The procedure of measurement was as follows. 
The K photo-line from the annihilation radiation was first recorded; the samples 
were then exchanged and the Lyzr photo-line from Au!® measured; the samples 
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Fig. 1. Section view of the arrangement of sample and converter. The sample is enclosed 
in a brass tube with a 0.5 mm wall. The converter is uranium evaporated onto a thin 
aluminium plate. 


Th I-I, Doublet Thl ‘ Thx 


40, 20 0 20 40 S20 ee Om 20 20) 0% 20 


Fig. 2. Window curves taken with the J, L and X lines of Th(B+C+0O”). The Ho-values 

are 1750, 2503 and 10000 gauss-em respectively. The lines have been normalized to the 

same scale for comparison. The slight asymmetry in the Th J line arises because the Ja 
line is not completely resolved. 


exchanged again and so on. During these runs the magnet current was not 
‘significantly varied outside the small range of these lines. The Cu®* source 
(half-life 12.9 h) had to be replaced once during the measurement. Three rep- 
resentative sets of the experimental curves are shown in Fig. 3.1 The data have 
been corrected for source decay and the natural background has been subtracted. 
The statistics are shown on each point. The Doppler broadening of the anni- 
hilation line (8) is immediately evident. The abscissa scale is the potentiometer 
resistance in ohms which is proportional to Ho save for a correction for the 
earths magnetic field. This correction has been applied to the tabulated data. 


Evaluation of data. The data were analyzed in a manner slightly different 
from the usual procedure of using the center at the half maximum point or 
the extrapolated peak, which is determined mainly by the shape of the sides 
of the line. All the experimental profiles were used to find the best curve rep- 
resenting the line shape. Since all the data had been corrected to the same 
source activity, it was necessary to correct only for a slight shift in the po- 
sition of the lines. In Fig. 4 the mean line shapes for the Au’® Uz,,, line 


+ For brevity we have throughout this work used the notations Ug, Uz)... for the K, 
L,... photo-electron lines from a uranium converter. The annihilation radiation is sometimes 


denoted simply by e+ e-. 
3 33 


D. LIND. A. HEDGRAN, Precision measurements of nuclear gamma-radvation 
E fA. 


N 
198 ’ *-e- Ux 
| Au™ US | { BY er-e 
| A 2000 7 
| z 4 / Fe EN 
) 9 
é\ ip 
He i 2 . 
4. ; a 1500 i prs i =a 
ae: saith — : rs s An E Se 
/ 3 \ 
aa Z \ 
nee Ler tgs 
er / : a 
; \ 
oh : 
Dass eek Ps 


8650 8700 8750 8650 8700 8750 R 


Fig. 3. Three representative sets of experimental line profiles of the Lizz photo-line from 

uranium for the Au’®® 411 kev gamma-radiation and the K line from uranium for the 

e+—e— annihilation radiation. The curves have been displaced vertically relative to one 

another to permit comparison. The ordinate represents counts accumulated in 4 minute runs 

and the abscissa is the potentiometer reading in ohms, which is proportional to Ho except 
for the correction due to the earth’s field. 


Table 1:1 


Potentiometer resistance values of the various photo-lines used in this paper. 
A 0.7 mg/cm? uranium converter was used for Au! and Cu® data and a 
3 mg/cm? converter for the Co® data. 


Column 1 2 3 4 5 
Run Au? UK Agi Uz, INOS Oni Cu'* URK (ehaeh UK 
i 

Merde ctcvoreiscans is, 8709.5 8776.0 8786.0 
Pe. Sud wigkyaln SOc eee 8775.7 8785.7 
Oa Sea Ginn yeaa 8775.2 8784.9 
Mr anNa eta siete ees eels 2 8775.4 8785.8 
I icteuty A cata s SCR Rae 8709.3 8774.0 8785.8 
GEeraarr eM cfeyeraye 7332.0 8709.0 
tial tate Dips caNes raat aie @ ive 7332.7 8709.6 & 
Sime etait, era's sis 7333.0 8709.4 
Or ehetarsittauttrunereigerye.s|* « 7330.8 8708.5 
LO yadhotenet tahiti siece-ers » 7335.1 19387.1 
Linco oe eee 7333.9 19385.9 
2. reyeteet ecu ee Meusue aise ua 7335.6 19386.4 
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Fig. 4. Curve A is the line profile (Au‘** Uz,,;;) obtained with a 0.7 mg/cm? uranium con- 


verter for a monoenergetic gamma-ray. (The dashed segment of curve is the profile for a 

monoenergetic electron line; the difference between the curves represents the distortion due 

to the converter.) Curve B is the assumed primary momentum distribution of the e+ —e- 

UK electrons which arises because of Doppler broadening of the annihilation radiation. The 

full curve in C is the mean experimental e+—e— UX line profile and the circles are the 

points obtained by folding the curves A and B together. The reference lines in the figures 
represent the true position of the line in each case. 


curve A) and for the annihilation Ux line (curve C) are shown. The significance of 
the line marked “‘Reference Line” on these curves will be discussed shortly. 
One must fit each individual curve to the line profile and note the position of 
the reference line on the R scale. These data are given in Columns 3 and 4 
in Table 1:1. 

Two independent observers made this comparison and in every case the 
agreement was better than 1 in 10*. This method has the advantage that the 
whole curve is used to attain a fit; the fitting is probably good to about 1/10 
the line width or better. The reproducibility of the line shape was rather good; 
yet small unexpected variations in line position did occur. The magnetic field 
was held constant at each point to better than 1 in 20000 but variations in 
the earth’s field at the reference coil could cause such changes. (Cf. discussion 
on this point in Part I). The earth’s field was determined just before and just 
after this set of runs and found unchanged. 

The analysis of the Au’*® Uz,,,-annihilation Ux line doublet is quite easy 


because the converter effects play no role. The mean Uz,,, line (Fig. 4, curve 


3* 35 


D. LIND, A. HEDGRAN, Precision measurements of nuclear gamma-radiation 


A) was assumed to be the over-all response of the spectrometer to a mono- 
energetic gamma-radiation; as such it represents the effective window curve. 


(The line shape which is shown in Fig. 4, curve A is not exactly the mean of 
the Uxz,,;; curves. The Uz,—U1, data were also used to arrive at the best 
shape. See Section 3.) Fig. 4, curve C' represents the response of the instrument 
to radiation which is not monoenergetic; that which is desired is the difference 
between the monoenergetic Au'®® Uz,,, line and the center at the Doppler 
broadened annihilation line. A Doppler distribution function of the form 


) <5 exp (—5 )} (1:1) 


2143 
was assumed. This function has no theoretical basis and was chosen because it 
did give a fit with experimental data. If curve A is reflected in its reference 
line and then folded with the function F(x) given above, one must obtain a 
profile which represents the shape of the annihilation line. This operation is 
carried out by a numerical integration of the folding integral representing the 
ordinate of the line. 


F(R) = 5 exp (—5\5 


Wa(e) = [co (R) F(w—R)dR (1:2) 


nw): 


where w(R) is the analytic function representing the instrument window. The 
points indicated on the curve are the ordinates computed by the folding pro- 
cedure. The zero of the abscissa scale in curve C corresponds to the true center 
of the line as observed with the window curve. The positon of the reference 
line in curve A may be arbitrary, but this technique will give the difference 
between the lines exactly. There was present a very small sloping background 
under the experimental line profile in C; however, it is so small that it will 
have no influence on the results. The slight asymmetry in the window curve 
appears as a somewhat smaller asymmetry in the line profile. Since the positions 
of the reference lines of curves A and C, Fig. 4, are recorded in the Table I, 
the data have been corrected for all effects. Actually the reference line of curve 
A is the true line position corrected for the converter effect. This point will 
be discussed in Section 5. 

The mean value of the true momentum difference between Au’® Uz,,, and 


e+ e— Ux calculated from the data in Table 1:I is j 
R= 10.4 + 0.5 ohms. (1: 3) 


The probable error is only an estimate. 
The conversion from momentum to energy is given by the relation 


F-+4)\F (1:4), 


where # is moc’, V is the kinetic energy of the electron and P is its mo- 
mentum. 
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The energy difference becomes: AV = 0.73 + 0.04 kev. 
The true energy difference between the annihilation radiation and the Au 
line is given by the relation 


(Wi Lz) (Bin Bae) = AE. (1:5) 


#4 is annihilation quantum energy, Ex and Ex,,, are the energies of these two 


absorption edges respectively in uranium. Table 1:II presents the absorption 
edge data for uranium: These data are calculated from the values in Cauchois’ 
tables (10) using values of the atomic constants communicated to us by Pro- 
fessor Du Monn}. 


Table 1:2 


Uranium absorption edges in kev. 


K | Ly | Ly | Lyry 


115.595 | 21.77 | 20.94 | 17.16 


From (1:5) we see 
Ba— Hay = AE + tI ideal pee 


But Hx — E1,,, 1s the energy of the Ka, line which is known exactly in the 
figures shown. 
Ex,, = 98.43 kev. 


Hence we get for the energy difference: 


Ei4 — Egu = 99.16 + 0.04 kev. (1: 6) 


This energy difference is thus determined quite accurately. If we now use 
the generally accepted value of the Au’®® gamma-ray, supplied by the crystal 
spectrometer, the annihilation energy comes out to be considerably lower than 
the value computed from the relation E4 = m—c?. Two auxiliary determinations 
to get further data on the Au'® energy will, however, be reported (in Sections 
2 and 3) before this point is more thoroughly discussed. 


1 The values of the atomic constants and certain related constants used in this paper were 
obtained from J. W. DuMonp in the form of a special report prior to their publication. 
C. I. T. Report. A Least Squares Adjustment of the Atomic Constants as of December 1950. 
J. W. Du Monp and E. R. Cohen. We note here the values which we have used throughout 


this paper. 

e = 4.802233 + 0.000071 x 10-7 e. s. u. 
or 1.601864 + 0.000024 x 10-*° e. m. u. 
9.107208 + 0.000246 x 10—-*8 grm. 


m [— 
h = 6.623773 + 0.000180 x 10-*” erg sec. 
c = 2.9979022 + 0.0000086 x 10*° cm sec—* 
E, = c? (e/m)—* x 10—** = 0.5109689 + 0.0000102 Mev per negative electron mass. 
A,/Ag = 1.0020204 + 0.0000114 Conversion factor from Siegbahn scale to centimeters. 
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The Doppler broadening of the annihilation radiation. The evaluation of 
the mean value of the z component of the momentum of the center of mass 
of the electron-positron system can be calculated from Curve B Fig. 4. The 
value in terms of the resistance scale which is used as the abscissa is: 


| P| = 13.9 ohms. 


From this value one computes the mean value of the energy spread of the 
annihilation radiation due to the Doppler effect. 


Ap = 0.975 kev. 


From ‘this, one obtains forthe momentum of the center of mass of the positron- 
electron system the value 


Poy = 0.52 me/137. (1:7) 


This value is just about one half of the value obtained by Du Monn, Linp 
and Warson (8) for annihilation in copper. The motion of the electron-positron 
center of mass results from motion of either of the two particles. The variation 
of the annihilation cross section with the relative velocity is similar to a 1/v 
law so that the positrons will be thermalized before annihilating. The bound 
electrons will not annihilate because of their high velocity and the electrostatic 
repulsion of the positron from the Coulomb field. The predominant interaction 
is between thermal electrons and slow positrons. A theoretical estimate by Dr 
BENEDETTI et al (11) for the quantity has been made; the result is expressed 
by the relation 


ne eye ee ed 
trig | haa F —2v;/v + 1.03 (vilv) (hg 


v; and v are the volumes of the copper ion and the atomic polyhedron respec- 
; : Es 0a er : 

tively. Amax, given by kmax = 22(5>-] is the maximum value of |k|, the 
wave number, for an electron in the half-filled 4s band in copper. In this ex- 
periment some positrons annihilate in brass as well as in copper; in spite of 
this fact the theoretical value of P was evaluated for pure copper. The volume 
of the atomic polyhedron was calculated from the fundamental lattice spacing 
of 3.61 A for the Cu crystal. The ionic radius was taken as the maximum of 
the electron charge distribution of the (3d)! electron shell; this value is 0.318) 


A (12). Using these data the value of P becomes: 
P = 0.59 me/ 137. (1: 9) 


The minimum value of P will occur when 2;/v > 0 (11). This corresponds to 
the fact that the whole volume of the metal lattice is available to the positron 
and hence to the fact that it sees only Fermi electrons. It happens that the 
electrons in the (3d) shell of Cu are extremely tightly bound and so have very 
little extension of their wave functions beyond the ionic radius (13). This implies 
that the positron and 3d electron wave functions have little or no overlap. 
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The expression (1:8) is probably quite reliable when applied to copper since 
the approximations used in its derivation are well satisfied; nevertheless it 
represents a lower limit to the value which may be expected. 

The experimental value of P (1:7) is low, but the difference between it and 
the theoretical value (1:9) is probably not significant. The precision of this 
measurement is of the order of 10 percent because the fitting of the folded 
line profile (Fig. 4) with the actually observed profile was rather sensitive to 
the shape of the momentum distribution function given by equation (11). ‘The 
only deviations from the form are at points near the center of the line. It is 
quite possible that there is also a small contribution to the line profile from 
a distribution with a large width parameter, which would be missed because 
insufficient data were taken on the tails of the line. 

In the paper by De Benepertt et al (11) the idea is suggested that a study 
of the values of P for positron annihilation in various substances might throw 
some light on the electron momentum distributions in atoms and molecules. It 
is worth pointing out that the method used in this work is very easy from 
the experimental point of view and the results should be quite reliable. 


Section ‘2. Comparison between the Au!® gamma-ray 
and the Co® 1.33 Mev gamma-ray 


In order to get a check on the energy of the Au?*® radiation we performed 


an experiment to derive it from the Co® 1.33 Mev gamma-ray, which has also 
been measured with the crystal spectrometer (14). A comparison was made by 
the external conversion method using uranium converters. 

The Aut source was the same as that used previously. The Co® source 
consisted of about 12 mg Co metal having an activity of 15 mc plated on a 
copper wire 1 mm in diameter and 1 cm long. This was placed inside a capsule 
similar to those used before. For the Co® it was necessary to use a converter 
of 3 mg/cm”. The effect of this converter on the 1.33 Mev radiation was about 
the same as that of the 0.7 mg/cm? converter on the 411 kev radiation. Three 
runs of the Au Ux and the Co Ux lines were made. The Au line was always 
recorded first, next the Co line was taken, and then the magnet current was 
reduced and spectrometer demagnetized. Fig. 5 shows the lines. 

The curves had to be corrected for converter effects. By a procedure given 
in Section 5 it was possible to obtain the true centers of the two mean. line 
profiles. On each of them this position was indicated by a reference line and 
the individual curves were fitted to the corresponding profile and the position 
of the reference line on every curve was recorded. Columns | and 5 in Table 
1:1 give the values for the Au Ux and Co® Ux lines. 

An inspection of the data of the former will show a considerable spread of 
values, which, however, is not greater than could be expected for a line of so 
low energy. The shift corresponds to variations in the field of 0.01 gauss and 


+ Recent evidence for the existence of positronium and three quanta annihilation has no 
bearing on this problem since it is quite easy to show that positronium cannot exist in a 
metal lattice. 
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7220 7250 7280 19200 19300 19400 


Fig. 5. Three sets of experimental line profiles of the UK photo-lines from the Au’®® 411 

kev and the Co 1.33 Mev gamma-rays taken with 0.7 and 3 mg/cm® converters respectively. 
The ordinate represents the counts accumulated in 4 minute intervals. As before the succes- 
: sive lines are displaced upward to facilitate their comparison. 


can be explained by unequal residual magnetism in the iron. According to the 
discussion on this point in Part I, such effects should not be expected to give 
rise to a systematic error. As appears from the table the spread is noticeably 
less for the data of the Au Uz, line taken earlier. Since the instrumental geo- 


metry was kept fixed during this investigation, and since the Th window curves 

that were repeatedly recorded did not show any change in the spectrometer 

calibration, it was felt justified to use these data also for the comparison. 
The tabulated data give 


(H 0) Au UK 
RIE Gan, + 0.0002 
(Ho) Co Ux 0.37835 -— 0.00020 (2: 1) 
igieaees 0.44924 + 0.00010 | 
(7 OV OG tee Saree Oe (2: 2) 


The errors are estimated from the consistency and the systemetic uncertainty 
due to field measurement and converter correction. The crystal spectrometer 


value of the Co* gamma energy is 1.3318 + 0.001 Mev, which corresponds to 
(H @) Co Ux = 5503.0 + 3.5 gauss-em. 


(2:1) gives Hay = 411.25 kev and (2:2) 411.0 kev. 
As the mean for the Au! gamma energy derived from that of Co® we rec- 


ommend 
Fay = 411.1 + 0.4 kev (2: 3) 


40 


ARKIV FOR FYSIK. Bd 5 nr 2 


where most of the error comes from the absolute determination of the Co®® 
gamma-energy. 


Section 3. Absolute determination of the Au!*8 gamma-energy 
from its Ux and U;, , lines 


By a method first proposed and used by K. Sreapann (15) it is possible to 
make an absolute gamma-energy determination with an instrument that gives 
only Ho-ratios. The procedure requires the measurement of the K and L photo 
electron lines from an external converter or the K and Z internal conversion 
lines. Since the energy difference between these lines is very accurately known 
from the X-ray data, it is possible to calculate the energy of the lines. This 
method was applied to the 411 kev gamma-ray using the Ux and Uz photo 
lines. The present case, however, is not a particularly favourable one for the 
application of this method because the energy of the gamma-ray is relatively 
high and the momentum difference is small compared to the momenta of the 
lines. The energy of the radiation will have a fractional error about four times 
that of the ratio of the momenta of the two lines. The development below is 
taken from Siegbahns paper. 

If we denote the energies of the Ux and Uz, lines with the same symbols 


and the K and JL; absorption edges in uranium by Hx and £Ez,, then 


Ux = E, — Ex 
Uz, = By — En; 
and 
Uy, — Ux = Bee= ine. (ond) 
Convert Uz, and Ux to He using the relations ; 
(E+ p)? = (Pe)? + (3: 2) 
P=e-H, 
where E is the electron kinetic energy and “= m_c*. Then 
(Heo, =A + VA +B (3: 3) 
where oe oa 
a= Baie) 


4 — 3? stot 


Se (a2 — 1)? (e/m)4 
eee 2 Hel Uy 
ae. (Hoce 


e/m is given in e.m.u. grm7. 
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Fig. 6. The triplet of the Uz,z, Uxzz and Uxyz7 photo-lines from the Au’®* 411 kev gamma- 

ray. This curve is the mean of several runs. The UL,;—ULyz,; doublet is resolved into its 

components by using the shape of the Uzzzz line as a reference. The separation between 
the lines is taken from X-ray data for uranium. 


The Ux and Uz, __,, lines were run alternately four times for this determination 


with the 0.7 mg/cm? uranium converter. The correction of the curves for the 
converter effect will be discussed in the next section. It was, however, necessary 
to resolve the Uz, and Uz,, lines before the true line shape of the Uz, line 
could be obtained. 

The Uz triplet Ur,, Ux,;,; and Ux,,; represents the photo-electrons from the 
three shells in uranium. (It may not be strictly correct to speak of the Z shells 
in the un-ionized atom, because that notation refers only to an atom from which 
one electron has been removed.) There appears to be no reference in the lite- 
rature to calculations or measurements of the relative cross sections for these — 
three L lines in the external conversion of gamma-rays. As a matter of fact 
they have never, heretofore, been resolved with external conversion. Fig. 6 shows 
the two observed lines resolved into the three LZ groups. The U Ly, line was 


used originally as the correct line shape. Because the separation of the com- 
ponents of the triplet was accurately known from X-ray data, it was necessary 
to adjust only the amplitudes of the Zr; and Lz; components. The fitting (see 
Fig. 6) was quite sensitive to the relative amplitudes. Because the statistics on 
the Uz,_,, line were much better than those on the Ux,;, line, the shape of 


the L7 line obtained from the subtraction technique was used to correct the 
shape of the Uz,, line which was subtracted. A very good fitting was obtained 


with the intensity ratios as follows, expressed as photo cross-section ratios: 
Thy : Thy: Thy = 1.00: 0.520.831 
The ratio tx: tz, was found to be ~ 7.5. 
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Hatt (16) has discussed the photo cross-section problem in some detail, but 
there is no theoretical work giving the ratios of these photo cross-sections in 
the relativistic theory and for large Z. In non-relativistic theory the Lz; and 
Lyi states of the ion are indistinguishable and hence the experimental ratio 
TLyy * TLyzz Cannot be explained in this theory. 

It should be noticed that the above assumption — that the photo cross- 
sections are proportional to the line intensities — may not be completely justi- 
fied. If the Ux, Uxz,...electrons have different angular distributions and if the 
gamma-rays are not falling isotropically on the converter, the intensities of the 
photo lines will be affected because the spectrometer transmits only those 
electrons within a narrow cone from the converter. In the present sample ar- 
rangement (Cf. Fig. 1), however, it seems reasonable to assume that the de- 
parture from isotropy will not appreciably affect the photo-line intensities. 

The resolved Uz, line and the Ux line were corrected for converter effects 
and the positions of the true line centers are recorded in Table 1:I (run 6—9). 
From these data we get ; 


Ho) U 
a= a = 1.18780 (estimated error 2 in 10%). (3: 4) 


From X-ray data (10) we calculate 
Ex ss Ex, =e O84 kev. (3: 5) 


(3:4) and (3:5) inserted in (3:3) give Hev, = 2083.2 + 1.6 gauss-cm, which 
corresponds to 
Eau = 411.55 + 0.4 kev. (3: 6) 


Section 4. Conclusions 


The data now available for the Au!*® gamma-energy are the following: 


rect crystal Measurement (0) ...... 0062... eee es eens ese 411.25 + 0.10 kev 
F4, from the Co 1.33 Mev gamma-ray (2:3) ......0....... Al1:1 +04 kev 
rpmrront the Ur, Ural (sO) sees. ese - es ecco seep ne 411.5, + 0.4 kev 


If the data are given weights inversely proportional to the square of the 
probable errors, we arrive at the following mean 


Fig 411.26 + 0.10. Kev. (4: 1) 


The two new determinations (2:3) and (3:6) mainly serve as a rough check 
on the crystal determination; they practically do not affect the mean value 


because of their large probable error. a 
From (4:1) and the measured difference Ha — Hau (1:6) we get the annihi- 


lation energy 
E, = 510.42 + 0.11 kev. (4: 2) 
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The value given from a direct measurement of the annihilation radiation 
(8) is 
Ex crystal = 510.75 at 0.10 kev. (4: 3) 


The two results do not agree within their assigned limits of error. We will in 
the following base the discussion on the value Ha (4:2), because we were 1n- 
formed while this work was in progress that the latter measurement was being 
repeated. Also the Aul®® measurement is considered especially reliable (see In- 
troduction). 

Of more interest is the discrepancy between Ha and the value Ey = mc, 
calculated from the most recent values of the atomic constants 


Ey = 510.97 + 0.01 kev. (4: 4) 
The difference 41 E = E, — Ea is 
AE = 0.55 + 0.11 kev. (4:5) 


The explanation or interpretation of this difference is at present very difficult. 
From what precedes it is evident that the result rests principally upon the cal- 
ibration of the crystal spectrometer. To date there has been no way to check 
this instrument for a systematic error such as might account for the downward 
energy shift of all three measurements, Au?®*, annihilation radiation and Co®. 
The crystal data for Au’®® and Co® are, however, in agreement with the com- 
parison performed here. It seems very unlikely that any sloping background or 
variation of sensitivity could have affected the observations appreciably. 

The presence of a nuclear gamma-ray with an energy of about 510 kev in 
Cu®, which was the positron source, might distort the line profile enough to 
displace the center. Then the fit of the observed to the predicted line profiles 
(Fig. 4) would, however, not be very good. It is probable that no such line 
exists. 

If the difference AF is real there are several possibilities which could account 
for it. The first, and at the present time most unlikely, is that the Einstein — 
law relating mass and energy is incorrect. This law is based directly on the 
fundamental postulates of the special theory of relativity. In no case have the 
predictions of this theory applied to atomic systems been shown inconsistent. 
Fliigge (17) has discussed the experimental evidence for the validity of the law, 


put unfortunately his data are very old. The more general form of the Einstain 
aw (3: 2) 


(E + pu)? = (Po)? + 


is the basic law underlying beta spectroscopy. It has never been checked with 
high precision. 

The second possibility is that the positron and the electron masses are not 
equal.”.The mass difference in terms of the electron mass is given by 


2 During the course of this work DuMond communicated to us that he has been in- : 
vestigating the possibility of an electron-positron mass difference. His arguments are based 


on the crystal spectrometer annihilation energy and his recent evaluation of the atomic con- 
stants. See also ref. (9). 
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M4. Sa UR 2 (Ha — Ep) 


m— Ey 


and according to (4:5) 


ey OT  OOUd: 


m— 


The question of the energy release in the annihilations process has been 
discussed (8), (11). There is no evidence that any energy loss of the order 1 200 
ev can take place in the process. The width of the annihilation line is a sen- 
sitive measure of the energy shift which occurs. If the fractional Doppler width 
is AEp/E = B, the energy shift is (8) | 


5/E = 1/2. 


In this case the value of 6/E is 2 x 10° which is entirely negligible. A positron- 
electron mass difference is almost the only remaining possibility. 

The whole question of the existence now turns on the absolute calibration 
of the crystal spectrometer. There are several methods for establishing the 
existence of the energy difference. Unfortunately, they depend on the absolute 
_ crystal spectrometer calibration, unless the validity of the energy momentum 
relation for relativistic particles is assumed. An absolute Ho measurement of 
electrons of known energy will settle this point. New crystal spectrometer meas- 
urements of the annihilation energy will also supply an answer. A direct meas- 
urement of e/m ratios for electrons and positrons seems to be rather difficult. 
Thibaud (18) concluded they were the. same from a very crude determination 
in a trochoidal focusing spectrometer; his method was, however, incapable of 
high precision. 

To summarize the situation of the present time one can say that no entirely 
reliable energy calibration standard exists. The discrepancy between the Au1® 
411 kev line and annihilation radiation will be resolved by repeated determi- 
nations of these lines under improved conditions on the curved crystal spectro- 
meter. The other line of attack is through absolute H@ measurements on con- 
version lines. Since the Th L line (hy = 510 kev) is particularly suitable for 
calibration, it has been used as a source to determine the spectrometer window. 
Its energy has also been determined relative to annihilation radiation energy. 
These data will be given in Part III of this work (19) together with reports 
of comparisons between Th L and Th X lines. It is the contention that these 
lines are perhaps the best ultimate standards for calibration purposes if their 
absolute Ho values become known. In the meantime it is recommended that 

all workers present as their fundamental results the ratios of the He values 
of the measured lines to the standard lines so that these results may ultimately 
be corrected to an absolute scale. 


Section 5. Converter effects and corrections 


One basic element of gamma-ray spectroscopy is the externel converter which 
must be used in all cases, in which the gamma-rays are not internally converted. 
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If there is sufficient conversion, then the same gamma-ray energies may be 
more easily determined from measurements of internal conversion lines (19). In 
measurements performed with the converter technique the photo-effect must be 
used exclusively for precision work at medium and low energies. The low photo 
cross-section requires one to use converters of high atomic number; the thick- 
ness of the converter is dictated by the resolution required and the activity 
available. The problem of correcting for the displacement of the photo-line due 
to the energy losses of the electrons in the converter may be difficult when 
rather high precision (1 in 10*) is desired; the following considerations will 
serve to justify the procedure which is used in this work and to act as a guide 
for correcting for converter effects in other cases. 

If precision is the first requisite of a determination, then high resolution 
must be used. This in turn forces one to use very thin converters. The choice 
of converter thickness is to some extent arbitrary but the converter should 
introduce only minor changes in the shape of the instrument window curve? 
so that it is not necessary to resort to an extrapolation technique (20). The cor- 
rections for converter effect must in every case be worked out empirically since 
they depend on the instrument window shape, foil thickness and energy of the 
photo-electron. 

The theoretical and experimental work on energy losses of fast charged par- 
ticles in matter is discussed extensively by N. Bour (21) and the problem of 
energy loss by fast electrons has been treated very completely by MOLLER (22); 
it is upon the results of this latter paper that most of what follows is based. 
If the converter is so thick that the probability of a fast photo-electron suffering 
an inelastic collision in the converter is much greater than one, then the con- 
verter corrections must be based on the theory of energy losses calculated from 
diffusion theory and developed by Lanpav (23). This theory is an appropriate 
description of the phenomena only when the mean total energy loss is large 
compared with the mean energy loss per collision, i. e. the electron suffers a 
large number of inelastic collisions. As will be seen this will almost never be 
true with converters chosen according to the criterion given above. 

The total inelastic scattering probability for fast electrons interacting with 
hydrogen atoms has been calculated by Moller to be 


_ 2retN Auf, 2m 


A® Rhee ie bRh == In (I — 6) —p"| (5: 1) 


where e and m are the electronic charge and mass respectively and N Az is 
the number of atoms per unit area of stopping material. Rh = TI, the ionization 


potential of the atom; wv = the electron velocity and ~ bisa constant eval- 
Cc. 


luated by Bethe (24) in his treatment of the energy losses of electrons pene- 
trating matter. The extension of this relation to a complicated atom like ura- 
nium may not be completely valid; for lack of a better estimate we shall replace 


Rh by a suitably chosen average ionization energy J and set the constant b 


* The term, instrument window, is used to denote the line profile which represents the 
observed response when monoenergetic electrons are used as a source. Their direction of 
emission from the source must be isotropic over the acceptance cone of the instrument. The 
reflected instrument window is the true response characteristic of the device. 
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in the logarithm term equal to 1. The expression is then multiplied by Z to 
take into account the effect due to Z atomic electrons. 


Se nea 2mv | 


AD atiy a 7 md) — By (5: 2) 


Bethe has discussed the question of the extension of the formula to complicated 
atoms; but because we use the relation above only as an estimate, it is not 
necessary to go into more detail here. Physically what happens is that the 
electron in passing the atom excites resonance transitions, which take energy 
from it. Because of the resonance character of these transitions the average 
energy lost by the electron is about equal to Js, the ionization energy for that 
class of electrons. The contribution from the inner electrons is considerably less 
than for the outer ones because the cross section varies inversely as the ioni- 
zation energy and because many transitions to discrete levels are forbidden. In 
addition to the resonance excitation there is a contribution from transitions in 
which the atomic electron becomes free. This contribution can be treated by 
the classical Rutherford analysis; the cross-section for these processes falls off 
inversely as the square of the energy loss. 

The exact choice of the value of J to use in equation (5:2) is not clear; the 
value of J is usually given by J = 11.5 Z (25). Bethe (26) gives values which 
-are considerably lower than this. His expression for / would be J = 3.4 Z; this 
is much too low. The former value has been used in the following. It should 
be noted that whereas the value of J is of course critical for the calculation 
of the probability, 4 @, according to equation (5:2), it is not so important for 
an estimate of the average energy loss suffered by the electrons for the following 
reasons. J is approximately equal to the average energy loss per collision so 
the average energy loss is equal to J times A ® and will contain J only within 
the log term. 

The distribution of energy losses is also needed to make the converter cor- 
rections. The differential probability for collisions in which the energy loss is 
greater than the binding energy of the secondary electron has been shown (22) 
to be just the classical expression for collision with free electrons 


IQnxeANZAx dT 


mv 4 ie 


do (5: 3) 


where 7’ is the energy loss and 7 > J, the ionization energy of the electrons. 
No exchange effects are considered because only small values of 7’ are of im- 
portance; large angle scattering results in complete removal of the electron from 
the line. For all other collisions the energy losses are approximately equal to 
‘the ionization energy for the particular electrons in question. The important 
characterisic of the energy loss distribution function is that the shape of the 
distribution is very insensitive to the energy of the primary electron in the 
energy range 0.2 to 3 Mev. Only the total number of secondary electrons depends 
on the primary electron energy. Hence, once the shape of the distribution has 
been determined, it is necessary only to normalize it to the proper amplitude. 
Any assumed distribution function must approach the form of equation (5:3) in 
the limit of large energy losses. 
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Table 5:1 


Calculation of the mean probability, Q, for an electron suffering an inelastic 
collision in an uranium converter as a function of the electron energy. The 
values refer to a converter thickness of 1 mg cm™?. (For notations see the text.) 
ic gR Sone Premieres ec ee ek 


nares etad 2 pe Elu x 104 ” Inn A® Q 
cep eas oe Tee Ae at ST ES RS Spa td 5 
0:20). sree evr ae eae 0.482 2.41 5.56 x 10° 6.32 0.735 0.37 
O30 eee oc ert 0.603 1.93 8.04 x 10? 6.49 0.605 0.30 
O40 Tee ee 0.686 1.70 1.063 x 10° 6.75 0.554 0.28 
0: BON e. Paes ee See 0.744 1.56 1.338 x 10° 6.98 0.527 0.26 
LiQ0te etait 0.885 1.31 3.07 x 10° 8.01 0.507 0.25 
Lb Ole ea corsenton totere. 0.935 1.24 5.45 x 10 8.60 0.515 0.26 
200k mie ae eee 0.959 ipa 8.65 x 10% 9.05 0.529 0.26 
DBOUM a aetna eee 0.971 1.20 1.225 x 10 9.40 0.545 0.27 


The application of the results of the theory to the problem is as follows: 


Let us write: 
am-o() C2) (Y 0 


No is Avogadros number; @ is the density, A the atomic weight and Z the 
atomic number of the stopping material; u is mc”. 


J ipo ih es pene 
; aE eep 10% = 2.07- 10°? (for uranium). 
Then 
ei, [20% (1) 
AS=—* Inj — ane 
Te La—6) i)| 
Set 


2m eh 2B (y 
g Seale)? (5: 5) 
The values of A® are given in Table 5:I as a function of the electron 
energy for a 1 mg/cm? uranium foil. The values are all less than one which 
indicates that not all the electrons will suffer collisions. We take the mean — 


probability, Q, of the electron suffering an inelastic collision to be ce since 


the photo-electrons are produced uniformly in the volume of converter. The 
numerical values of Q indicate that the Landau theory is not applicable for 
these converters. 

The method which is used here is to assume that a fraction of the electrons 
1—Q, suffers no change in momentum. These photo-electrons will contribute 
to the line profile an effect, which is represented by the window curve shown 
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in Figure 7 A. The remaining fraction, Q, has a momentum loss which for 
purpose of analysis is represented by the function 


C 


NO) = G+ of} 


(5: 6) 


# represents the momentum loss of the electrons, ane F(x) is the number of 
electrons per unit momentum range having a momentum loss of z. 
If V is the kinetic energy and P the momentum of the electrons then 


dV uw \dP 
ee) e 


(5: 7) 


where f is the energy corresponding to the rest mass of the electron. Since 
_ the energy loss, 7, is a small fraction of the kinetic energy, we may write this 
relation as: 


=v Day feet ; 
Teen ben to, (5:7 a) 


The energy loss of the photo-electrons must vary as 1/Z? for large values of 
T. To facilitate the numerical calculations the energy loss distribution function 
is assumed to be of the form 
C’(V) 
= — 5:8 
G(T) (Oe ae o’”) ( ) 


Equation (5:6) results when equation (5:7 a) is used to transform equation (5:8) 
to the momentum variable. G (7) does not depend on the primary electron 
energy except through the amplitude factor, C’, over the range of electron energy 
from 0.1 to 3 Mev. Since AP/P is constant in the spectrograph, all converter 
corrections may be made at a given value of the momentum 


7 LG ft ; 
F(a) = G(0) 5 (1+ aay (5: 9) 
or 
F(x) = C (5: 10) 
a(i+ 7s) (a? + 0°) 
tes Vee 
‘Set 
oe a" 
a d c= 
C Eee and o Y fig) 
PP yey P VGe ui 


If Py is the momentum at which comparisons are made, not necessarily the 
true momentum of the line in question, then in terms of Po 
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C D 
Fig. 7. Curve A is the spectrometer window curve obtained from the Th ZL line (H@= 2603 
gauss-cm). The reference line represents the center of the profile. The curves under B rep- 
resent the momentum distributions of those AuUK and AuUZ,; photo-electrons, respectively, 


which suffer collisions in the 0.7 mg/em* uranium converter. In curve C the heavy line 
is the observedUZ; line profile. W is the contribution to this line from electrons suffering 


no collisions; Ff is the contribution formed by folding the curve A together with the appro- 

priate curve B. The circles in C represent the predicted line shape obtained by adding W and 

F together. Curve D represents the same analysis for the UK line. The reference line on 
each of these curves is the true line center. 


C! z o’ 


a lke usne adh 
> (Wea) PAT V +p 


The calculation of the corrections for the AuUx and Uz, lines (see Section 3) 


is as follows: In equation (5:6) the value of o = 7.5 ohms is assumed.t The 
number of photo-electrons suffering inelastic collision in a 0.7 mg/cm? foil is 
20 percent of the total number produced in the foil. The remaining 80 percent 
will contribute a line profile whose shape is exactly that of the window curve 
A of Figure 7. Assume the peak ordinate of the window curve is proportional 


a the number of unscattered electrons No. The number of scattered electrons, 
S, 18 


Co= (5:11) 


ie dx Cx 

Ne= Cf om ~ 5 (5: 12) 
0 

ae) SORE Jy 

No Nose 


: The momentum scale is represented by the potentiometer resistance so that in all these 
calculations momenta are given in terms of ohms. 
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Fig. 8. Curve A is the spectrometer window curve determined by the shape of the Th X 
line (HQ=10000 gauss-cm). Curve B is the assumed momentum distribution of electrons 
leaving the converter. Curve C is the observed Co® Uk line shape; the circles represent the 
points obtained by folding curves A and B together. The converter thickness is approxi- 
mately 3 mg/cm’, 


For the AuUz, line C/N» = 1.2. The value of C/N which was actually needed 
to fit the curves was 2.4. The agreement between these values is satisfactory 
considering the uncertainties in the theory and in the foil thickness. Curve C 
of Figure 7 shows the two contributions to the line profile. The broad distri- 
bution is the fold of the curve marked AuUz, in B with the instrument window 
derived from curve A. The Ux line fitting was made at the resistance value 
corresponding to the Uz, line so from equation (5:11) one calculates for o9 


the value 9.6 ohm; 10 ohms was actually used. When the value of Q from 
Table I and the correction to C from equation (5:11) are used, the value for 
C/N, equals 1.7. In this case the value actually used was 4.95. The fit to the 
observed curve (See curve D, Fig. 7.) is not so good in this case as for the 
Uz, line but is satisfactory. The reference line shown in curves C and D of 
Fig. 7 indicates the true line center; the amount of correction was about 1.5 
ohms for the Ux line and less than 1 ohm for the Uz, line. 

The correction procedure for the Co® Ux line (See Section 2) was the same. 
Fig. 8 shows the curves. In this case the Th X line shape (curve A) was con- 
sidered to be the best window profile (the instrumental window is not exactly 
constant over the whole energy region, as mentioned in Section 1). Curve B 
represents the momentum distribution of the electrons leaving the converter. 
In this case the converter thickness was 3 mg/cm” and all electrons are as- 
sumed to suffer energy losses. A width parameter of o = 10 ohms was used in 
equation (5:5). Curve C shows the observed Co® Ux line profile with the points 
obtained by folding curves A and B together. The fit is not perfect but suffi- 
ciently good to estimate the correction to be about 3 ohms. Since this is only 
1 part in 6000 it was considered accurate enough for the purpose. Because of 
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the thick converter in this case the probability for inelastic collision is large. 
This implies that multiple scattering occurs, and equation (5: 8) may not repre- 
sent the correct distribution. There seems also to be a slight inconsistency be- 
tween the window and the line shape which is not explained. 

It should be noted that at energies over 1 Mev the probability for a collision, 
as well as the energy loss distribution, changes very slowly with primary electron 
energy. Equation (5:7 a) gives the relation between energy loss and momentum 
loss. Since x/P may remain about constant, one may keep T/V constant. This 
means that the thickness of the foil may be increased as the energy increases 
without changing the relative magnitude of the converter effect. In this range 
the photo cross-section decreases with the reciprocal of the quantum energy. 
The use of converters whose thickness increases with the quantum energy for 
which they are to be used will realize constant converter efficiency. A con- 
venenient converter thickness (uranium) is 3 mg/cm? at 1 Mev for a resolution 
of 2 x 10%, The corresponding converter efficiency will be about 5 x 10° meas- 
ured as the fraction of gamma quanta falling on the converter which produce 
photo-electrons. 
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Communicated 23 May 195] by Ivar Water 


On the scattering of slow neutrons by polycrystals 


By Per OLor FROMAN 


With 2 figures in the text 


The purpose of the present paper is to simplify and generalize an earlier 
investigation by Wernstock.! The essential limitation in our treatment is the 
supposition that the crystal is so small that the so called kinematical diffrac- 
tion theory” can be used. Furthermore, for the sake of simplicity we do not 
take into account such complications as magnetic interaction, spin-dependent 
interaction, and isotopic disorder. The treatment is based on formulae for the 
differential scattering cross section of a single crystal which have been derived 
in a previous paper by the present puter? That paper will be referred to 
as II, and the equations in it as II (16) for example. 

In this paper it is convenient to use the idea of the cross section per unit 
cell, that is to say, the cross section divided by the number of unit cells in 
the crystal. The differential scattering cross section per unit cell of a single 
crystal will be denoted by o(k,K; a,,a,,a3) and that of a polycrystal by 
o(k,K). Here k is the wave vector of the incident neutron, and K is a vector 
of length |k| which gives the direction of the element of solid angle. a, a, 
and a; are the basic vectors of the unit cell. (The quantity o here is equal to 
the o in II divided by I, 1,2.) For a polycrystal the total scattering cross 
section per unit cell is written o¢(k). It is natural to define it by 


x1 
ott (k) ad (k, K)2asin yd x, 


Xo 


where y is the angle between k and K. yx and x—y, are > 0 but very small. 
We write o = 69 + 0, + og +-::, where o; is that part which comes from the 
terms of order r. Corresponding definitions are made for o and o', 


The elastic scattering 


According to II (16) we have 
09 (k, K; ay, a2, a3) = > oon (K — k; ay, ag, az), 
“7 


1 R. Weinstock, Phys. Rev. 65, 1 (1944). 
2 W.H. ZacHARIASEN, Theory of X-ray diffraction in crystals. 
3 P.O. Fréman, Arkiv for Fysik, Band 3 nr. 10. 
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where 
00,7 (K —k; ay, ay, a3) = 


2 3 
» fp et KB): By @~My (K-K) Il 2 bz, ((K — k ~ 227)- ai). (1) 
p i=1 


Instead of oo (hk, K; ay, a@2,a3) we also write o9(K —k; a, a@2,a3). In order to 
calculate o(k,K) we have to average o9(K — k; ay, a2, a3) over all orientations 
of the trihedral a,, a :,a3 for fixed k and K. But this is equivalent to averaging 
over all directions of K—k for a fixed trihedral a,,a:,a3. We obtain in 


this way 


nm 20 
rs ; sin dddd 
09 (k, K) = [ | o(K ks ay, a, 4) 4x z, 
0 0 


where (#, gq) are the angular spherical coordinates of the vector K—k. To indi- 
cate that this expression depends only on |K—k|, we also use the notation 
69(|K—k|). Integration over all directions of K gives 


vai 
ot (k) = [oo (|K — k|) 2vsin yd. 
Xo 


3 ~ 
Substituting K—k=o and 2asinydy = a do, we get 


2k—0 2k—0 nan 2n 
es oN 22 2a [ mie sin 0dOd 
ot (k) = [elo eede= ae | doo | | Oo (Q 5 G1, 42, a3) g v= 
+0 0 0 


+0 
a ( Oo (Q ; Gy, Gg, az) f [ [az ; @1, Gg, G3) 

- a ee = dg, 

iy 21 /Q| 25 JJ 21? | 9 | ° 


0<|P|<2k k 


where the volume element of the @-space is denoted by dp. We introduce new 
integration variables ¢, 7, € by 


0 =&b,+7b,+ &§b, + 2x1, 


b,, b,, bs being the basic vectors of the reciprocal lattice. 
The JacosiaAn of this transformation is 


d(Q) 
d (E,, ¢) 


where |[@,, a9, a3]| is the volume of a unit cell. This change of variables gives 


att (k) = df {2 + by + Cbs + 2ut5 ay,a,a5) dédyde 
: 7: 2h |&b, + yb, + Cbs + 2axt| [Las, a2, a3] 


1 


F |Lay, ay, a3] | 
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the integrations being extended over the range 
0<|€b, + 4b,+ 6b, +227|< 2k. 
Substituting (1) and letting es Ly, L; > 00, we obtain 


ga oe | lay, 


ec ist 
4 


2 
2niT- Ry ep—My(2nT)) . 9 
ie 2 foe a 5 @) 


If this formula is specialized to a simple lattice, WrINsTOCK’s equation (32) is 
obtained. , 
The inelastic scattering 
According to II (22) we have 
Or (k, K; Qj, A2, as) on 2 2 >. Or, T, Ushi fy ++ 5 Ky Ip Ep (k= ke; aj, 42, as), (3) 


- Ky fy: Ip fy ++ Ep 


where 


: h 
f . sere et | Li(k'—k)-(Ry—Ry') . p—-My(k'—k). 
1,0, My jyery «+09 Kp dp by (KE =k; Qj, Go, a3) Fi i aielr et )-( Dp p):eé p ( 
' 


enaip 9b (TT (10 —B)- Grn LOB): Gigi (100) 3oy)f 


2 4X; jj 


3 

-[] 2261, (hb —k + x1+--- +%-— 227) - a), (4) 
i=1 

k’ being the vector II (21). ; 
In order to calculate o,(k,K) we have to average (3) over all orientations 

of the single crystal for fixed k and K. This can be done term by term, and 


Fig. 1. 
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, 
therefore we need only treat a general term Or, t, x) i141, -.- Xp Jp &r (k'—k; ay, ag, a3). 
. . . . . , 
Averaging over all orientations of the trihedral a,,as,a3 for fixed k—k=@ 
is equivalent to averaging over all the directions of g for fixed ay, ag, a3: 


2 . 

: fi sin ddddg 

Oy, ©, Mybs G4) os op My Fp (0; ay, G2, 3) =| | Or, T, Krd1 £1) +» 9 Up Ip Sr (Q; Gy, G2, a3 re 
00 


1 


(0, 9, p) being the spherical coordinates of g. We then obtain (cf. tigi} 


yal 

— tot = ; 

Or, %, Mii 415+ . +) Kp Ip Ep (A) a | Or, v,Mi)1 61 oery xX, Jy Ey (0; a, a2, as) 2 7 SIN a6 d #6 ai 
xo 


(k+k')—0 


a 


- Or, T, Madr E15+ + +) Ky Ip Ep (0; aj, 42, a3) kk 
|k—k' |+0 
(k+k')—0 a 2n 


on sinddddp x 


i doo | cr-esenteaes %, je (Q3 21; Az, Ag oF 


kk’ 4n 


jk—-k'J+0 0 0 


if 
= [ff spggommtn.. %, jr ®r(Q3 Ay, Az, 43) dQ, 


the integrations being extended over the region |k—k'|<|o|<k+k’. In this 
integral we introduce new variables &, 7, € by 


o =-€b, + 1b, + Cbs + 2a t— 2% —-:: — ey, 


substitute (4), and let L, Ly, Lz > o. 
After summing over T; %}, 91, €13 .- +3 %r, Jr, &r We find 


3 
ELOn TAN ee YF aS 4x I 
anti) = 2 2 peraayy ik 
mee a ree ete: Gy, as] | k?|2ar— 2%, —---— Hr 
; edt fy! eb (22T—Ky—-++-—H,)- (Ry— Ry!) ep~ My (22 T—-H1—- + -— Ky) ep— Mp 2at—Hi—-+-—H,y). (5) 
pp’ 
LAV TT Sie 
Ir 2) i il? TT — Hy —— Rr)» Cp,re; il [(2 2 7 — xy — +» — Xr) - Co, ii] : 
exh 
4-(d(oms) + 92”). 
Wx; j; J 
h + 1 . } ) i 
oT dal) Matas pees over the values of 1; %}, J1, €13 -.-3 %r, Jr, &r for which 
|k—K | <|Q2nr—2,—-:-— x | <k+K. 


* By an error a vector in fig. 1 is denoted by K’ instead of K. 
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2 g ; 
ities A €yj, where ex; (7 = 1, 2, 3) 
are three mutually orthogonal real unit vectors (which are in general uniquely 
determined), and j is the mass of an atom in the crystal. The special for- 
mula, obtained in this way from (5) for r = 1 (first order terms), is in complete 
agreement with WEINSTOCK’s equations (42), (43) and (46). 


For simple lattices we can choose Cy; = ( 


* 


We will now give approximate formulae for the numerical calculation of 
the total scattering cross section of a polycrystal with simple lattice. For this 
purpose we use DEBYE’s approximation 


Oxnj = Cs%, (6) 


where cs is the average sound velocity. The sums over the x-space can be 
replaced by integrals according to 


d= Gypllenanadl fae... (7) 


where N(=L,L,L3) is the number of atoms in the crystal. In order to 
simplify these integrals we replace the phase ee a a sphere of the 
same volume. Its radius x» 1s determined by 


N N n 
— = ——,|[a,, ag, as]| | 2x? dx, 
9 (2 z)° | 1 2 3 ! 
whence 
6 2" i 
os 3 (8 
ty ( [a,, ao, as] | ) 


This quantity is closely connected with Drsyx’s characteristic temperature 
@, for 
hoy _ hes%o | (9) 


OF kp kp 


As was mentioned earlier, we have for simple lattices 


9 $ 
Cyj = (5) exj; (10) 


where ex;(j = 1, 2, 3) are three mutually orthogonal unit vectors. 


1 We point out that WerNstTocxK’s expression (42) is not summed over the two oscillator 
types (which he called y and 4). Therefore it must be multiplied by 2 in order to be 
comparable with our equation (5) for r=1. 
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The temperature factor 
From the definition 


(cf. II) and the formulae (6) to (10), we find after a straightforward calcula- 


tion - a ; 
‘ Beets [Ole Ve 
2M (0) = 2M (0) Saeed cd (*) (11) 


where the function F(x) is defined by 
ike i 
F (2) ptf payee. (12) 
0 


The elastic scattering 


From (2) — specialized to simple lattices — and (11) it easily follows that 


Cl) a a ed 
4x|f)? | [ar, a2, a3] | A? < 20T 
where we shall sum only over those t which satisfy eae 
2T | 
0< k <2 | 


Here n(t) is the number of vectors t of length tT. 


The first order terms of the inelastic scattering 


In (5) with r= 1 — specialized to simple lattices — we substitute Cy,j, 
from (10), and perform the summation over j;. Then we replace (for every 
fixed t and e,) the sum over %, by an integral according to (7). For the 
function M we use the approximation (11). The integrals in the two terms 
corresponding to t=0 cause no trouble. In every term corresponding to a 
t~0, we introduce new variables of integration x, @, gm instead of #1. (See 


fig. 2.) For the volume element we have dx, = “10 du, dodg. The integra- 


22T : 


x 


P=| 20 t-X%, 


Fig. 2. 
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tion over @ can be performed immediately, and gives a factor 27. After some 
simplification we have the following result: 


Oe Liat (mE) S fs tps st, “meine? Ct) Grea) "ay 4 


4A ug cs \hesk 
(14) 
LkpT Lar p -o£ F(a 
Zs inkpeé ue 
Papa an lees [eles a ) [ve en dy, 
(c#0) 


é taking on the values +1. In the first (simple) integral we shall integrate 
over those x for which the two conditions 


iesk kpT eae eae ee 
ke T| 1 a E E x pi+|/1- v) 
(14) 
0<2<2 


are simultaneously valid, and in the second (double) integral we shall integrate 
over those y for which the two conditions 


eye ae 


Wager Weed 


ems 


ae 


GES 
22T kp T 


k i hesk ‘ 


are simultaneously valid. In order to reduce the numerical work it is con- 
Beg Gite. 2) 2 ' 
venient to replace the factor e “B® (7) "in the last integral of (14) by an 
=e ie F(Z) ‘ox 

Byerage value ¢ “o*Bo MF’ \ k 
In a similar way one can also end a formula for the numerical calculation 
of of (x), but this formula is so complicated that anything better than a rough 
estimation of of(k) requires considerable work. Therefore it is important to 
ifs 
0 


note that ot (k) is small compared with ot (k) is sufficiently small (cf 


(5) and (10)). 
It must be pointed out that our expression (14), based on DEByz’s approxima- 
tion (6) and the replacement of the phase parallellopiped by a sphere, gives 
only an estimation of of (k) but cannot be expected to give the accurate value. 
In order to see the formulae functioning the author has made a numerical 
calculation of o*(k) and ot*(k) for polycrystalline iron at T = 906° (ie. 
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QO 1 A ek rigs Che) ott (k) 
= ——= kz-é ‘ = 0. d +—| = 0.16. 
T ;) and with 2 1 kp- 300. The result is 4n|fP . 2 an tafe 
oO 
The author thinks that it is legitimate to neglect am in this case. The 


same numerical example was also treated by WeErnsTock (l.c.) (for temperatures 


; E tot (k) otot (k) 
up to Z = 1000°). His results for 7’ = 906° are 2°? = 0.73 and “15 = 0.18. 
ar ey 4aliP talfP 
10 FS 
The small disagreement between the figures for fam is completely unimportant. 
Es 
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Communicated 14 November 1951 by G. Bormtrus and Oskar KiErn 


Heats of formation and of evolution of NaCl-NaBr solid 
solutions 


By VAino Hovi 


With 2 figures in the text 


Introduction 


Several attempts (1-5) have been made to calculate heats of formation for 
alkali halide solid solutions. These calculations have not, however, led to any 
satisfactory agreement with experimental data. This is mainly caused by the 
inadequate knowledge of the microstructure of mixed crystal lattices. On the 
other hand, WaAsASTJERNA (6) presented two years ago a statistical theory which 
turned out to be very successful for calculations of that kind. 

WASASTJERNA made use of his general expression for the potential energy 
of the ions in a crystal lattice (7), took into account the important ion dis- 
placement effect introduced by himself for a mixed crystal lattice on the basis 
of his quantitative X-ray investigations (8-11), applied his combinatory number 
and other statistical results (12-13) to the calculations, and assumed that the 
mixed crystal lattice of KCI-KBr was characterized by a certain degree of local 
order which maximizes the configurational partition function. For KCl-KBr 
mixed crystals WASASTJERNA’Ss theoretical heat of formation values were in good 
accord with the experimental results of Fonreityi (14), FonreLt and collabo- 
rators (15), and of the present writer (16). 

It will be pointed out, that recently DurHam and Hawkrns (5) have ascer- 
tained purely logically the importance of the ion displacement effect for the 
heat of formation calculations of solid solutions. 

On the basis of WasasTsERNA’s theory the writer (17) presented formulae 
for the heat of formation in the case of binary alkali halide solid solutions, 
the céomponent salts of which have characteristic quantities ? (see equation [3]) 
which differ from one another. For the verification of the formulae, heat of 
formation values of certain KCI-KBr and KCI-RbUl solid solutions correspond- 
ing to the thermodynamical equilibria at 20°C and 25°C, respectively, were 
calculated. In both these cases the fundamental assumptions by WASASTJERNA 
led to a very good agreement between theory and experiment (15-16, 18). 

In the present study the writer has applied WaSASTJERNA’s theory to the 
heat of formation calculations in the case of NaCl—NaBr solid solutions corre- 
sponding to the equilibrium at 60°C. This temperature was chosen on the 
basis of ScHoBerRt’s (19) observations, according to which the combination 
NaCl-NaBr seems to form a gapless range of mixed crystals without crystal 
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water molecules when crystallized from aqueous solutions at 60° C. Furthermore, | 
Frneman and WaLLace (20) have presented by means of the thermodynamical 
common tangent method for the critical solution temperature and the critical 
composition of this particular combination the values of 68° C and 0.55 mol 
fraction NaCl respectively. The recent theoretical studies of Hovr and Hyvé6- 
NEN (21), concerning the free energy determined statistically, showed that the 
critical solution temperature was about 50°C for NaCl-NaBr solid solutions, 
thus supporting the results presented in papers (19) and (20). It may be right 
to mention here also the X-ray observations made by NickeLs, FINEMAN and 
WaLLAce (22), which confirmed the existence of homogeneous NaCl-NaBr mixed 
crystals prepared by fusion. The theoretical heat of formation values of the 
present paper have been compared with the available experimental data (20). 


Heats of formation and of evolution 


For the calculations of the heats of formation and of evolution we assume 
that in the case of NaCl-NaBr, too, the actual equilibrium positions of the 
ions in a mixed crystal lattice do not coincide with the corresponding positions 
of an ideal lattice, i.e. in our calculations we take the geometrical displacements 
of the ions into account. Besides, we assume that the NaCl-NaBr mixed crystal 
lattice is characterized by a certain degree of local order. On the basis of these 
assumptions! we may calculate the heats of formation from the following for- 
mula (17): 


[1] Qe = OE (1+ 20-40) + (1+ 040) + 


and the heats of evolution from the formula (23): 


[2] 4q= “6, 


In these formulae 


_ NCe eal 
q Ro 


is the electrostatic part of the heat of formation, while Qrv denotes the heat of 
formation when the geometrical displacements of the ions are taken into account 
and the lattice is assumed to be characterized by a certain degree of local! 
order (a). Furthermore, 4 R= R,—R, stands for the difference between the 
interionic equilibrium distances of the two components (Rz > R,), Ro for the 
interionic equilibrium distance of the mixed crystal, N for AvoGADRO’s number 

C for ca*, where c is MADELUNG’s constant and « the ionic charge expressed 
in elementary units, e for the charge of an electron, » and q for the mol frac- 


tions of the components (p+q=1), and # for the characteristic constant 
defined by WasastTJERNa’s (7) equation | 


* The experimental verification of this by means of X-ray measurements is in progress 
in our laboratory. 
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— R, gy (Bs) 
Pr (Ry) 


where 9, (R,) and gy, (R,) are derivatives of the exchange energies. AQ repre- 
sents the energy evolved from a mixed crystal which transits from a com- 
pletely disordered state to another, which corresponds to the degree of local order, 
o, and @ is the abbreviation: 0 = — (9,(1—4q) + 0 (1—4p) + 4), 

We use also for the case NaCl-NaBr the same method of reasoning as 
WasasTJERNA for the KCI-KBr mixed crystals. Thus, if the lattice is charac- 
terized by a certain degree of local order, the probabilities x, A, bu, » of finding 
a Na ion surrounded by CICI, CIBr, BrCl, and BrBr respectively in the posi- 
tive directions of the axes are as follows: 


[3] 


d,+2, (y=1,2) 


| =D Pix o)} 
= pg(1+ 
[4] j4=pa(l + o), 
eae ee: 
v= q(q— Po). 
The parameter o is called here the degree of local order. 
Like WasasTJERNA (12, 13), we write the configurational factor I(T, o) of 
the partition function as follows: 


A 


[5] I(T, co) = g(N, 9,2, 0)e**. 


& 


| 


Here k& is Borrzmann’s constant and 7 the temperature in K°, and g(N, 7,2, 0) 
denotes the number of ways of arranging Np particles of kind A and Nq = 
N(1—~>p) particles of kind B upon N sites in a lattice, which has its sites regu- 
larly arranged, so that each of them is surrounded by z other sites or neighbours, 
in such a way that the degree of order is o. For the combinatory number g 
WASASTJERNA has presented the following expression: 


[6] 9(N,p,2,0) = (— 7 


The value of o, which maximizes the conan, partition function, we 
ae ti 

obtain for different crystal compositions from condition yrs 0, after the charac- 
teristic constants have been calculated from the equation 


3+4Ty 
Kree,—Ty’ 


[7] t= 


where Kr is the coefficient of compressibility of a cubic face centered lattice 
and y= eye stands for the cubic expansion coefficient at constant pressure. 
V\OT/p 


In the numerical calculations of the heat of formation we used for the atomic 
constants the following values: N = 6.0235-10%, e = 4.8024-10-1° esu and 
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Degree of local order 


0 02 504 06 08 1.0 
Mol fraction NaCl 


Fig. 1. The degree of local order (¢), corresponding to 60° C, as a function of composition 
of NaCl-NaBr solid solutions. 


k = 1.38032-10-!® erg- degree! (24). The energy equivalent used was 0.23899 
cal/joule. For Mapr.una’s constant c = 1.7476 was taken, and for the initial 
compressibilities, measured at 30°C, 4.26-10~-! bar~! and 5.08-10~™ bar} 
(25) were chosen for NaCl and NaBr respectively. The reduction of the com- 
pressibility coefficients to 60°C was carried out in the way presented in an 


earlier paper (23) using for ¢ = alsr), the values 4-10~* and 5-10~* in the 
case of NaCl and of NaBr (7). 

The interionic equilibrium distances of the components at 60° C, Ry = 2.817,- 10-8 
cm for NaCl and Ry = 2.984,:10~% cm for NaBr, were calculated by means of the 
densities of these salts at 0° C and 60° C from the corresponding values of Born 
and Mayer (26) at 0° C. The densities of NaCl were obtained by the graphical 
method of closest fit from the experimental results presented in the papers (27), 
(28) and (29). Similarly, the densities of NaBr were determined from the data 
in (27) and (29). 

The interionic distances of the mixed crystals at 60° C we obtained from the 
_ corresponding values of the components by means of VEGARD’s rule. : 

The cubic expansion coefficients of NaCl and NaBr at the temperature in 
question, 12.2,;-10~° and 12.5-10~° respectively, were estimated graphically from 
the experimental results of the investigations (30), (27), and (29). 

From equation [7] we obtained the values 0, = 7.55) and # = 8.02, for NaCl 
and NaBr respectively. Then the values of o were calculated from the condition 


or i ‘ 
me 0. After the electrostatic part Qr and the quantity O for different com 


positions were determined, we obtained the final results from formulae [1] and [2]. 

Fig. 1 shows the diagram representing the degree of local order (c) at 60°C 
as a function of crystal composition. Table 1 contains the experimental heat of 
formation values (Qexp) found by Frveman and Wat ace (20) and the theoretical 
results calculated by the writer (Qtheor = Qrv). For the sake of comparison in 
the same table the theoretical heat of formation values by WaLLAcE (3), Frnz- 
MAN (4) and TosBousky (2) are included. As seen from this table, WASASTJERNA’S 
theory leads also in the present case to a considerably better agreement with 
experiments than do the earlier theoretical procedures. Fig. 2 presents the 
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Q © Experiment 
© Theory 


Gi 
S 
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200 


100 


Heat of formation (cal/mol) 


0 0.2 0.4 0.6 0.8 1.0 
Mol fraction NaCl 
Fig. 2. The heat of formation of NaCl-NaBr solid solutions as a function of NaCl mol 


fraction. The theoretical values correspond to the thermodynamical equilibrium at 60° C, 
_ whereas the experimental results are measured for salts annealed at least 48 hours at 650° C. 


Table 1 
Experimental and theoretical heat of formation values of NaCl-NaBr solid 
solutions 
Mol fraction NaCl exp (cal/mol) @theor (cal/mol) 
p FINEMAN and 
WALLACE (20) Qiv WALLACE (3) | FINEMAN (4) |ToBoLsKy (2) 
0.1053 123 
0.1700 181* 201 
0.2078 214 
0.2500 241* 380 406 
0.2993 271 
0.3400 294* 299 
0.4023 320 
0.5000 335* 323 540 564 118 
0.5073 336 
0.5971 324 
0.6600 308* 308 
0.7018 292 
0.7500 20% 440 442 
0.7981 220 | 
0.8300 198* 220 
0.8982 137 


* Calculated from the interpolation polynom of FryemMaN and WALLACE (20). 
experimental and theoretical heat of formation values as plotted against the 


NaCl mol fraction. 
FineMAN and WALLACE annealed their mixed crystals at least 48 hours at 
650° C. It is evident that the preparations of this kind were in metastable 
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state both at the measuring temperature of 25°C and at 60° C, for which our 
calculations have been performed. Thus one might expect that our theoretical 
values are somewhat smaller than the experimental ones. Fig. 2 shows that 
this is a fact at middle crystal compositions, while at more unequal compositions 
there is a slight tendency in the opposite direction. However, in the case of 
the more unequal compositions the experimental errors of the differential calori- 
metric method are greater. Thus, the comparison is less reliable in border cases. 

It may be pointed out here that the atmospheric moisture and the coherence 
of the mixed crystals have a considerable influence on the stability of NaCl— 
NaBr solid solutions and thus also on the experimental heat of formation values. 
Recent observations made by the writer for coherent 40 hours at 650° C an- 
nealed NaCl—-NaBr mixed crystals showed, for instance, that the atmospheric 
moisture even above CaCl, in a desiccator tarnished the surfaces of the crystals 
during two days. In X-ray photographs taken by WASASTJERNA’s apparatus (9) 
for these mixed crystals a slight decomposition at crystal surfaces was established 
after some hours in spite of a thin lacquer covering. In addition, when taking 
into consideration the quite large values of the heats of evolution (Table 2), 
it is highly probable that the heats of formation measured for coherent NaCl— 
NaBr mixed crystals would be somewhat greater than those presented by FINE- 
MAN and WALLACE (20). The experimental verification of the heats of evolution 
is as yet lacking. Therefore we have to be content, in the present paper, with 
the theoretical values. 


Table 2 


Theoretical values for heats of evolution of NaCl-NaBr solid solutions 


,, | Theor. A 
® Sno 2) Q; (cal/mol) aalkaot 
0.17 0.131, 10.94, 88.575 15.9 
0.34 0.270, 11.27, 145.00, 55.3 
0.50 0.347, 11.57, 166.065 83.6 
0.66 0.2955 11.88, 153.265 67.2 


0.83 0.149, 12.20, 99.28, 22.7 


The writer wishes to record his indebtedness to the Finnish Academy for a 
grant in 1951. 


SUMMARY 


The writer has applied WasastseRNa’s theory (6, 17) to the calculations of — 
the heat of formation of NaCl—NaBr solid solutions corresponding to the equi- 
librium at 60°C. For these calculations the ion displacements in a NaCl—NaBr 
mixed crystal lattice were assumed, while the lattice was supposed to be charac- 
terized by a certain degree of local order. The theoretical results obtained 
for NaCl-NaBr solid solutions of different compositions have been compared 
with the experimental data of FineMAN and WALLACE (20). It is shown that 

* The experimental verification in the case of NaCl—NaBr is in progress. The writer is 


pleased to refer here to the forthcoming treatise by Mr. L. HyvénEN, in which h 
: Ft . eati lved 
during the ageing of KCl-NaCl mixed crystals have been measured. = =a 
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WASASTJERNA’S theory leads in the present case to a good agreement with 
experiment. 

From an equation presented by the writer (23) some values have been cal- 
culated for the energy evolved from these mixed crystals when they transit 


from a completely disordered state to another, which corresponds to the degree 
of local order at 60° C. 


Institute of Physics, University of Helsinki, Finland. 
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Communicated 12 September 1951 by G. Borrtius and H. ALFvin 


On the behaviour of an electrically conductive liquid 
in a magnetic field 


By Bo LEHNERT 


With 7 figures in the text 


Summary 


The velocity-distribution of a laminar motion in a conducting viscous liquid 
is strongly modified by the presence of an external magnetic field. The shape 
of the distribution depends on the linear dimensions. The transition between a 
Jaminar and non-laminar motion as well as the non-laminar motion itself are 
influenced by the field. A set of characteristic parameters, corresponding to 
REYNOLDS’ number, may be defined. 


Introduction 


Up to our days the laws of electrodynamics and hydrodynamics have been 
carefully explored and.it seems rather curious that relatively few attempts have 
been made to combine these two fields of science. Until now this combined 
field has been subject to much more work on the theoretical side than on the 
experimental. 

The question of the influence of a magnetic field on a non-laminar motion 
in an electrically conductive liquid is of interest especially in its cosmical ap- 
plications, e.g. on the sun. The main purpose of this paper is to give some 
viewpoints on this problem as shown in sections 4, 5 and 6. To be able to 
interpret the measurements in Sec. 5 some simple laminar cases are studied in 
Sec. 2a. There will also be made a comparison with the work by Hartmann 
(1) (1937)', as described in Sec. 2b, ¢ and Sec. 4b. Section 3 gives a deduction 
of the magneto-hydrodynamic wave-equation at small amplitudes and constant 
external magnetic field. 


1. A Simple demonstration of magneto-hydrodynamic motion 


It may be of some interest to begin on a very elementary experimental stage. 
Let us study a cylindrical glass-vessel containing mercury. If the liquid is being 
moved with a peg it behaves like water; the motion looks complicated and 


1 HaRTMANN was the first to study the stationary motion of a conducting liquid, but he 
seems to have taken no interest in its cosmical applications. 
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Fig. 1 a. Motion of horse-shoe-formed copper-piece in mercury. Magnetic field perpendicular 
to the surface of the liquid. b. Generation of a whirl filling the whole vessel. c. Cross-section 
of the whirl. d. Fast motion of the copper-piece. The motion of the liquid is built up by 
successive motions of the piece in a direction out of the figure. The whole space of the 
vessel is easily seen to be filled by two large whirls with one center at each leg of the 
piece. The liquid in the center of the vessel follows the motion of the latter. e. Slow motion. 
The piece is moved once and just taken out of the liquid. The whirls appear distinctly in 
the regions where the legs have left the surface. 


irregular, the surface agitated. A hit on the vessel gives rise to small, fast 
surface-waves. 

Now place the vessel in a strong magnetic field, perpendicular to the surface 
of the fluid. As soon as the field is present, the small waves disappear and the 
surface becomes calm and smooth like a mirror. If the peg is being moved in 
the liquid, we find that the water-like consistence has changed completely; the 
fluid acts as thick syrup and the surface shows some large whirls, all with an 
axis of rotation parallel with the magnetic field-lines. In spite of the syrup-like 
consistence, however, the energy-dissipation seems to be rather moderate. 
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The experiments are continued with a thick, horse-shoe-formed piece of copper 
as shown in Fig. la. If no magnetic field is present it is easy to move the 
piece with its legs under the surface. If it is moved with constant velocity 
perpendicular to the magnetic field, however, it tends to drag the liquid resul- 
ting in fairly large whirls at the edges of the copper-piece and a much stronger 
necessary mechanical force than in the first case. This is easily understood as 
every motion in a magnetic field causes a polarized electric field H = oxB 
(M.K.S8.A.-units are used in the following), where @ is the relative velocity be- 
tween the point in question and the reference-system and B is the magnetic 
field-strength. If, in the case of Fig. la, the integral round a closed curve 
ABCD is formed, the magnetic field from the currents in the vessel being neg- 
lected, the electromotive force at a velocity @) of the copper-piece is 


A c rh A us 
§ (6x Bo) ds = f (x Bo) ds +_f (6x Bo) ds A 0 
ABCD B D 

as long as the liquid along the path DA does not follow the motion completely. 
A current is flowing, which tends to accelerate the fluid in the region AD (out- 
side D and A the direction is reversed). A stationary state is reached as soon 
as the electromagnetic forces are balanced by the mechanical everywhere in 
space. 

Consider another experiment with the copper-piece. If it is placed with one 
leg at the centre of the vessel (Fig. 1b) and rotated round the centre, a large 
whirl will soon arize, filing the whole vessel. When the copper-piece is taken 
away the whirl is damped rather slowly by the friction against the walls. A 
whirl 20 cm in diameter with an initial depth of profile of about 4 cm (see 
Fig. 1c) is damped to 1/e ~ 1/3 of the initial depth in about 10 sec. If the 
whirl is ‘“‘short-circuited” by the copper in a fixed position with one leg in the 
centre, the liquid will stop almost suddenly. The explanation is the same as in 
the first case; a variation of velocity along a closed curve will result in a net 
electromotive force driving currents through the liquid. 


2. Some stationary cases with laminar motion 
a. Cylindrical and plane case with moving boundaries 


First let us study the configuration shown in Fig. 2. Two co-axial non-con- 
ducting, infinitely long cylinders are rotating with a relative angular velocity 
@ , the space between them being occupied by a conducting liquid with kine- 
matic viscosity vy. The external, constant magnetic field, Bo, lies in the direction 
of the axis. Assuming that the velocity, ¢, of the liquid lies in the p-direction, 
the polarized electric field, xB (B is the total field-strength), is situated in a 
plane through the axis of the cylinders, so that the component 2, of the current 
vanishes. In cylindrical coordinates (r, gy, z) every quantity is independent of 
gy and z by reasons of symmetry. Thus if no currents are supplied from the 
outside of the system 7, will be equal to zero. 

When the cylinders are set into motion a transient current builds up space- 
charges, oz, neutralizing the polarized field in the stationary state, where 2 
becomes zero; 
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Fig. 2. Co-axial, infinitely stretched cylinders rotating with relative angular velocity Wo. 
Magnetic field in axial direction. 


div E = oz/e = — div (@x By) (1) 


where ¢ is the absolute dielectric constant and £# the field formed by the space- 
charge. The torque per unit length becomes: 


Vp 


M = 2nr*vg- 7? = const. (2) 


which gives v, = k,/r + ka, ky and ky being constants. This results in a radial 
electric field H, = By: (ky/r + kg). The first term in the bracket corresponds to 
a field formed by surface-charges on the walls of the cylinders and the second 
is due to a space-charge, oz = Byky/r. 

Another simple case is shown in Fig. 3. Two infinitely stretched, parallel, 
non-conducting planes perpendicular to By move at the distance 2d with a 
relative velocity 2v) in the y-direction. In the absence of a magnetic field the 
velocity-distribution is triangular with a force per unit area 


2: Sees Ad ash (3) 


In order to get simple expressions in the case, when a magnetic field is 
present, the origin of the system of reference is chosen at the distance d from 
both planes. Suppose that an element of thickness dz at the distance z is moving 
with the velocity *. The element is balanced when the resulting forces cancel: 


Ee ead oa (4) 


On the right side the first term represents electromagnetic forces per unit vol- 
ume, the second and the third mechanical forces due to pressure and viscosity — 
respectively. If no liquid and no currents are supplied to the system from the 
outside it is easily shown by reasons of symmetry that the velocity lies entirely 
in the y-direction (cf. Fig. 3) and from (4) the y-component is determined by 
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Fig. 3. Velocity-distribution between two planes moving with relative velocity 2v9. a. No 
magnetic field present. b. With magnetic field of strength By perpendicular to the planes. 


2 


v9 — a Bi ty = 0 (5) 
where the current-density has been expressed by the relation 
t= o-(E + oxB). (6) 
The solutions of (5) are . 
ty = Ae? + Bee *® bk = VB -alvo (7) 
where A and B are constants determined by the conditions | 
(z= +d) = + %. 


Hence 
v = 0° sinh kd (8) 

Since curl # = 0, Hy, and Ey are constant by reasons of symmetry. The con- 
dition that the total current through a cross-section perpendicular to the z- or 
y-direction is zero demands that #, = H, = 0 as shown by equations (6) and 
(8); further zy = 0. div 7 = 0 gives 7, = 0. Thus the current is given by 

; sinh kz 

tg = 6 Boty = 6 Bory = a (9) 
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Since vz, Bz and i; all vanish, Z, = 0 by equation (6); the electric field vanishes 
and there are no space- or surface-charges at all. curl B/y = 7 gives an induced 
magnetic field 


av cosh kd — cosh kz | 


By ae as anh ed a 
The pressure-gradient becomes 
A Serer: 2 gt BS ny AS. (cosh kd — 20st Ee) sik kez (11) 
The variation of the field-quantities is given by Fig. 5a, b and c. 
The force per unit area is 
Te URE ing teb lta (12) 


sinh kd 


The ratio of force per unit area at the walls is determined by (3) and (12), 
corresponding to By = 0 and By ¥ 0 respectively: 


¢ = tun (d)/tH (d) = kd-coth kd (13) 
which increases monotonically with kd = Bod: Vo/: vo. The magneto-hydrodynamic 


case corresponds to a pure mechanical case, where the distance of the planes 
has been decreased to the value 2d,: 


-tgh kd. (14) 


For kd > 2 d, is approximately 1/k, independent of d. We may also define q 
“depth of penetration’’, 6, determined by 


sinh &(d— 6). 


V (dima 0) tots Tamu rae 


For large values of k the depth 6 reduces to 
6=1/k~ da (15), 


showing that the depth of penetration becomes approximately equal to the 
equivalent mechanical] distance. 


With By = 1 Vs/m?(= 104 gauss) and d = 10-2m we get 
kd = 260, de = 4-10-5m and €= 260 for mercury and 
kd = 1700, d. = 6-10-m and € = 1700 for liquid sodium. 


* Due to its high electrical conductivity and small density liquid sodium will be a suitable 
medium for wave-motions in laboratory scale. 
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Fig. 4. Harrmann’s case. Velocity-distribution between two fixed planes due to a pressure- 
gradient po/L = (p2—i)/L. a. No magnetic field present. b. With magnetic field. 


If the motion were laminar and v) = 10~?m/sec the maximal current density 
in liquid sodium (o = 21.7-10°Q-!m-!) in this case becomes tzmax = 2-108 
amp /m? (= 0.2 amp/cm?). 

The mechanical velocity-distribution_is deformed strongly as pointed out in 
Fig. 3b. This is due to the forces 7x.By between the currents in the liquid and 
the currents producing the external field By. As will be pointed out in Section 
2 the field tends to make the distribution independent of the z-direction. This 
results in a large velocity-gradient near the walls and consequently large bal- 
ancing mechanical forces per unit area in these regions. 

The total electromagnetic force, acting on the liquid in the y-direction is 


o-{ { [(— ww Bi) dz dy dz =0, 


as vy is symmetric about the plane z = 0. Consequently, the total applied me- 
chanical force is transported from one wall to the other through the liquid. 


b. Hartmann’s case 


Hartmann (1) studied the flow of mercury in rectangular channels, placed 
in a magnetic field. If the height 2d of the channel (in the direction of the 
magnetic field) is much less than the width and length (LZ) the case may be 
treated as a plane one in conformity with the relations just discussed. With a 
pressure-gradient (po — p,)/L = po/L in the y-direction, as pointed out in Fig. 4, 
the velocity vy = v is determined by 
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d*o So B, Do a By 
oes rhe aoe 2% E, = —D 5a 
dz ve voL vo ° Om 


where Hr = Ey is the electric field in the system of reference, since curl H =0. 
The solutions are 
v= A-&? + Bee *# + DIP; kh =o Bilvo. 


+d 
The conditions v(z = +d) = 0 and f ix dz = 0 determine the constants A, B 
—d 


and D. The result becomes 


_cosh kd — cosh kz. nits Dokd (8a) 
wea sinh kd MEO G BAL 
1 +4 
The mean-velocity through the channel is od iE v-dz = Um. If no magnetic field 
-4d 
is present it becomes 
) = — Po Ca = 
ele grey (16) 
When the field is present it becomes 
(Um)ae = 379 (kd) tgh kd Phe 
Thus we may define an apparent laminar viscosity in this special case: 
tgh kd 
ae (kd)* kd 
37) _ teh kd ie 
kd 


c. Dependence of the boundary-conditions 


In the special case of moving planes, described in Sec. 2a a comparison be- 
tween equations (3) and (12) gives an apparent viscosity 


v’ = y-kd-coth kd. (19) 


This shows that even for these simple plane cases no general definition can be 
made of a combined electromagnetic-hydrodynamic viscosity. 

_ From equations (8) and (8a) we see that the shape of the velocity-distribution 
is dependent of the linear dimensions. At very small dimensions (kd <1) and 
given boundary-conditions equation (8) approaches the form v = v)-z/d and 
Po 
vol 


into a pure mechanical case; the narrow cross-section of the channel has a large 


equation (8a) the form » = 5 -(d? — 2); the distribution has degenerated 
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Fig. 5. Normalized distribution of the field-quantities in the case given by Fig. 3 at two 
different values of the parameter kd as given by equation (7). a. Particle-velocity and 
current-density. b. Induced magnetic field. c. Pressure-gradient. 


resistance resulting in small currents and negligible electrodynamic forces, 7x B. 
At large dimensions (/d > 1) equation (8) tends to the limit 


v = v:e—*4- sinh kz (8 b) 
and equation (8 a) gives 


v= 0,:(1— &@-%), (8 c) 
Here two regions of z may be distinguished (0 <z<d): 


a) (d — z)/d <1. Equation (8b) reduces to v = w-e FO, | 
b) All possible values of z, except those in a). The velocities in equations (8 b) 
and (8c) are approximately constant all over the region. 


Thus at large values of kd the shape of the velocity-distribution near the 
walls is independent of the dimensions. 

In Fig. 5a the velocity-distribution of equation (8) is shown in two cases 
with the same magnetic field and velocity of the walls but with different linear 
dimensions (kd,/kd, = 1/5). The velocity-gradient nearest the walls at large 
values of kd is kd times greater than that at very small values of kd. Con- 
sidering this fact it may not be unimaginable to assume that a magnetic field 
at large dimensions may give rise to a non-laminar motion near the walls. On 
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the other hand, as will be shown later, a magnetic field may also suppress the 
whirls of a non-laminar motion. 

The velocity-distribution in Harrmann’s case, described by equation (8 a), 
resembles that of Fig. 5a. The channels corresponding to a plane case have 
heights of about 2-10-*m, corresponding to a largest value kd = 4 at full 
strength of the field. These measurements show a sharply defined transition of 
laminar flow into non-laminar for all considered values of the magnetic field 
(By < 1 Vs/m? = 104 gauss) and nothing indicates that a laminar motion will 
be converted into a non-laminar by the field. On the contrary the results show 
that the non-laminar motion is suppressed by the field. 

In the measurements, described in section 5, however, the value of kd is of 
the order 10%. In this case it may not be unimaginable to assume a non-laminar 
_ layer near the walls, since, if this would not be the case, an extremely large 
velocity-gradient would arize near the walls. This will be discussed in some 
details in Sec. 6. 

The general stationary case is difficult to treat mathematically. From the 
simple examples above, however, we may conclude that as soon as currents are 
flowing in a liquid with rather good conductivity, these currents result in a 
strong deformation of the velocity-distribution, a large external mechanical force 
(torque) in the laminar case and probably a turbulent motion near the walls 
already at small velocities, as soon as the linear dimensions are large enough. 

With the apparatus of Fig. 6 and 7 the magnetic field will have no influence 
on the torque in the upper regions, as long as the motion is laminar. In the 
neighbourhood of the lower end of the inner cylinder the effects just described 
will occur; in the following they will be called ‘“‘edge-effects’’. 


3. The wave-equation at small amplitudes and constant external field 


AuFvEN has shown (1942) (2) that the presence of a magnetic field in a con- 
ducting, incompressible liquid gives rize to a type of wave-motion, called magneto- 
hydrodynamic waves. The case where the displacement-current and the mechan- 
ical viscosity can be neglected has been treated by Wattn (3). However it 
may be of some interest to deduce the fundamental equations in a similar way 
also in the case, where the mechanical viscosity is taken into consideration, 
especially as the viscous forces play an important role in the stationary case. 

Let us start with the equations for an incompressible liquid with constant 
electric conductivity o, absolute magnetic permeability 4, mass-density o and 
kinematic viscosity ». The external field, H, is assumed to be constant in time 
and the field h is produced by the current-density 7 in the liquid. The electric 
field in the system of reference is # and the particle-velocity with respect to 
this system @; |¢| is assumed to be much less than the velocity of light all 


a 


over space. Further the time-variations are supposed to be so slow, that the 


displacement-current can be neglected, which often is a good approximation. 


The currents producing the external field are supposed to be situated outside — 


the region discussed. 


The motion of an element of the liquid will be determined in the first place 
by MAXwWELL’s equations 
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curl h =7 (20) 
* Oh 

curl H = Ney (21) 

div H = divh =0 (22), 


since curl H = 0. Secondly the transformation of the electric field to a system, 
following the motion of the element gives 


7=o-[E + w-6x(H + Ay]. (23) 
Added to these expressions we have the hydrodynamic equation for an incom- 
pressible liquid 
div = 0 (24) 
and the equation of motion: 


do \7 
Bostic 


(eV) o| = w-ix(H +h) + f—grad p + v0-V?o5 (25), 


where p is the hydrostatic pressure and / the force per unit volume due to an 
external force-field (e.g. gravitation). From the solutions we get all quantities 
as measured in the system of reference. 

Assume that / is a conservative field, arizing from a potential 2: 


{ = — grad 2. (26) 
A substitution of 7 and # in the equations above gives 
curl curl h = — po os yo-curlfex(H + fi) (27) 
i. + (0V)é= 7 (ou h)x(H +h) — 7nd (p + @) + vyV?o. (28) 
Further 
Hx (curl h) = grad (Hh) — (HV) h— (hV) Hi. (29) 
In the same manner we write 
lag 
@x (curl ¢) = grad 5 =a Ve (30) 


If equations (27) and (28) are rewritten, taking expressions (29), (30), (22) and 
(24) into consideration we get 


(5-2 V4) A+ 6 )H — (HV)¢ = curl (xh) (31) 
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0_ym)s—"(avyk+ vA +2 COT iy oe |e 
pee Ua Y, Ossi WEN) Bat Vai ee Varors + uw (Hh) + 2 
0 

= 6x (curl 6) — A hx (curl h). (32) 


At small amplitudes all terms of second degree can be neglected. If the external 
field is homogeneous, H = Hy, and the z-axis is chosen in the direction of the 


field, equations (31) and (32) become 
(6-2 v) i= Hy 5 (33) 


0 =—2\._# Oh 
(5, vie! Hy: 5 


: -grad (p + (Hoh) + 2). (34) 


The rotation of both equations gives the expressions’: 


Ce et ae 

(5 agVt\i= i Oz (39) 
Os oer) se ata ee 

(¢ y v)a =" 1 Ae (36), 


where curl 4 =7 and curl ¢ = @. 7 is eliminated by multiplying eq. (35) and 
j2- 


is substituted 


7 

“are Oz0t 

through derivation of (36) with respect to time. The resulting equation is the 

same if @ is eliminated instead of 7; 
| fag oe? 


1 ty) 1 _ 
2, — geet ——e . 4 D= 
ae ie 7 (“+9)¥ arias v| « 0 (37), 


; @) ze 
(36) with the operators = and V7? = — curl? respectively. 


where V = VuH?/o is the phase-velocity of an undamped wave with o = co 
and »=0, corresponding to solutions of the form @ = @, (x,y,z — Vt) + @» 
(x,y,z + Ve). It is easily shown that ¢ assumes the form 6 = ¢, (x, y,z — V2) 
+ & (x,y,z + Vt) + % (x, y,2,t), where carl 7; = 0. h is treated in an analogous 
manner. The terms in the operator of the “wave-equation” above are 

OP ss 

ak representing inertia 


oO? 


Dis 
Me O27 


» electromagnetic driving 


* I am indebted to Dr. B. ANDERSSON for pointing this out to me. 
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meee 0 : 
ae Mac ae representing pure electromagnetic damping 
anus , 
y-V/ Se » pure mechanical damping 
1 a : , : ‘ 
a -y-V/ » electromagnetic-mechanical interaction. 


In the stationary case (37) reduces to 


she 1 a 
| dare ar vfa=o. (38) 


The equation is the same for the current-density, 7. 

The symmetry of the quantities 1/jo and y may lead to an attempt to Rennes 
a combined viscosity. But as a conducting liquid is highly anisotropic in the 
magneto-hydrodynamic case, we cannot make any general definition, e.g. by 
comparison of force per unit area and velocity-gradient; the result depends on 
the boundary-conditions of the case in question (cf. for instance the examples 
of Sec. 2). 

The way to get a wave-equation of the type of eq. (37) for the quantities 6 
and h is analogous to the deductions just described if the gradient-term in eq. 
(34) vanishes, which is determined by the boundary-conditions. Without this 
assumption the stationary motion of a liquid with very good (but finite) con- 


telat ' : OB 
ductivity and very small viscosity may be treated approximately. Since wee 0 


the expression e 
curl 7 = o-curl # + o-curl (6x B) 
requires the condition 
curl (¢x By) =~ 0 (39) 
for small amplitudes and large conductivity; 
curl (x By) = (By V)6 — (6 V) By + &: div Bo — Bo: div 6 = 0. 
Thus 
0b 
aes 40), 
pal (40) 


since div By = 0, div@ =0 and By is the homogeneous external field in the 
z-direction. Thus the external field tends to make the distribution “‘two-dimen- 
sional’, ie. independent of the coordinate in the direction of the field. 
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4. Characteristic parameters of the general magneto-hydrodynamic motion 
a. General considerations 


The dependence of the boundary-conditions as discussed in Sec. 2¢ may now 
be generalized by the aid of equations (31) and (32) for an incompressible liquid 
without displacement-current. Suppose that a certain configuration is to be studied 
at different scales of the linear dimensions and different velocities, external 
magnetic fields, pressures and potentials due to external force-fields. The quan- 
tities in question are changed into dimensionless variables by the following trans- 
formations: 


| 


4 bof 
| = Lee y'; t = AA ak Jel ge = V.;H + h — H,: (H' a h’) 
p= De" D sO = Be'S., 0 = Veo o (41), 


valid everywhere in the liquid. Ly, Te, Ve, He, pe and @- are characteristic 
quantities of the case in question. If these transformations are applied to equa- 
tions (31) and (32) the result becomes 


i! 
Oh’ uo AG ’ ’ , a iw Aw , , , 
at Vib V?h + (0 V') HM’ —(A'V')0' = curl’ (v' xh’) (42) 
Ov’ v TAs V a Wea ’ Tw c 
fies VL V2 — (7) THV)h + (VV )H’] + i. - grad’ p’ + 
+ grad’ v’?/2 + (7) - grad’ (H’h’) + si - grad’ @’ = 
Ve ove 
ret EN 2 
=v x curl’ v’ — (F) -h'xcurl’ h (43) 


where V = H,: Vu/o. 
The motion is characterized by the following characteristic numbers: 


—_ <3 Ve = ye al Ve Le V. i 
R, Vea Vv = : s Vu Q Ry 3 l/po Rs aS bs (44 a) 
and 
_ Pe _ Be 
Sy = oVe S. = oval (44 b) 


Another set of numbers formed by a combination of those given above may be 
chosen as well, but this does not change the discussion. In a pure mechanical 


case the motion is characterized by R3, which is identically equal to ReyNoup’s 
number, and the two numbers S, and So. 
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The forces acting on an element of the liquid are transformed in the following 
manner: 


Inertia forces: f, = oS = ee . 
Electrodynam-_ 
ic forces: fa= @:(H + 0x B)xB = V?-Vo-mo-o-(B' + 0'x B’)x Bi} 
Viscous forces: f, = v-0-V20 = roa Vv" v 
Pressuregra- 
dient: iP =— ; -grad p = aL, - grad’ p 
cette 7 ] Be 
Gravitation: f/y = —-—-grad@ = — ——-grad’o@ 
@ ol. 


The ratios of these forces correspond to the following numbers: 
fel Ts > Rs fal fo > Re/R, fel fp > Ry R3/ Ri fol fe > Sy tal fe > Se. (45) 


If the stability of the motion is supposed to be dependent on the proportions 
of different forces, acting on an element, the points at which an eventual insta- 
bility arizes must be determined by a critical value of one or more of the 
characteristic numbers above. 

Suppose that the quantities of a certain configuration are given: 


Vy = Vea 2 v’ hy a Aes ¢ h' etc. 
From the solutions v’, h’ etc. a new set of quantities is formed: 
Vo ae Veg : vy’ he = ji pts . h' etc. 


in such a manner that the characteristic numbers R,, Rz. R3, S,; and S, remain 
unaltered. Thus the new quantities correspond to another configuration where 
every quantity is proportional to its value at a corresponding point of the former 
configuration. 

Inversely, if the solutions of the general equations are single-valued, two con- 
figurations with the same characteristic numbers and proportional quantities at 
corresponding points on the boundaries are similar; their quantities are propor- 
tional all over the regions. 

If the properties wu, o, v and @ are supposed to be constant, expressions (44 a) 
and (44b) show that the velocities in such a case must vary proportional to 
the magnetic field-strengths, whereas the lengths will be inversely proportional 
to the fields and the pressures and potentials proportional to the square of the 

R’ L 
- curl # = 7. curl B= pl Bi ae 0B b= —-B,: B';B,=u-H,. 
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fields. Thus a given configuration may be changed into similar configurations 
only if all quantities Le, Ve, He, De and 2, change simultaneously. If one of 
these quantities is kept constant, however, while another is being varied, the 
succession of configurations thus being traversed is not similar. 

It may be assumed, in analogy with pure mechanical cases, that the critical 
values of the characteristic numbers differ for two configurations not being 
similar. This means that no general statement can be made of the influence of 
a magnetic field on the transition between laminar and non-laminar motion in 
a conducting liquid. If the assumptions made in this section are right there are 
likely to be three alternatives at given linear dimensions and characteristic 
velocities: 


A) The configuration of the pure mechanical case has a characteristic number, 
exceeding the critical one; the motion is non-laminar. With a sufficiently large 
field applied the configuration is changed so as to give corresponding critical 
characteristic numbers, all larger than the characteristic numbers in this case; 
the magneto-hydrodynamic motion is laminar. 


B) The pure mechanical case is laminar. There may also exist a configuration 
with a magnetic field so that the corresponding critical numbers are less than 
those in question in this latter case; the magneto-hydrodynamic motion is non- 
laminar. On the other hand, as will be pointed out nearer in Sec. 6, the whirls 
of this non-laminar motion probably will be damped strongly in their turn by 
the magnetic field. 


C) The presence of a magnetic field does not cause any transition of the 
state of motion. 
b. Some applications of the plane case 


The shape of the distributions (8) and (8a) is determined by the constant 
kd. Assuming LZ, = d and V, equal to a characteristic velocity the result becomes: 


= 
abaya 
kd = B.-| Song ee Re VRP 

/ vO V>/uo sae vn 


determining the stationary case. If the assumptions made on the preceding pages 
are right the entrance of a non-laminar motion is determined by the expressions 
(44a) and (44b). The lack of experience, however, renders a quantitative dis- 
cussion impossible. In the measurements carried out by HARTMANN (1) the linear 
dimensions are of the order 10~*m, whereas the dimensions in the measurements 
described in Sec. 5 are at least ten times larger. In all the channels studied by 
HarrMANN the field delays the transition as shown by the example of Diagram 
1b. In the very narrow channel K 23 (Diagr. 1a) there is no non-laminar 


motion at all. The critical points of some channels are given as a function of _ 


the field-strength in Diagr. 2. For all these curves but one the critical meanvalue 
of velocity is nearly proportional to the magnetic field. This will perhaps be 
connected with the number R, = V,/V. 
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Diagram 1. Measurements of pressure-difference po at different values of volume flow (vm) y q 

and magnetic field By according to Hartmann and Lazarus. a. Channel K 23: 2a = 0.291 

mm; 2b = 5.08mm; length LZ = 140mm. b. Channel K 21: 2a = 0.60 mm; 2b = 3.72 mm; 
length DL = 280mm. + —+—-+— = locus of critical points. 
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Diagram 2. Critical velocity as a function of magnetic field-strength (from the curves by 
HARTMANN and LAZARUS). 


The measurements with rotating cylinders, described in Sec. 5, may be eXx- 
plained by the assumption that the field gives rize to a non-laminar motion 
due to the relatively large dimensions (Compare also Fig. 5). 

HARTMANN defines a REYNOLDS’ number 


pe (Um)aen* 2d _ (Um)n: 2d _ R; (47), 
yp y 
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Fig. 6. Measurement of torque Fig. 7. Inner cylinder rotating. 
between two concentric cylinders, ri = 37,0 mm; 79 = 50,5 mm; 1, = 
the space being filled with mercury. 11mm; 7; = 95mm. 


External magnetic field in the 

axial direction. Outer cylinder 

rotating. ri = 37,0 mm; 79 = 50,5 
mm; 1, = 9mm; J, = 78mm. 


where vm is the mean velocity determined by equations (16) and (17) and »’ 
is the apparent laminar viscosity at the case in question as given by equation 
(18). The expressions (45) show that the force 7x B becomes negligible at small 
dimensions. Thus it may be right to define a characteristic number at small 
dimensions identically equal to that, corresponding to a pure mechanical case, 
but at large dimensions the transition will probably be determined by (44) and 
not by (47). 


5. Measurements 


The measurements were carried out by the well-known method of balancing 
the torque between two, concentric, rotating cylinders as described by Fig. 6 
and 7. Mercury was used as liquid and the cylinders were made of non-con- 
ducting material, the torque between them being measured by an elastic wire 
and a mirror. In order to get a good zero-indication the tenacious surface-layer 
was eliminated with a thin layer of diluted sulphuric acid. 

The apparatus does not make any pretentions concerning precision because it 
was intended to give a qualitative rather than a quantitative information of 
the phenomenon discussed. 

The results are shown in Diagram 3 (outer cylinder rotating) and Diagram 4 
(inner cylinder rotating). In Diagram 3 the magnetic field increases the torque 
for all considered angular velocities, whereas Diagram 4 points out that the 
field decreases the torque at high velocities. 
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Diagram 3. Torque as a function of angular velocity. Outer cylinder rotating. 
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Diagram 4. Torque as a function of angular velocity. Inner cylinder rotating. 


87 


B. LEHNERT, An electrically conductive liquid in a magnetic field 
6. Discussion of the results 


The curves for the pure mechanical case differ distinctly from each other. 
According to Taytor (4) the instability arizes earlier when the inner cylinder 
is rotating than in the opposite case. The curves are concave upwards, which 
shows that the apparent viscosity increases with velocity. 

At small velocities the torque is increased by the magnetic field in both 
cases, which is explained by the edge-effect, described above. If the motion 
were laminar all over the liquid, we would expect an extremly large increase 
in torque in presence of the field. As the results show a rather moderate in- 
crease, however, this may be explained by a thin, non-laminar layer near the 
walls, already at small velocities. At a first glance this seems to increase the 
torque, since a turbulent motion always increases the apparent viscosity. This 
apparent contradiction is explained by the fact that in the pure laminar case 
a small number of the elements of the liquid will be strongly “‘over-loaded”’ by 
the velocity-gradient, whereas, in a “mixed laminar and turbulent case’’, the 
velocity-distribution will be smoothed out, giving a resulting decrease in torque 
although the apparent viscosity has increased in some regions. 

If the magnetic field has any influence on the turbulence this must appear 
most clearly at high velocities, where the turbulence is strong. Thus, together 
with the edge-effect — which always increases the torque — we get two possible 
alternatives: 


(i) The turbulence is suppressed by the magnetic field. The resulting torque 
may be larger or less than in the pure mechanical case, due to the dominating 
effect; if the suppression of turbulence dominates over the edge-effect a decrease 
in torque will result. 


(u) The turbulence is increased by the magnetic field. Both effects act in the 
same direction; the torque is increased. 


From the measurement with rotating inner-cylinder we see that the torque is 
decreased by the magnetic field at high velocities. This proves that, at least in 
certain cases, the presence of a magnetic field suppresses the turbulence. 

The intersection-point in Diagram 4 represents the case where the edge-effect 
is balanced by the suppression of turbulence. In the case of Diagram 3 there 
is very probably a suppression, too, but as the turbulence is not so intense here 
as in the other case, the edge-effect seems to dominate at all velocities, 


7. Probable explanations of the influence on turbulence by a magnetic field 


As the velocity in a liquid surmounts a certain critical value, the regular, 
laminar motion becomes unstable and is changed into a turbulent motion, where 
the velocity in the direction of the macroscopic motion is superposed by a sta- 
tistically unregulated, time-dependent motion. 

If the conclusions made in section 6 are right it would perhaps be suitable 
to make some trials to find an explanation of the phenomenon. Suppose that 
the composition of whirls can be regarded in the following way: 

If the velocity is increased past the critical value some ‘“‘primary whirls” 
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will be composed, probably at first in some “critical regions’. The primary 
whirls impair the laminar stability and make conditions for the creation of new 
whirls more favourable than they were before. In this way the regions of tur- 
bulence grow, until a state of equilibrium is reached. 

Suppose now that a magnetic field is present. As long as the motion is lam- 
inar and stationary, there is no wave-motion. If the motion is turbulent, how- 
ever, every whirl-motion, limited to a small region of the region of the liquid, 
is represented by a travelling wave determined by equation (37). It is conceiv- 
able to discuss the suppression of turbulence by taking the following effects 
into consideration: 


(i) The primary whirls are forced to leave the regions of their creation and 
are spread all over the flux-tubes containing these regions. Thus the “whirl- 
density” is decreased in the “critical regions” and the “‘primary whirls” are 
prevented from co-operation with later created whizrls. 


(11) In the mechanical case a whirl is only damped by the mechanical vis- 
cosity. In the magneto-hydrodynamic case we see from equation (37) that there 
is an electromagnetic and a combined electromagnetic-mechanical damping too. 
This gives two results: Firstly the increase in losses corresponds to an increase 
in torque, secondly a decrease in whirl-density may correspond to a change of 
velocity-distribution; the net effect may act in the same or in the opposite 
direction as the effects (i) and (iii). 


(ui) As pointed out in Section 3 a stationary motion tends to be “‘two-di- 
mensional’ in the presence of a magnetic field. Thus in the magneto-hydrody- 
namic case stationary whirls with the axis parallel to the magnetic field are 
“permitted”? only, whereas this restriction does not hold in the pure mechanical 
case. 


If these assumptions are right, the effect (i) will probably disappear at very 
high velocities. As soon as the creation of primary whirls runs much faster than 
the transport by the field, the whirl-density will grow in the critical regions. 

It has to be pointed out strongly that these explanations are only weak 
attempts to understand a phenomenon where the lack of experience makes every 
conclusion questionable. 


8. Survey of the influence of a magnetic field on the motion 
in a conducting liquid 


If the conclusions in the preceding are right, the magnetic field will influence 
the motion in three different manners: 
a 
Transition between laminar 

and non-laminar motion 


edt tE EEE EST 


Laminar motion Non-laminar motion 


The fields deforms the veloc- | The field decreases the ap- | The entrance of an instable 

ity-distribution. The appar- | parent viscosity. The whirls | state may be delayed or 
| ent laminar viscosity is in- | are damped more strongly | hastened by the field ac- 

creased. than in the pure mechanical | cording to the case in ques- 
case. tion. 
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. Communicated 24 October 1951 by Ertx Hunrutin 


Transition probabilities for lines of CrI and MnI 


By Lennart Hutpt and ALBIN LAGERQVIST 


§ 1. Introduction 


In a previous paper (Hutpr and Lacrrevist, 1950) the dissociation energies 
of the alkaline earth oxides were determined from spectroscopic measurements 
of intensity. A solution containing a salt of the metal was injected into an 
acetylene-air flame, and the intensity of a spectrum-line of the metal was 
measured with the aid of a calibrated tungsten band-lamp. If the transition 
probability of the line is known, the measurements make it possible to calculate 
the dissociation energy of the metal oxide. In most cases, however, the transi- 
tion probabilities are unknown. 

In a recent paper (HuLpT and Lacerevist, 1951) we gave an account of a 
determination of the dissociation energies of CrO and MnO with a modified 
method. According to this, a knowledge of the transition probability is un-’ 
necessary, and we require only the values for the ratio between the line intensi- 
ties at two different temperatures. Thus absolute intensity measurements are 
avoided. 

This modification of the method gives a possibility of obtaining unknown 
transition probabilities. In such a determination the absolute intensity must 
be measured. In the present paper the transition probabilities for some lines 
of CrI and MnlI, obtained from the experimental data in our previous report 
(1951), are given. 


§ 2. The principle of the method 


A flame of the thickness | may emit a certain spectrum line of the frequency ». 
The emitted energy per unit area of the flame and per unit time is: 


AhyN'l, (1) 


where A is the transition probability, h is Planck’s constant, and NV ’ the number 
-of atoms in the upper level per unit volume. At thermodynamical equilibrium 
at the absolute temperature 7 


aang 9% 
N'=N u(t)? 


—E/kT 


where WN is the total number of atoms per cm*, g and £ the statistical weight 
and the energy of the upper level. & is Boltzmann’s constant and 


u(T) = Xgie*/*? (the partition function). 
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If p is the partial pressure of the metal vapour, we can put 


Pp 
IN seal seas 2 
LT (2) 
The part of the emitted intensity entering the spectrograph is Q/42, where 


Q is the aperture. 
Thus the line intensity registered by the spectrograph is: 


Q hy ge ~Bkt 
HA p (3) 
A get, u(T) 

T is determined by means of spectrum-line reversal of the yellow sodium 
doublet. » depends on the total amount of injected salt-solution and on the 
degree of dissociation of the oxide. Other molecules containing the atom may 
here be neglected. (L. H. and A. L., 1951). py is obtained from the expression 


WL 


Ertan eaeapad KATY: (4) 


z is the partial pressure of the metal vapour at complete dissociation, and is 
obtained from the total amount of the injected salt. gp» is the partial pressure 
of atomic oxygen and K (T) is the equilibrium function for oxidation at the 
‘temperature 7’. 
. The expression for A(Z’) contains the dissociation energy of the oxide. 
Methods for calculating p) and K (7) have been given in our previous papers. 
The intensity of the continuum from the standard lamp entering the spec- 
trograph slit is at the wave-length 4 


21) as, | (5) 


where {2 is the same aperture as before (the lamp being placed at the same 


di. ; ‘ , 
, a is the linear dispersion on the plate, G the magni- 
fication of the spectrograph and s the width of slit. The function J (A) is 


position as the flame) 


2c, -4 —ot\o? 
I (A) =e 35 e 4? = | > (6) 
where 2c, = 1.19 X 10-° erg em? sec! and 


h 
Co = sr = 1.438 cm degree. 


e, is the emissivity of tungsten at the wave-length A and the temperature 7. 
As the exponential factor is of the magnitude 10-8, it may be neglected com- 
pared with 1 in the bracket in equ. (6) (Wien’s law instead of Planck’s) 
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The emissivity of tungsten is taken from ZwIKKER (1925), van ALPHEN (1927) 
and Hamaker (1934). In computing J(A) it is permissible and convenient to 
introduce the “colour temperature” 7, according to Hamaker. Then I(A) is 
written 


I (A) =e =2 e AT. (7) 


T, and e, which in the region in question are independent of the wave-length, 
are taken from van Alphen’s tables. 


§ 3. Experiments and results 


The experimental arrangement has been described in our previous paper (1951). 
For every line-spectrum photographed, a continuum from the tungsten lamp was 
taken. In order to obtain density marks, the lamp spectrum was taken with 
different widths of slit. To obtain an approximately rectangular intensity distri- 
bution of the atom line, the spectrograph slit must be sufficiently wide. The 
slit of the microphotometer must be of the same width for the measurement 
of the atom-line and of the continuum. 

The magnitude of the atom-line intensity taken from the density curve is 
called 6, and the magnitude of the density marks of the continuum at a certain 
width of slit ‘and the same wave-length is called 6,. Then the expressions (3) 
and (5) give the equation 


Q hy ge Hk? da Oy 
fre kT u(T) ee a 


ae (8) 


rom which A may be calculated. 

The transition probabilities and absolute /-values have been determined for 
the chromium lines 4290, 4275 and 4254 A and 3605, 3593 and 3579 A, and 
for the manganese multiplet (unresolved in the spectrograph used) 4034, 4033 
and 4031 A. 

The partial pressure of chromium in the flame was calculated from equ. (4) 
as 21.6 dyn/cm?. The flame temperature was 2327° K. The values of py and 
K(T) were calculated as described in our paper (1951) and the value of the 
dissociation energy for CrO, determined there, was inserted in A(T). po is 
27.1 dyn/cm?. Three determinations were made for every ultraviolet line and 
two determinations for every violet line. 

The manganese experiments were performed at two different flame tempera- 
tures, 2460° and 2327° K. The partial pressure of oxygen at the higher tem- 
perature was 233 dyn/cm?. The partial pressures of manganese at the tempera- 
tures mentioned were 0.303 and 0.156 dyn/cm? respectively. In all, eleven 
determinations were made. 

I(A) was determined by measuring the black temperature of the tungsten- 
band with an optical pyrometer. Corrections were made for the reflection loss 
at the glass surfaces. 7, and ¢ in equ. (7) were then obtained from van 
Alphen’s tables. 
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The calculated A and f-values are given in Table 1. As the determined A- 
values for the three components of each of the chromium triplets agree very 
well, we have considered them to be equal, in accordance with the theory. From 
the mean values of A the f-values are computed from the formula 


3 


mC In 
= 9 
i 8 2 ev? gm A. (9) 
Table 1 


Absolute A and f-values for some CrI and MnlI lines. 


2 ———— 


Statistical 
_| Wave-length| weight g for one aa Absolute 
Atom: ane the upper Transition probability A f-value 
level: 
Cr 4 289.7 5 2.77 X 10° sec * | Mee 0.00055 
4 274.8 7 242 2.78 xX 10° 0.00076 
4 254.3 9 2.85 J Anigatieds 0.00097 
3 605.3 5 1.06 xX 10® sec? \ M. we 0.0016 
3 593.5 7 1.13 ia onion 0.0022 
3 578.7 9 1.18 J P 0.0028 
Mn 4 034.5 4 | 0.031 
4 033.1 6 1.9 x 10’ sec? 0.046 
4 030.8 8 J | 0.062 


gn 18 the statistical weight for the upper level, gm that for the lower level. 
e and m are the charge and the mass of the electron, ¢ is the velocity of light 
and y the frequency of the line. 

All the used lines for both Cr and Mn end in the ground states of the atoms. 
For the chromium lines gm = 7 and for manganese gm = 6. 

The error in the determined absolute transition probabilities and /-values is 
estimated as about + 50 %. The main part of the error originates from the 
temperature determinations. For the ratio between the /-values of the two Cr 
triplets the accuracy is about 25 %. The accuracy of the relative f-values in 
a multiplet is better (< 10 %). 

The relative /-values for lines of CrI have recently been determined by Hi 
and Kine (1951). The ratio between our absolute /-values and the relative 
yan e Hill and King are for the six chromium lines (against shorter wave- 
engths 


0.68 x 10-6 
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The mean value is 0.63 X 10-5. Multiplying Hill’s and King’s values by 0.6 X 
x 10~-°, the absolute f-values are obtained. 


October, 1951. Physics Department, The University, Stockholm. 


REFERENCES: van Alphen, H. C., 1927, Dissert., Utrecht. — Hamaker, H. C., 1934, 
Dissert., Utrecht. — Hill, A. J. and King, R. B., 1951, J. Opt. Soc. Am., 41, 315. —— 
Huldt, L. and Lagerqvist, A., 1950, Ark, f. Fys., 2, 333. — ——, 1951, Ark. f. Fys., 3 
525. — Zwikker, C., 1925, Dissert., Amsterdam. 
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Communicated 6 June 1951 by 8S. Nauckuorr and G. Borstivus 


Transient compression waves from spherical and 
cylindrical cavities 


By Henrik L. SELBERG 


With 5 figures in the text 


Introduction 


The present investigation was carried out at the Physical Research Labora- 
tory of Nitroglycerin AB as a part of work in progress there with the aim of 
explaining the mechanism of rock blasting. It is intended as a first step to 
the comprehension of the phenomena taking place around a borehole after the 
detonation of the charge but before the return of the reflected waves. The 
paper deals with the transient compression wave emanating from a spherical 
or cylindrical cavity to the surrounding isotropic elastic solid. It is supposed 
that the pressure at the boundary surface of the cavity is the same all over, 
depending only on the time. This supposition, however, only agrees with real 
circumstances if both cavity and charge are spheres with the ignition point 
for a centre. This is a consequence of the fact that the velocity of sound in 
stone (about 5000 m/sec) is not negligible compared with the velocity of de- 
tonation of the charge (dynamite LFB slow speed 2500 m/sec, high speed 
6300 m/sec, blasting gelatine 7800 m/sec). 

The mathematical treatment of the problems considered does not present 
essential difficulties. The results are communicated in diagrams showing radial, 
tangential, axial and maximum shear stresses for different pressure functions 
and for various distances from the centre of the cavity.1 It appears from the 
diagrams that considerable tensional stresses will rapidly arise in the tangential 
direction if the solid is submitted to a pure pressure from the cavity. A con- 
sequence of these stresses is the appearance of a radial system of cracks around 
the borehole — the first phase in rock blasting. At greater distances radial 
tensional stresses will also arise but for homogeneous rock masses these stresses 
will presumably be of little importance. 

The work has been carried out with the aid of Statens Tekniska Forsk- 


ningsrad. 


1 Vibrations of spherical and cylindrical shells have been studied by: P. Jaerisch, J. f. 
Math. vol. 88 (1879) p. 131 and vol. 104 (1889) p. 177; H. Lamb, London Math. Soe. Proc. 
vol. 13 (1882) p. 189; C. Chree, Cambr. Trans. (1887) p. 250 and 1896 p. 14; A. E. H. 
Love, London Math. Soc. vol. 19 (1888) p. 170; A. B. Basset, London Math. Soc. Proc. 


vol. 21 (1889) p. 53. 
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Transient compression wave from a spherical cavity 


1. We consider the infinite solid 
a ae 


surrounding the spherical cavity r<79. At the time ¢ = 0 the solid will be 
supposed to be in the unstressed state and at rest. After this time we sup- 
pose a uniformly distributed normal pressure P(t) acting on the boundary 
surface r = 1. 

E,v and @ denoting modulus of elasticity, Poisson’s ratio and density, re- 
spectively, we put 


vE 
Ae Hae 9) 1 8) 
vara se 
BOT 9) 


Then, the sound velocity 
mes V A+ Qu 
Q 


Let u, be the displacement along the radius vector (a, y, z), oy the radial 
stress. Putting 


1 0 (7? u,) 
ci re @r (1) 
we get 
PMY av wy Wf ome oS (2) 
Now @ satisfies the wave equation 
0? 14.08 
a2" 9) = a aalr 9); 


hence 


= 
— 
oo 
— 


/ 
. 
and p(t) obviously vanishes for <0. Substituting (3) in eqs. (1) and (2), we 


obtain 
ste er: “7. 6 
w=—% | s9(¢— F Jas (4) 
= ; Le Pai A 
Or (A + 2) 5 ote 3 [so(e-=") ae. (5) 
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Introducing the auxiliary function 


t t 


vi) = fdtsfo)ay (6) 


and integrating by parts, the expressions (4) and (5) convert into the more 
suitable form 


For r= 79 the last equation yields 


2 
P(t) = orpany = 24 + 2a) 9") + AHSy'(y + SEE yo, 


which together with the initial conditions deduced from (6) 


determines y (t). 
For the tangential stress o7 perpendicular to the radius we find 


or =40 + 2p" = 


1f i r=) 2uc ( V4) 2c ( aa 
— — — —— 'e kel ¢ — ———— 
APS (. c ane c PY c 


and consequently 


On + hop = “(32+ 2) 9" (:-"—"). 


Ca) 


The quantity r(o, + 207) therefore moves unchanged with the velocity ce. 
If P(t) =0 for t>%, then 


(A+ 2 uly ()+——y'() + apt) = 0 (t> to). 


The solution is the damped vibration 
e~*t{4 sin Bt + B cos Bt} 


; _ 2eVu (a+ pw), 
ro(A+ 2h) Up ro (A+ 2m) 
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40 


Oly 
ae 


-a2 / 7 
rhe Ir  Fo(Vve= 'f3) 


la. 


Iv: 


Fig. 1. Spherical cavity. P (¢) = —1. a. Radial stress. b. Tangential stress. c. Maximum 
shear stress. 


From eq. (8) it appears that a discontinuous jump of o;, under propagation 
will decrease in proportion to 1/r with increasing distance r from the centre 
of the cavity, while in static equilibrium o; decreases in proportion to 1/r°. 
This applies even to the tangential stress. 

Figs. la, 1b and 1c show the radial stress o,, the tangential stress o7 and 
the maximum shear stress t multiplied by r/79 for different distances r at 
constant pressure P(t)=—1 at the boundary surface r= ry for ¢>0. The 
time parameter is 


OU Nee Cieeeth ae 
To Yo 


t' 


The calculations have been carried out for A= corresponding to vy = 1/4 (for 
granite y = 0.21—0.27 according to Handbuch der Geophysik, vol. 4, p. 8). 


la. Radial stress (the dashed curve represents the radial stress at a great 
distance r/7r) > co for A= 2 w, vy = 1/3). 

lb. Tangential stress. 

1c. Maximum shear stress. 
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Transient compression wave from a cylindrical cavity 


2. We now proceed to the case of a cylindrical cavity, the solid being de- . 
fined by 


r>1r, r=Ve+y, —c<z<oo, 


At the time t= 0 the solid is supposed to be in the unstressed state and at 
rest. After this time a uniformly distributed pressure P(é) is supposed to be 
acting on the bounding surface r= 1. 

The displacement wu, takes place in the direction of the radius vector (Zeya) 
and putting , 


1 0 (ru,) 
dee ee aR (9) 


we find the radial stress o, equal to 
=(A+ 2u)O—2u—*, (10) 


Now 
Ose S LEG. Os 
Or +r Or 2 0 


i" © = 
The Laplacian transform 


O* (r, é) = [ Oc-sde 
. i 


accordingly satisfies the differential equation? 


eo 100° & 


Or r Or C 


from which 


O* = y(é) Ky (*"). (11) 


Kn (&) means the so-called second solution of the differential equation? 
BK’ + &€R’— (2 + n*) K =0 


’ 
vanishing for —> + 0o and related to the Hankel function Hy’ (§) by the 
equation 

K, (8) = Ze ehnns HO) (8) 


a 


1 We assume 9 and its two first derivatives to be continuous with respect to time. This 
restriction is easily removed by a limit passage and is therefore of no account for the valid- 


ity, of our equations. 
2G. N. Watson, A treatise on the theory of Bessel functions, p. 78. 
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Introducing the Laplacian transform 


o* (r, €) = foe**dt, 
0 
we obtain from (9) and (10) 


pe ( ; Er\ Que Er 
a= +2uer +=" 6 dr = y(@)\(A + 2u)Ho(22) + - x, (5")I. 
Putting r=1%, we find 


a” (79, €) 
yeh (12) 
cannes) =m) 
and finally by inversion 
wWw+ioce é 
1 (A+ 2p) Ko (=) + “Ee K, (=) 
Bat Ey:\ phe CafBt\ ee On 
v9) 85 
w—ico Cc Ero c 


If oa denotes the axial stress (in the z direction), or the tangential stress (per- 


pendicular to the z axis and the radius vector (z, y, 0), then o,, or, Ga con- 
stitute the principal stresses. Obviously 


Ca — A 2) ; 
: (14) 
or= 10+ 2; 
hence according to (10) 
2(A+ 
Or + O7 = 20H Oa. (15) 
For the axial stress og we deduce from eqs. (11), (12) and (14) 
w-+ioco 
AK a (*") 0° (ro, 8) 
o.= > d& (w>0). (16)! 
22% Ero 2c Er 
wooo A+ 2u) Kol c ) "En ial c 


3. In_ order to make expressions (12) and (16) easier to survey and more 
fitted for numerical calculations they will be brought into another form. 


For the sake of simplicity it will be assumed in the following that o,(p=, 
=— P(t)=1 (constant tension = 1 at r= ry for t> 0) 


*) = 
. Then 


a” (70; §) iy So 


E (17) 
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Now it can be proved (see appendix p. 9) that the equation 
2 
F (é) = (A + 2y) Ky (6) + =2 K, (6) =0 (18) 


has exactly one root &=a-+if in the half plane B=0 and that 


a0, p= 0: 


Inserting (17), we deduce from (13) and (16) after deforming the path of inte- 


gration 
FHS cn 
er aateee nee rrE,) + (2) v0 
; 
[EN gti 
Bee terete a fe cy 


here \} and $t mean imaginary and real parts. 
Introducing in these equations the asymptotic expression 


»-Vaebool) 


37 
valid for — ez < arg & < — and letting 7/7) > 00, we obtain after some simple 


2 2 
transformations 
fea A+ Who [rae A+2u)V2x ered / 22 
— <r ri aa oie 3J> Jar > CO 
Vee Von 3 arma Fre + A+ AMVAAM aE) Cle) (22) 
0 
rT A , 
Baye Sl, Sea —~ Oy > : 23 
|/ xo Ta 7,% (lro~2) (23) 
- Hence 
ay 1 
Vl fora |/ fae (rim 0). (24) 
0 


We consider again eqs. (13) and (16). Inserting (17) corresponding to con- 
stant tension = 1 at r= 79 and letting w-—-0°o, we obtain by means of (21) for 


p=" +s (e+ 0) 


103 


H. L. SELBERG, Transient compression waves 


w+ioco 
re oe 2u 
lim o; = Bet) ee g &= ae Ta: 
pa Ce 76.4: e>0 
i Kore) 


Thus, in the wave front 
. |/ ro 
rs 


(25) 


eee 


A+ Salk r 
Letting t + co, we receive from (19), (20) and (15) 


64 = OT = 


2 
; ; Yo 
lim oy = — lim o7 = (“") 
t— oo t- ~ ip 
limmog 0. 

t—o 


Hence, in static equilibrium the stresses decrease in proportion to r~? with 
increasing radius 7, while the stresses in the wave front decrease in proportion 
to r~*, as can be seen from (25). 


4. The numerical calculations, based upon the formulae of No. 3 have been 
carried out under the supposition A = uw (vy = 1/4). The root & was calculated 
by successive approximation to 


&) = — 0.442057 + 7¢ 0.447357 


with a probable error < 10~‘. 


The figures show principal stresses, all multiplied by Vr/ 10, for different 
distances r from the central axis. Unity of time ¢ is chosen equal to the time 


which sound pss c= - | pase ee +38) needs to travel the distance 7». The 


time parameter ¢’ 


ff =1—-—*. 
ro 
Figs. 2. Constant pressure P(t) = — 1 at the boundary surface r = rp fort > 0. 
2a. Radial stress. 
2b. Tangential stress. 
2c. Axial stress. 
Figs. 3. Different pressure functions P(t) = — e-*?, 


3a. Radial stress for r/rg > 09. 
3b. Tangential stress at r = 79 (dashed curves function — P (t)). 
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2 b. 


Fig. 2. Cylindrical cavity. P(t)=—1. a. Radial stress. ‘b. Tangential stress. c. Axial 
stress. 


Mies 4). P(t) = —e9-25¢, 
4a. Radial stress. 
4b. Tangential stress. 
4c. Maximum shear stress (belonging to the plane bisecting the angle 
between o; and o7). 


Appendix 


5. The proposition used in No. 3 that eq. (18) has a single root & = a + if 
in the half plane J&=O and that & belongs to the interior of the second 
‘quadrant, is a special case of a more general theorem which will be proved 
here. For this purpose we consider the increment of the argument of the 
function 
1 Kis (6) 


HO) = 2k, 


+ a (26) 


over the closed contour ABCDA in fig. 5 a. Here n is an integer = 0 and a 
is real and + 0. 
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k=1O k=0.25 
Fig. 3a. Fig. 3b. 


Fig. 3a. Cylindrical cavity. Radial stress for r/r9 > 00. P (t)=—e*t. Fig. 3b. Cylindrical 
cavity. Tangential stress at r=r9. P (t) =— e—*t (dashed curves). 


The increment of argument JA arg / (&) over the are of the small circle AB 
converges to z when the radius tends to zero. The increment of arg / (&) over 
the are CD of the great circle converges to zero when the radius tends to 
infinity. 

We consider next the function f (€) on the positive imaginary & axis. Accord- 
ing to the theory of the Bessel function 


Kn (ig) = —"F eh" * {In (6) — 4 Yn (6)}5 


hence 


Kn41(0&) Jn (é) Yni1 (€) — Jno (€) Va Cae a (€) Jn41 (&) a Yn (é) Yuad (§) 


K, (ié) J2(é) + Y2(é) 


Thus, since 


VAGUE on eis ee = > 0 for E> 0, 


f(¢é) belongs to the lower half plane for positive &. 
Finally for positive & 


Kn+1 (— €) pe Kn41(€) — wiehmrDai J, (i é) 
K, (— €) Ky (€)— zie?" J, (t€) 
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Fig. 4b. Fig. 4c. 


Fig. 4. Cylindrical cavity. P (¢)=— e—9-25t. a, Radial stress. b. Tangential stress. c. Maxi- 
mum shear stress. 


Fig. 5 a. Fig. 5 b. 
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For ine n=0 Kn(&) and (—1)"e?"7* J, (c&) are real and positive for 
E>0. f(é), thus, belongs to the upper half plane for <0. 

Letting Ae radius of the arc CD tend to infinity, we now consider the 
projection A’B'O'D'A’ in the u=f(é&) plane (fig. 5 b) of the closed contour 
ABCDA. The are CD will obviously if represented by the point C’ = D'=a 
on the real uw axis. Disregarding the end point D’ =a, the arc D’A’, as stated - 
above, belongs in its whole length to the upper half plane, while the are BC’, 
disregarding the end point C’ =a belongs in its whole length to the lower 
half plane. Since the arc A’B’ converges to infinity as the radius R of AB 
tends to zero and simultaneously the increment and variation of arg wu over 
A'B’ both tend to +2, the contour A’B’C'D'A’ lies for sufficient small R as 
fig. 5 b shows, enclosing the point «= 0 or not according to whether a> 0 or 
a<0; 1e 


i (277 if a>0 
d log u = ‘ 
A'B'C'D'A' l 0 if a<0. 


Consequently /(£) has a single root & or none in the quadrant #é S$ 0, JE ZO 
according to whether a>0O or a<0, and in the first case Wé <0, JE >0. 
Examining by similar argument the zeros of f(&) situated in the quadrant 
MESO, FE2O we finally obtain the theorem: 
The function (26) has for real a#0 exactly one zero &’ in the half plane 
S&20; for a<0 & belongs to the interior of the first quadrant, for a>0 
to the interior of the second quadrant. 


Physical Research Laboratory, Nitroglycerin AB, Stockholm, Sweden. 


Tryckt den 12 mars 1952 


Uppsala 1952. Almqvist & Wiksells Boktryckeri AB 
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Communicated 6 June 1951 by MANNE SIBGBAHN and ERIK HULTHEN 


Reports from the Conference of the Swedish National 
Committee for Physics in 1951 


By Ertx HutruHeén and Ertx RupBere 


On June 2-4, 1951, the Swedish National Committee for Physics arranged a 
general physics conference at the University of Lund — its fifth meeting since 
such conferences were first introduced in 1946, and the first one to be held at Lund. 
The choice of this place for the present conference was largely determined by the 
circumstance that the new university buildings for experimental and theoretical 
physics at Lund had just been completed and officially dedicated, at the inauguration 
excercises two days before. The conference therefore had the advantage that its 
sessions could be held in very convenient and congenial surroundings. As part of 
the program on June 3, the new buildings and the research going on there were 
shown to the conference members by Professors EDLEN, VON FRIESEN and GuSTAF- 
SON, after an introductory lecture by Epien, detailing the history of the new in- 
stitutions. The inauguration festival had brought some distinguished visiting phys- 
icists from other countries to Lund, who stayed to take part in the conference 
sessions, as well as in informal discussions. Professor NreLs Bour gave a lecture 
entitled: ““Atomic physics and principles of coordination of experience’. Professor 
H. A. Kramers spoke on the subject of ““Antiferromagnetism’’, and Professor W. 
Pau tt discussed “The connection between spin and statistics’. Among the guests 
from other countries, the Swedish national committee was glad to greet several 
visitors from Denmark and Finland. Some 150 physicists from different institutions 
in Sweden had gathered at Lund for this conference. Apart from the special guest 
lectures mentioned above, more than 50 short papers were presented and discussed, 
mostly in two separate sessions, run in parallel. As at previous meetings under 
the auspices of the national committee for physics, Dr Sven BENNER, of the Institute 
for Radiophysics in Stockholm, served as Secretary of the Conference. 

The rest of this report contains short summaries of the papers presented at the 


Lund meeting. 


Lars Beckman, Research Institute of National Defence, Stockholm 


A pressure-insulated van de Graaff-generator for 1.8 MV 


A pressure-insulated van de Graaff-generator for 1.8 MV has been built at the 
Research Institute of National Defence, in Stockholm. The volume of the tank 
is 9 m? and the maximum pressure is 9 at. The gas used is nitrogen with 1-2 % freon. 

The machine has been working since 1948 with electron acceleration, and since 
1949 with proton and deuteron acceleration. The ion source employed is a d.-c. arc 
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discharge according to the design of Zruyn. Arrangements have also been made 
for pulsing of the ion beam. 
Measurements of the x-radiation from the machine at positive voltage have been 
performed and some alterations have been made, in order to reduce this radiation. 
The maximum current to the target is for electrons 880 wA, and for ions 50 pA. 
The machine is now being used with deuterons as a neutron generator according 
to the reaction D+ Be. 


Kat Stecpaun, Nobel Institute for Physics, Stockholm 
A B-spectro-goniometer for coincidence and angular correlation measurements 


An instrument has been designed with the main purpose of studying the coupling 

between emitted f-particles, including their angular correlation. It consists of two 
short magnetic lenses, one of which can be turned relative to the other and around 
the common f-source as a center by means of a bellow construction. The two detec- 
tors are coincidence coupled. The spectrometer arms have been made sufficiently 
independent of each other. The general technique in dealing with this kind of 
coincidence spectroscopy is discussed, and some basic formulas are given. The 
new instrument has been used to study a number of different problems, such as 
the coupling between two specified conversion lines, between one conversion line 
and the continuous spectrum and between the positron and the electron in an inter- 
nally created pair. 

Some significant theoretical conclusions which can be drawn from these experi- 
ments are presented. 


Ernar Linpuoim, Department of Physics, Chalmers Institute of Technology, Gothen- 
burg 


A mass spectrometer with the permanent magnet placed inside 
the vacuum chamber 


The vacuum chamber consists of a large glass bell-jar on a base plate of brass. 
It contains the permanent magnet, the ion source and the electrometer tube. The 
magnet is almost semicircular, with a radius of 180 mm and field strength of up to 
6000 gauss. As the air gap is only 525 mm, the ion source must be placed in 
front of the magnet, and therefore its sector angle is only 175°. 

The disadvantage of this arrangement is that the magnet field cannot be varied 
but the advantages are: All parts are easily accessible, and after an adjustment 
there is no risk for leaks. The ion source may be made very large and is easily | 
constructed. The location of the electrometer tube in vacuum is advantageous. 
The cost of the magnet is low. ; 


“ 


Cart Revrerswarp, Department of Physics, University of Uppsala 


Fringing field influence on the focusing of ion beams in magnetic analyzers 
of the short uniform field type 


The ion optical properties of the boundaries of analyzing magnetic fields have 
been investigated in the case of ion paths near the plane of symmetry of the field. 
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The analysis was carried through separately for pencils of rays perpendicular to 
and parallel to the flux lines. The result was expressed as the dioptric constants 
of two focusing systems, called the transverse and the longitudinal imaging systems, 
respectively. These properties are not characteristic of the fringing flux distribution, 
but are quite a regular effect, due to div H=0 and curl H=0. 

These dioptric systems may be used to obtain two-directional focusing in short 
uniform-field analyzers, resulting in increased intensities in the spectrum. When 
large beam apertures are employed, the second-order aberrations of the focusing 
and the fringing field corrections of field geometry will become of importance. 
The effect of the fringing field on the position of the focus is evaluated to the first 
approximation and the results discussed with reference to previous work. 


Curt Miterkowsky, Nobel Institute for Physics, Stockholm 
A nuclear spectrometer for heavy particles 


A nuclear spectrometer has been designed and built for measurements of energies 
and angular distributions of heavy particles from nuclear transmutations, produced 
during proton or deuteron bombardment. 

The spectrometer is a sector magnet with sector angle 180°. The pole shoes are 
conically shaped, giving two-directional focusing. Both source and detector are 
placed outside the magnet gap. Some data of the magnet are: mean radius 40 cm, 
mean gap 5.2 cm, max. field 17000 gauss (corresponding to 20 MeV protons or a- 
particles). 

Each coil consists of 76 turns of water-cooled copper tubes. The current is elec- 
tronically stabilized to 1 part in 1000. 

The magnet is rotatable around a vertical axis to allow investigations of angular 
distributions. 

With the vacuum chamber used, the solid acceptance angle is 0.005—0.010 sterad. 


Curt Miterkowsky and R. T. Pavtt, Nobel Institute for Physics, Stockholm 


A 1.5 MV accelerator for heavy particles with analyzing magnet for use in 
nuclear research 


A 1.5 MV accelerator for heavy particles, built at the Nobel Institute for Physics 
is described. It consists of a cascade generator in 7 steps and an accelerating tube 
with an r.f. ion source. For analyzing the beam a 90° deflecting magnet with r= 
40 cm is used. This magnet can be used for measuring the energy of the beam. 
Some performance data are also given. 


N. G. SséstRaND, Department of Physics, Atomic Energy Laboratory, Stockholm 
A 200 kV neutron generator with a high neutron intensity 


A neutron generator utilizing the reaction D(d,n)He® is described. The heavy 
hydrogen ions, produced in a high frequency ion source, are accelerated through 
three stages and allowed to strike a target of heavy ice. The target is cooled by 
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liquid air. The hydrogen is supplied to the ion source by means of a Pd-leak. In 
order to prevent oil vapour from contaminating the target a liquid air trap is mounted 
close to the pump. The ion source gives a total current of 500 pA, 200 pA of which 
can be used when working with a target of heavy ice. Neutron intensities corre- 
sponding to 8-12 C RaBe can be maintained during irradiations lasting up to 5 
hours. The neutron generator has been used when measuring the neutron diffusion 


length in graphite. 


O. BsérKLuND, Department of Physics, University of Stockholm 
A high voltage power unit with low ripple and minimum drift 


A brief description is given of an improved conventional series regulated high 
voltage supply, using HK24 as series regulator, 6AC7 as amplifier, working excellently 
at 2300 V anode voltage, and three 5651 or 85A1 for reference voltage. The 6AC7 
anode supply point lies 165 V above the positive output, stabilized by a glow lamp 
Luma GL5F as described by LinpenHovius and Rint, Philips Technische Rund- 
schau 6 (1941). The 6AC7 heater current is stabilized by Philips ballast tube 1923. 
AVil Vi 
AVol Vo 
= 450 at 2000 V output. Internal resistance 200 Q. Ripple and spurious pulses 
<2mV from peak to peak. Drift during first hour 0.4 V, thereafter < 0.2 Y. 


Data: Output pos. or neg. 900-2 500 V, max. 4 mA. Stabilization factor S, = 


Bsorn Astrom, Nobel Institute for Physics, Stockholm 
Single-channel differential discriminator for scintillation spectrometer 


For statistical reasons it is very advantageous to use a differentiating amplitude 
discriminator when making spectroscopic investigations by measuring the pulse 
height distributions obtained from a scintillation counter. The instrument described 
has been designed for a scintillation spectrometer using NaJ(T1) crystals. The use 
of only one specified scintillating material with a given pulse shape has made it 
possible to design a relatively simple circuit with high stability. The resolution of 
the instrument is better than 2 ys, which makes it possible to use high counting 
rates in coincidence experiments. Examples are given of y-ray spectra, registered 
with the instrument described. 


Bo Aurr, Department of Physics, University of Stockholm 
A coincidence scintillation spectrometer 


The main features of this double spectrometer, designed for decay scheme studies, 
were given in a report last year (Arkiv for Fysik 2, 427, 1950). Since that time some 
improvements have been made. For y-rays NalI(T1) scintillators are used in con- — 
nection with EMI 5311 photomultipliers. This arrangement gives pulses correspond- 
ing to about 1000 photo-electrons pér MeV. The linear amplifiers have a rise time 
of 80 mys and an amplification of 70. In one of the channels is a fast single-channel 
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discriminator inserted, and the coinciding pulses from the other channel are measured 
in a 10-channel analyzer. 

A brief discussion is given on possible coincidence arrangements with a magnetic 
f-spectrograph. 


Sven A. EK. Jonansson, Department of Physics, University of Lund 
Energy measurements with scintillation spectrometers 


The use of the scintillation spectrometer in the energy range 10-300 keV is de- 
scribed. It is shown that the pulse height is proportional to the energy. The spec- 
trometer has also been used for measurements of continuous x-ray spectra. If 
the curves are corrected for the limited resolution, a farily good accuracy can be 
obtained. 

A scintillation pair spectrometer for high energy gamma rays has been developed. 
The energy of the electron-positron pairs is measured, and thus every gamma-ray 
energy gives only one peak in the pulse distribution. Some results obtained with 
this apparatus are shown. 


Houcer SKOLDBORN, Department of Physics, University of Lund 
Self-absorption in liquid scintillators 


A new method is described, which permits a rather accurate determination of 
the absorption of the fluorescent radiation in liquid scintillators. 

A small Po-source is placed in focus of a highly reflecting parabolic mirror which 
can be immersed in a cylindrical container with the solution to be investigated. 
The container, which is fitted with a quartz window, is placed on the top of a photo- 
multiplier tube (type EMI, 5311). The pulse height distribution curves for different 
depths of the solution are then recorded by means of a one-channel differential 
discriminator, scaler, and register. In this way absorption factors have been deter- 
mined for some of the best solutions which have yet been found. These absorption 
data apply to substances of given quality, a certain thickness of the solution, and 
the spectral sensitivity curve of the photomultiplier tube used. 


Hetimuts Herrz, Department of Physics, University of Lund 
A ferromagnetic scaling circuit 


_ A scaling circuit using the ferromagnetic properties of an iron wire has been con- 
structed for the counting of random pulses from a GM-tube at high rate. On a 
core, consisting of an annular iron wire, a primary, a secondary and a demagnetization 
coil are wound. If a short impulse (condenser discharge) is passed through the 
primary coil, the iron wire core will be magnetized to its saturation value in a thin 
surface layer (ferromagnetic skin effekt). Hach following impulse through the 
primary coil increases the depth of the surface magnetization until it reaches asymp- 
totically a maximum value, the order of magnitude of which is about 5.107? em. 
During each impulse in the primary coil, a voltage pulse is induced in the secondary 
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coil, the form of which depends on the depth of penetration of the surface magnetiza- 
tion. This can be used to trigger a thyratron tube after a predetermined number 
of impulses. By firing the thyratron tube, a condenser is discharged through the 
demagnetization coil thereby bringing the iron core back to its starting position. 
In this way impulses can be counted at a rate of about 5000 per second with the 
present apparatus. Scaling ratios up to 25 can be obtained in one stage, but ratios 
of only 5-10 will be really usable. A quantitative theory of the underlying ferro- 
magnetic process has been given. 


T. Grr, Meitner Laboratory, Department of Physics, Royal Institute of Technology, 
Stockholm 


A selective method of high sensitivity for the measurement of soft x-rays from 
radioactive isotopes 


A differential counter method has been developed for the measurement of soft 
x-rays in the presence of f-rays, or, in certain cases, in the presence of x-rays of 
different quantum energies. 

A G-M counter is filled alternately with two rare gases, one possessing low, the 
other high efficiency for the x-rays to be measured. Experiments made with krypton 
and argon show that the response of the counter to -rays may be made identical 
for the two gases, if the same overvoltage is applied to the counter and the pressures 
are adjusted to give equal values of the primary specific ionization for f-rays. The 
x-ray intensity is given by the counting rate difference between the alternate meas- 
urements, corrected for the background. 

By the choice of an appropriate pressure ratio the differential efficiency may be 
made zero in the energy region between the K absorption limits of the two gases. 
X-rays of energy immediately outside this region may thus be registered with high 
efficiency without being disturbed by x-rays of energy between the two absorption 
limits. 

A simple approximate formula is given for the x-ray efficiency of the counter 
for internal sources. 
The sensitivity of the experimental arrangement used is of the order of 10 quanta/ 
hour. 


S. Lennanper, Department of Physics, University of Uppsala 
An electron diffraction apparatus with Geiger counters 


An electron diffraction apparatus with Geiger counters has been constructed for 
intensity measurements at the Physical Laboratory of Uppsala University. The 
electron beam is focussed by an electrostatic lens. 

The apparatus has two Geiger counters. One is moved along a radius of the 
diffraction diagram, the other — controlling the primary intensity — has a fixed 
position. Both counters are switched on and off at the same time. The windows 
of the counters are very small and covered with a zaponfilm of 0.2 microns, which 
can endure atmospheric pressure. 


Preliminary measurements have been carried out with electron energies down to 
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about 20 keV. Tn. comparison with the photographic method, which is the only 
one used up to this time, the counter method shows certain advantages. 


T. Watitmark, Department of Electronics, Royal Institute of Technology, Stockholm 
Suppression of noise by differential feed-back 


Negative feed-back is a conventional method to stabilize amplifiers with regard 
to variations in data of the electron tubes, to reduce distortion etc. It has been 
suggested that even noise could be reduced by a new method of differential feed- 
back, and thus the signal-to-noise ratio of amplifiers could be improved. This is 
possible, however, only under special conditions. 


Hitpine SiAtis, Eris Hsatmar and Rune Carisson Nobel Institute for Physics, 
Stockholm 


Measuring of Q-values for (ap)-reactions by means of photographic emulsions 


The results of earlier measurements of Q-values are often inconsistent. Therefore, 
new investigations are highly desirable in view of the fundamental importance of 
the energy levels of nuclei. In earlier experiments with a-particles from natural 
radioactive elements the unsatisfactory results were often a consequence of the 
“poor geometry” with its low resolving power. The new photographic emulsions 
permit not only the determination of the energy of the nuclear particles, but also 
the direction of motion of the particles. Hence, the Q-value for an individual (a 7)- 
reaction may be computed. The authors have bombarded aluminium, boron, 
fluorine and sodium with a-particles from polonium and studied the protons emitted 
using Ilford Nuclear Research emulsions. The Q-values for the different (a p)- 
processes have been determined from the data for the proton tracks. 


I. BartHoipson, Department of Physics, University of Uppsala 
On the Q-value of the D(d, n)-reaction 


At the Department of Physics of Uppsala University a new determination of the 

Q-value of the reaction 
. D?+D?=He?+n!+@ 
is In progress. 

Ilford G5 emulsions have been irradiated with neutrons from a thick heavy ice 
target, bombarded by the 200 kV separated D*-ion beam from the neutron generator 
of the institute. In order to get some independent determinations of the Q-value, 
the plates have been exposed in eight carefully adjusted angles. The angles have 
been taken between 0°-150°. Recoil protons making an angle less than 10° with 
the incident neutrons are selected for measurements. 

Energy distributions are presented, and the treatment of the experimental data 
is given a short discussion. 


115 


E. HULTHEN, E. RUDBERG, Conference of Physics in 1951 


Krister Kristransson, Department of Physics, University of Lund 
On the meson mass ratios measured in photographic emulsions 


In the nuclear emulsions, where tracks of particles at minimum-ionization can 
be registered, the more heavily ionizing particles give tracks, which are so dense 
that the individual grains overlap, thereby making grain-counts impossible. To be 
able to measure the density of these tracks, a photoelectric instrument, which meas- 
ures the area of the track, has been built. 

The instrument has been used to measure about 50 tracks in Ilford G5 plates 
exposed to cosmic radiation in an altitude of about 20 km. 

These measurements showed that the instruments can separate z- and u-mesons 
if the length of the tracks is 400 » or more. For the proton, deuteron and triton 
group a separation into three groups exists for the same length of the tracks. This 
separation is possible only if the development of the plates is good. The instrument 
seems also to be very useful for the investigation of tracks from the heavy particles 
in the cosmic radiation. 


S. v. Frizsen, Department of Physics, University of Lund 
On the meson mass ratios measured in photographic emulsions 


With the photo-electric method described, one can determine in a way similar 
to grain counting the ratio between the masses of charged particles. An investigation 
of the m,/m, ratio gives a result which deviates strongly from the accepted value 
of 1.31 and varies with the velocity of the u-meson between 1.6 and 2.1 in the 
velocity range of 4 to 8- 10° cm/sec. This means that the commonly accepted view 
that the photographic action of a charged particle depends only upon its charge 
and velocity and is independent of the nature of the particle cannot be correct. The 
question if the deviation results from the photographic process or from the ion- 
ization, and thus, from the interaction of mesons with matter will be discussed in 
a paper by T. Gusrarson. The range-energy relation for mesons in photographic 
emulsions may have to be revised. 


TorsteN Gustarson, Department of Theoretical Physics, University of Lund 
On the density of tracks of protons and mesons in photographic emulsions 


The experiments by Kristiansson and voN FRIESEN (see above) seem to show 
that at the same velocity m-mesons give smaller track density than protons, and 
u-mesons smaller than 7-mesons. 

In investigations with photographic emulsions the assumption is made that the 
track density, or the probability of making a certain fraction of the traversed grains 
developable, only depends on the ionization. According to well-known work by 
Bour, Breruer, Biocu etc., the ionization of electrons by a particle with velocity v, 


charge e and mass M depends essentially on v and e. The mass M occurs only as | 


a small and in this connection unimportant correction. 


1 Nature 166, 686 (1950). 
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It is necessary to discuss the different aspects of the problem. The pertinent 
velocities, c/5 to c/3, lie below those of the Cerenkov effect. According to current 
photographic theories, the developability of the AgBr-crystals depends on the ioni- 
zation of the electrons and on special small lattice defects in the silver bromide. 
Interstitial silver ions and vacant silver ion lattice sites are supposed to play the 
most important role in chemically non-sensitized emulsions. It is important that 
very few silver atoms, perhaps of the order of 10, may be supposed to form the 
latent image making the grain developable. To form an interstitial silver ion an 
energy transfer of about 1 eV is needed. We calculate the probability of transfer 
of >1 eV by Coulomb interaction in a grain of diameter 0.6 u. For the velocity ¢/3 
the probability for one silver ion in the grain is only 0.04. For ¢/5 the correspond- 
ing figure is 0.09. Even considering the very great sensitiveness of the photo- 
graphic process these figures seem to be small. Further they are in first approxima- 
tion independent of mass, so that the difference for protons and mesons is very 
small. Also other effects, such as the temperature rise in the vicinity of the track, 
seem to be small and independent of mass. Interactions of the particle with pro- 
tons in the gelatine are also very small, and it seems difficult to connect them 
with effects on the grains. 

Thus it seems reasonable also to discuss the possibility of specific properties of 
the mesons, e.g. specific interactions between u-mesons and electrons, and between 
_g-mesons and electrons, which then must be different. In the ionization by electro- 
magnetic forces, distant and near collisions give about equal contributions. An 
assumption of an additional interaction of short range has to provide for a reduc- 
tion of the effect of the near collisions of about 15-20 and 30-40 per cent resp. to 
be able to account for the experiments. If both positive and negative mesons occur 
in the experiments, the interaction has to change sign with meson charge. An in- 
teraction can exist only for charged mesons. Further experimental work in pro- 
gress will be important for the interpretation. Theoretical considerations of different 
possibilities are being continued. 


Cart-Er1k FrOBERG, Department of Theoretical Physics, University of Lund 
Application of the Monte Carlo-method to cosmic ray problems 


In connection with studies of cosmic rays there appear some problems which are 
extremely difficult to tackle with ordinary methods of mathematical physics. It 
has turned out that a treatment on a statistical basis is possible and gives results 
which seem to agree with experimental knowledge. 

The statistical treatment has consisted in construction of a model of a photo- 
‘eraphic emulsion with 50 % spherical AgBr-grains, “developing” a track and taking 
into account the high-energy 6-rays chosen at random with the appropriate energy- 
distribution (Morr). Then it could easily be established that a proton-track near 
its end contains 1.94 grains per u, that the grains cover each other to about 2% and 
that approximately 6% of the grains are due to secondary d-rays with energy in 
the interval 1.8-6 keV. 

A projection of this constructed track has been photographed and looks exactly 
like a real proton-track, which seems to indicate that the scheme described above 


is correct. 
qe NY 
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G. Cartson, Department of Physics, University of Uppsala 


Radiation loss of fast electrons — 


A study of the energy loss by Brehmsstrahlung of fast electrons in photographic 
emulsions is reported. The emulsion technique has the advantage that the processes 
can be studied in greater detail than by using cloud-chambers and lead-absorbers. 
Most of the material is obtained from the soft component of the cosmic radiation. 
The electron energies are measured by the multiple scattering method. In order 
to obtain a sufficient statistical accuracy the mean value of the energy is measured 
in successive intervals of 2 to 5 mm length of the electron path. Only tracks of length 
greater than 15 mm are selected for the measurements. The initial energy varies 
between 50 and 1500 MeV. A few typical examples are discussed, where in some 
cases quantum jumps of the order 10-100 MeV are measured. 

A preliminary determination of the radiation length in the emulsion has been 
made; the result is in good accordance with theory. 


S.-E. Furserc, Meitner Laboratory, Department of Physics, Royal Institute of 
Technology, Stockholm 


Investigation of the decay scheme of Zn 65 


The radioactive isotope Zn 65 has been reported to decay 97.8 % by K-capture. 
The ground state of the product nucleus is reached partly directly, partly via an 
excited state with an accompanying y-radiation. 

The present investigation confirms the existence of the K-capture process by 
proving the presence of the characteristic x-radiation from Cu. The ratio between 
the two alternative modes of K-capture has also been investigated. 


Tor Wiepiine and ALLAN Carson, Department of Physics, University of Stockholm 
The angular correlation in Cu® 


Cu® has two y-rays of 0.37 MeV and 1.12 MeV in cascade.1 The angular correlation — 
of these two rays has been measured. By using the formulas of Hamiron? it has 
been concluded, that the excited states of Cu® have the spins (starting from the 
lowest excited state) 5/2 and 7/2, if the spin of the ground state’ is 3/2 and we have 
erent transition. A full description of the experiment will be given 
ater. 


ALLAN CaRLson and Tor WiepLinG, Department of Physics, University of Stockholm 
Directional correlation between y-quanta in Ti‘s 


Investigations of the directional correlation between the two y-rays of 0.98 and 
1.33 MeV energy in Ti*® show, that the coincidence rate follows the theoretical 


1 K. Sredpaun and A. Guosu, Arkiv f. Mat., Astr. o. Fysik 36 A, N 1 : 
76, 307 (1949). Sias , No, 36 (1949); Phys. Rev. 


2 D. R. Hamitron, Phys. Rev. 58, 122 (1940). 
3 R. Rirscut, Z. f. Physik 79, 1 (1932), 


118 


ARKIV FOR FYSIK. Bd 5 nr 8 


function W(@)=1+0.077 cos? © for dipole-dipole radiation quite well. If one sup- 
poses J =O for the ground state (e-e nucleus) one gets J=1, and J =2 for the two 
excited states. 


Curt Miterkowsxy and R. T. Pauti, Nobel Institute for Physics, Stockholm 
Some investigations of (p, «)-reactions on separated thin targets 


Hlectromagnetically separated thin targets of O18 and N™ were used for investiga- 
tions of the excitation curves of the reactions O18 (p,a)N! and N5 (p,a)C! in the 
energy regions 400-750 keV and 220-940 keV, respectively. 

The excitation curve of O18 (p,a)N™, which has not been studied earlier, has a 
resonance at 680 keV. The curve for N! (p,a)C! shows a resonance at 340 keV. 

A treatment of the curves, appropriate for a study of resonance properties, is 
discussed and some points are given as to the application of WiGNER’s nuclear 
resonance theory. 


Incmar Berestrom, Nobel Institute for Physics, Stockholm 


The isotomers of Kr and Xe, investigated with electromagnetically 
separated isotopes 


Fission gases and pile irradiated Kr and Xe have been electromagnetically sepa- 
rated and then investigated with the mass-spectrometer and Nal scintillation 
spectrometer. In this way it has been possible to make a systematic investigation 
of the following isomers of Kr and Xe: Kr7, Kr®™, Kr®5m, Kr85, Xel25, Kel27, Kel29m, 
Xelsim, Kel33, Kel88m and Xe, Two new isomers Xel™, and Xel?9™ were dis- 
covered in this investigation. Because of the extremely thin separated samples it 
has been possible to detect and investigate very low energy conversion lines. Thus 
the Auger electrons which accompany K internal conversion of y-rays and K- 
capture have for example in several cases been used to obtain information on the 
radioactive decay. From the mass-spectra of the separated radioactive gases it has 
been possible to calculate the relative neutron capture cross sections for pile irradiated 


Kr and Xe. 


Esse Rasmussen, Royal Veterinary and Agricultural College, Copenhagen 
Hyperfine structure studies of electromagnetically separated xenon isotopes 


By means of the electromagnetic isotope separator at The Institute of Theoretical 
Physics, Copenhagen, targets have been prepared containing the odd xenon isotopes 
Xel29 and Xe!3! in great purity. Using these targets as electrodes in Geissler tubes 
the infrared spectrum of Xel has been investigated with a Fabry-Perot interfero- 
meter. The hyperfine structure of a number af lines has been measured and the 
term splittings of 1s and 2p terms have been determined. The data yield directly 
the ratio of the magnetic moments 499/t443; = —1.131+0.005. From the deviation 
from the Landé interval rule the quadrupole moment of Xe1*! was estimated to 
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be —0.12 x 10-24em2. In making this estimate use was made of the magnetic moment 
ratio to find term splittings which could not be directly measured. 

The work was done in collaboration with dr. J. Kocw and mag. AAGE Bour, who 
have performed the isotope separation and the theoretical analysis, respectively. 


Gunnar Lrypstrom, Nobel Institute for Physics, Stockholm 
An absolute determination of the F, I and L-lines of Th(B+C + C”) 


The F, I and L-lines of Th(B+C+C”) have been determined using two different 
methods. 
1. By measuring the radius of curvature and the magnetic field in a semicircular 
B-spectrograph. 
2. By measuring the field ratio for the F and I lines at constant radius. The 
results are: 
(Ho)r = 1388.55 + 0.20 gauss cm 
(Ho); =1754.01+0.25 gauss cm 
(Ho), = 2607.18 +0.35 gauss cm 


A combination of the results from the two methods also gives: yp =(2.67517 + 
0.00020) x 104 sec~! gauss~!, which is in good agreement with the value given by 
Tuomas, DriscoLi, and Hippie (Phys. Rev. 78, 787, 1950). The L-value can also 
be combined with the ratio 1.0002+ 0.0002 between the annihilation radiation and 
the L-line given by Heparan (Phys. Rev. 82, 128, 1951), which shows that S~ and 
B* have the same masses, within the given limits of error. 


Hans von Usiscu, Department of Physics, Atomic Energy Laboratory, Stockholm 
Investigations on the C!*/C!° ratios from minerals and rocks 


In 1948 investigations were undertaken in Sweden with the aim of unravelling 
the geological significance of the isotopic constitution of carbon from minerals and 
rocks. During the first investigation (K. E. Mars) full agreement was obtained 
with the earlier analyses made by A. O. Nrer and his co-workers. Collaboration 
on isotope research in general was then established between the mineralogical 
departments of Stockholm University and of the Swedish Museum of National 
History, and the geochemical laboratory of “Sveriges Geologiska Undersékning’’. 
The mass spectrometric measurements have hitherto been carried out at the Chemical 
Department of “Karolinska Institutet”, Stockholm. 

The isotope ratio of a laboratory standard of carbon (as BaCO3) has been established 
as 89.5. Samples of this standard can be supplied on request. 

The following results have so far been obtained: 


K. EK. Mars: A preliminary investigation of the relative abundance of the carbon 
isotopes in Swedish rocks. J. Geol. 59 (1951) 131. 

F. E. Wickman, R. Bruix, and H. v. Usiscu: On the variations in the relative 
spt Shia of the carbon isotopes in carbonates minerals. J. Geol. 59 (1951) 
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F. E. Wickman and H. v. Ustscu: Two notes on the isotopic constitution of carbon 
in minerals. Geochimica et Cosmochimica Acta 1 (1951). 

H. v. Eckermann, H. v. Usiscu, and F. Wickman: A preliminary investigation 
of the isotopic constitution of carbon from two alkaline intrusions. To be 
published in Geochimica et Cosmochimica Acta. 


_ Guy von Darpet, Department of Physics, Atomic Energy Laboratory, Stockholm 
Measurements with a neutron time-of-flight spectrometer 


A neutron time-of-flight spectrometer has been constructed and operated in 
preliminary experiments. The ion source of a Van de Graaff-generator is modulated 
by pulses, transmitted through a light modulating cell and photomultiplier link. 
The shortest pulse that can be transmitted is 4 usec. — The associated time analyzer 
has a 2 psec resolving time. — The counting rates to’ be expected in time-of-flight- 
measurements have been calculated using age theory, and good agreement has been 
found with experiment. Improvements in the apparatus in order to increase the 
counting rates are planned. The thermal neutron mean life for absorption and 
leakage in the water moderator has been measured to be 150 psec. Absorption 
cross section measurements on cadmium indicated good agreement with previous 
“more accurate measurements, if corrections for the neutron mean life in the moderator 
were applied. — A combination of a multiple GM-counter for y-rays and a suitable 
neutron capturing radiator has been investigated as a possible neutron detector for 
time-of-flight experiments. The counter consists of 37 copper GM-tubes in a common 
envelope, having an area of about 130 cm?. The time spectrum was found to consist 
of four components. 1) Bremsstrahlung from the accelerator, which was confined 
in time to the ion current pulse. 2) Capture y-rays from the moderator and the 
front end of the neutron collimator. This component decays with the neutron mean 
life. The radiation from the moderator was reduced by a 10 em thick bismuth 
shield. 3) y-rays from neutrons captured in the GM-counter or in the radiator. 
This will represent the time-of-flight-spectrum of the neutrons. 4) The background 
counts of the GM-counter give a constant time distribution; this was reduced by 
surrounding the tube with 7 cm of lead and by an anticoincidence arrangement. 
The efficiency of the counter for neutrons was found to be of the same order as 
that of a chamber with 1 liter-at of BF. 


Karut-Ertk Larsson, Department of Physics, Atomic Energy Laboratory, Stockholm 
Yield of a Ra-g-Be neutron source 


An absolute determination of the neutron yield (Q) of a 260 mg Ra-Be-source 
has been made by integrating the neutron density in a large tank containing boric 
acid solution, by means of a small BF, chamber. This method has the advantagé 


. 208 
that no absolute absorption cross sections need to be known but only the ratio me 


of the cross sections of boron and hydrogen. It is especially important for such a 
measurement to know the counting properties of the BF-chamber, which has 
therefore been investigated very carefully. The integrated neutron density has been 
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determined for pure water and for different concentrations of boric acid, and from 
OR , 4 F 

these measurements Q and — have been determined. After corrections for neutron 
o 


absorption in the chamber wall, and for the finite size of the chamber the following 
result is found: 
Q = (2.53 + 0.10) - 108 neut/sec 
or qg=9700+400 neut/sec-mC 


The value 2270 obtained for °F is in excellent agreement with earlier determina- 
OH 


tions of this ratio. According to many earlier measurements, the yield of Ra-Be 
source falls between 6000 and 12000 neut/sec-mC. This great spread in the results 
probably depends on differences in construction of the sources. 


L. CaruBom, Research Tasha of National Defence, Stockholm 
Measurement of the diffusion length of thermal neutrons in graphite 


The diffusion length of thermal neutrons has been determined in a graphite pile 
containing about 13 tons of graphite of mean density 1.64. A preliminary experiment 
has been performed with one half of this amount of graphite, but in this case cor- 
rections for epithermal neutrons had to be applied. The neutron source was the 
heavy ice target in a 200 kV acceleration tube, accelerating deuterium ions. The 
neutron intensity was equivalent to 5-10 C Ra-Be. Mn-Ni-foils were used as neutron 
detectors the activity of which were measured by G-M-counters. As result of the 
preliminary experiment, the diffusion length was found to be 45.1+1.5 em; a pre- 
liminary value obtained with the larger amount of graphite is 46.4 cm. 


C. Taytor, Department of Physics, Atomic Energy Laboratory, Stockholm 
Construction of BF, chambers 


Most of the experiments being carried out at our laboratory involve the detection — 
of neutrons. For this purpose it is often convenient to use BF;-filled ionization 
chambers. If the filling gas is sufficiently pure, and if the geometry of the chamber 
is suitably chosen, it is possible to work with electron collection. Such electron- 
collecting chambers are free from microphonics, have a resolving time of about 1 
us and are very stable. 


The construction and filling of a small electron-collecting chamber working at 3 
atmospheres pressure is described. 


P. O. Otsson, Department of Applied Mathemathics, Royal Institute of Technology, 
Stockholm 


Neutron proton interaction with repulsive forces 


The neutron-proton scattering at 90 and 260 MeV has been calculated using central 
forces and a square well with an impenetrable inner sphere. The radius of the sphere 
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was varied between the limits 0 and 1.2-10~0m, and the depth of the well between 
38 and 140 MeV. Calculated low energy scattering could be made to agree with 
experiments within wide ranges of the hard sphere radius and the well depth. At 
90 MeV the neutral total cross-section varied between 0.20 and 0.28 barns, whereas 
the cross-sections for the charged and symmetric theories could be brought in 
agreement with the experimental value of 0.079 barns. The angular distribution 
was in poor agreement with experimental values, being much the same as those 
obtained for an ordinary well. At 260 MeV the cross-sections obtained were much 
too large, being about three times the experimental value of 0.038 barns. For the 
charged and symmetric theories, the cross-sections were generally larger than the 
corresponding values at 90 MeV. For energies of the order of 200 MeV the S-phase 
became negative even for an inner core radius as small as 0.4-10-!em. The angular 
distribution in such cases showed a maximum at 90°, in disagreement with ex- 
perimental results. The conclusion is that a strong repulsion can not be present in 
triplet states of even parity. , 

The work is based on a suggestion by Professor O. KLEIN. 


LamMex Hurtin and Bener C. H. Nacet, Department of Applied Mathematics, 
Royal Institute of Technology, Stockholm 


The photo-disintegration of the deuteron 


The photo-magnetic and photo-electric cross sections om and o, have been 
calculated for y-energies from the threshold (2.23 MeV) up to~ 20 MeV, using a 
central Yukawa potential with the same range (i.e. meson mass) in the 18 and °S 
states, and no interaction in the ?P state. Exchange and quadrupole effects have 
been neglected. . Results are given for three ranges, equivalent to meson masses 
199, 256 and 298.5 m,. Comparison with experimental data favours a meson 
mass of 300 rather than 200, but there are some indications that the theoretical 
Om is too small at low excess energies (= 0.5 MeV). 

The full paper which is being prepared will also contain a discussion of the ef- 
fective range method as applied to the photo-disintegration. 


P.-O. BrunpELt and B. Enanper, Department of Applied Mathematics, Royal 
Institute of Technology, Stockholm 


The neutron-proton system with a central exponential potential 


The interaction between a neutron and a proton in the *8- and ‘S-state is assumed 
to be described by a central potential of the form: ~B-e~’”. It is further assumed 
that the range of the potential, 1/A, is the same in these two states, but that the 
depth, B, is different: B; and B;. Exact expressions for the deuteron binding energy, 
E,, the epithermal scattering cross section, o,, and the coherent scattering amplitude, 
}, have been derived. For two possible combinations of the parameters Bi, Bs; and 
A the theoretical and experimental values of H,, o) and f agree. Calculations of the 
effective range, 7, of the potential have shown that one of these combinations is 
physically unacceptable, as it gives a negative >. Choosing the other system of 
the parameters (B;=192.5 MeV B,.=+126.3 MeV, 1/A=0.665-10~" cm) the scattering 
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cross section has been calculated by means of the effective range method (Tot = 
1.686-10-!3 cm, 7s;=2.507-10~18 cm) in the energy region, where the contribution 
from the P-states can be neglected (up to 5 MeV). The results agree with recent 
measurements! within the experimental errors. Finally the capture cross section 
has been computed: 0.311 barns at a neutron velocity of 2200 m/sec. 


A. E. Sanpsrrém, Department of Physics, University of Uppsala 
An attempt to determine the excess of heavy water in glacier ice 


A method for measuring relative densities described by LrypEstroM-LaNG, 
JACOBSEN and JOHANSEN was utilized in an attempt to ascertain whether there is 
any excess of heavy water in the ice from some Swedish glaciers. In an investigation 
of this kind, where the observed density differences are very small, the limits of 
error will be wide. Nevertheless, it was possible to ascertain that there is a con- 
siderable excess of heavy water in the comparatively small glaciers concerned. 


K. G. Matmrors, Department of Electronics, Royal Institute of Technology, Stock- 
holm 


Cosmic ray measurements at Kiruna, Stockholm and Testa Grigia 


Studies of the daily variation in cosmic ray intensity have shown that the radiation 
incident upon the earth is anisotropically distributed. From what is known about 
the deflection of the particles in the earth’s magnetic field it seems reasonable to 
assume, that this anisotropy is caused by a tendency for the radiation to follow 
the rotation of the sun. This would make the maximum in the daily variation occur 
at about 6 p.m., if there was no deflection of the particles by the earth’s magnetic 
field. The existence of such deflection accounts for the fact that the maximum is 
observed a few hours earlier. 

Measurements of the daily variation in cosmic ray intensity have been performed 
at three different latitudes (Kiruna in northern Sweden, Stockholm, and Testa Grigia — 
in northern Italy) for the purpose of determining the latitude dependence of the daily 
variation. 


8. Lunpquist, Department of Electronics, Royal Institute of Technology, Stockholm 
The stability of magneto-hydrostatic fields 


Magnetic fields caused by flow motion in electrically conducting liquids are 
attracting an increasing interest in cosmic physics, notably in connection with the 
problem of the origin of the earth’s and the sun’s magnetic field. In order that a 
field shall be able to exist in equilibrium in a liquid, it is necessary that the magnetic 
force can be balanced by the force due to hydrostatic pressure. To decide if such 
a magneto-hydrostatic field is stable, one can investigate the change in magnetic 
energy Incipient upon an arbitrary deformation of the liquid. In doing this, one 


* Lamet, Freer and WitiiaMs, Phys. Rev. 80, 855’ (1950). 
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makes use of the fact that the magnetic lines of force can be regarded as congealed 
into a liquid of high conductivity. The present investigation is especially concerned 
with the helical type of magnetic field produced in a long cylinder of liquid, where 
the field is originally homogeneous, when the cylinder is twisted by non-uniform 
rotation. Such a field becomes unstable, when the magnetic energy is doubled by 
twisting. This result is of importance for the theories of the earth’s magnetic field, 
recently proposed by ALFvEN and BuLLARD. 


E. Asrrom, Department of Electronics, Royal Institute of Technology, Stockholm 
The diamagnetism of an ionized gas 


An idealized gas with no neutral particles, situated in a magnetic field, will have 
a density which, neglecting collisions, is proportional to the magnetic field strength 
if any change in the field strength is slow compared with the gyro period. Further 
the orbital magnetic moment of each particle in the gas will remain constant under 
the same condition. We may introduce a permeability which is independent of the 
field strength. However it must be used with care, since the density varies with 
the field strength. The diamagnetism becomes important when the thermal energy 
exceeds, or is at least of the same order of magnitude as, the magnetic energy. 

In such a gas electromagnetic waves are propagated with the velocity of light, 
¢, when the magnetic energy exceeds oc*, where 9 is the density. If it is below oc, 
but above the thermal energy, we have magneto-hydrodynamic waves. If the mag- 
netic energy is below this level, the wave velocity has the same expression as for 
kT 
m 
of force is purely transverse, but a wave propagated perpendicular to it is purely 
longitudinal. 


ordinary sound waves, | , and a wave propagated along the magnetic lines 


Dac Rome tt, Department of Electronics, Royal Institute of Technology, Stockholm 
A model experiment on radar echoes from meteor trails 


Meteors produce short-lived ionized trails in the upper atmosphere, and radar 
echoes from such trails have been studied in recent years.1 The properties of the 
ionized trails can be estimated theoretically, and the expected behaviour of the 
radar echoes compared with observations.? In calculating the reflexion of a plane 
radio wave by a cylindrical column of ionized gas it is found that a narrow trail 
with high electron density will behave as a resonator and. give a strong echo for 
waves polarized with the electric vector normal to the trail. There is no resonance, 
and a weaker echo, when the electric vector is parallel to the trail. The effect is due 
to space charge induced in the boundaries of the trail, as in the plasma resonance 
studied by Tonks and Lanemurr.? 

This effect has been studied experimentally by measuring the reflexion of 30 cm 


1 Phys. Soc. Rep. Progr. Phys., 11, 389 (1948); A. C. B. LovELL, Science Progress, 38, 22 (1950). 
2 N. Herworson, Arkiv for Fysik, 3, 247 (1951). . 
3 L. Tonks & I. Lanemuir, Phys. Rev., 33, 195 (1929); 83, 990 (1929); 37, 1458 (1931); 


38, 1219 (1981). : 
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radio waves from a mercury discharge tube with a diameter of 3 cm and a length 
of 80 cm.! The reflected signal was measured as a function of the electron density 
in the discharge. With the electric vector in the wave perpendicular to the axis of 
the column, a marked resonance peak was found at the electron density required 
by theory. (Two minor subsidiary peaks are not yet explained.) No reflexions 
could be detected when the electric vector was parallel to the axis of the column. 

A similar effect has recently been detected in 4 metre radar echoes from meteor 
trails in the upper atmosphere.’ 


Inca Fiscuer, Department of Theoretical Physics, University of Stockholm 
A quantum mechanical study of lithium hydride 


The electronic energy of lithium hydride has been computed. The wave function 
was constructed as a Slater determinant of four one-electron molecular orbitals, 
which were expressed in the approximation of strictly orthogonal, linear combina- 
tions of the hydrogen-like atomic orbitals: 1s(H), 1s(Li), 2s(Li) and 2p(Li). The coef- 
ficients of the atomic orbitals were determined by the variational method. 

In 1932 H. M. James has pointed out that it is necessary to include the inner 
electron shells of the atoms in the computations of molecular binding energies. 
This importance of the inner shells has been confirmed. The aim of the present 
investigation is mainly to find the best molecular orbital, obtainable in the actual 
approximation. The computed orbital indicates that the binding energy is mainly 
due to the molecular structure LitH~. This is in accordance with the experimental 
fact that hydrogen is liberated at the anode in electrolysis of LiH. Furthermore, 
the form of the molecular orbital shows that the outer atomic orbital of Li is polarised 
in the molecule, i.e. the 2p orbital gives an evident contribution to the molecular 
orbital. To calculate the relative contributions of 2s and 2p orbitals, i.e. the degree 
of “s,p-hybridisation’’, Pauling has used the criterion of maximum overlapping. 
It is shown that this criterion is not valid in the case of LiH. Pauling’s method 
of calculation favours the 2p orbitals, as the difference between the atomic 2s and 
2p energy levels is neglected. 


Stic Lunpqvist, Department of Theoretical Physics, University of Uppsala 
On binding energies and elasticity constants of ionic crystals 


In earlier quantum mechanical treatments of ionic crystals in the Heitler-London 
approximation, terms of order higher than the second in the overlap integrals’ 
Sw (Suv = Hf @;, D, dt, D, and , atomic orbitals associated with different ions) have 
been neglected. It has been shown how to perform the calculations in those cases 
where such approximations are not allowed. The necessity of taking terms cor- 
responding to three- and four-centre integrals into account makes the numerical 


work rather tedious. Numerical calculations on LiH are in progress, and the results 
will soon be published. 


1 D. Rome tt, Nature, 167, 243 (1951). 
2 J, A. Cieaa, Private communication. 
° 8. Lunpqvist & P. O. Fréman, Ark. f. fysik 2, 431 (1950). 
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The elastic constants of ionic crystals with cubic structure are studied in the 
approximation, where higher order terms in Sy are neglected. Two limiting cases 
are discussed. For crystals having very small positive ions the result is essentially 
the same as that obtained by Léwprn.1 The case of crystals with positive and 
negative ions of nearly equal size has been studied under the idealized assumption, 
that the positive and negative ions are considered as totally identical, except for 
nuclear charge. With this assumption it can be shown that the contribution from 
the “many-body’’-forces vanishes identically, i.e. the Cauchy-relations Cio =Cyq are 
satisfied. This result holds even if interaction between neighbours of higher order 
are taken into account. Methods for calculation of ¢,, and c,, in intermediate cases 
are discussed. 


Lennart Huxipr, Department of Physics, University of Stockholm 
Thermodynamic-spectroscopic determination of dissociation energies of molecules 


A full account of this investigation (by L. Hunpt and A. Lacrerevist) has ap- 
peared in this journal Ark. f. Fysik 2, 333 (1950). 


. 


Kort Liptn and Nits Starrert, Department of Physics, University of Lund 
The series limit of the are spectrum of lithium 


The wave-lengths of the emission lines of the principal series of Li I have been 
measured. A hollow cathode was used as light source. The three strongest ultraviolet 
lines were measured with a Fabry-Perot interferometer combined with a small 
quartz-spectrograph. Ne I lines were used as standards. The spacers employed 
ranged in length from 2 mm to 10 mm. The wave-lengths were obtained with an 
error less than .002 A. The higher members of the series were measured with a 
large Hilger quartz spectrograph with an error less than .01 A. Here iron lines 
were used as standards. From these measures the term values of the 2P-terms were 
calculated using Epiin’s “Corrections to Wave-Numbers in Kayser’s Tabelle der 
Schwingungszahlen’’.2 With these corrections the series limits for the *Ds.- and 
the 28-terms were calculated using Ritz’s formula. These series give the series limit 
43 487.14 cm~!. With this series limit, Ritz’s formula gives the ?P-terms in accordance 
with the observed term values. 


Benet Epien, Department of Physics, University of Lund 
The dispersion formula for standard air 


Spectroscopic wave-length determinations are based on internationally adopted 
standard spectrum lines, the wave-lengths of which are defined in “standard air’, 
ie. dry air at 760 mm Hg and 15° C, and with normal content (.03 %) of CO,. 
On the other hand, the energy levels of atoms and molecules are proportional to 


1 P. O. Lown, Thesis, Uppsala 1948. 
2 To be published. 
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wave-numbers in vacuum. Therefore, in order to derive these levels the observed 
wave-lengths must be accordingly converted: 
1 


yvac =A—! vac =(Aair + (n—1)Aair)~*, 


which requires a knowledge of the refractivity, n—1, of standard air as a function 
of 4. For this purpose spectroscopists have been using for many years the dispersion 
formula derived in 1918 by Meccers and Perers at the N.B.S. from their observa- 
tions in the range 2300-9000 A. 

More recent, mutually consistent measurements of the refractivity of air in the 
visible range, 4300-6 400 A, independently carried out at the laboratories of B.I.P.M., 
P.T.R. and N.P.L., have shown, however, that the dispersion formula of MEGGERS 
and Prrers is considerably in error in the visible, and, presumably, also in the 
ultraviolet. As the measurements in the visible do not permit a reliable extrapolation 
toward shorter wave-lengths the uncertainty about the dispersion in the ultraviolet 
has lately been a matter of concern of precision spectroscopy. 

A study of the literature has now shown that this uncertainty can be entirely 
removed thanks to certain old dispersion measurements by JoHN Kocu (Uppsala 
1912) and W. Travs (Tiibingen 1920). These two sets of measurements cover the 
whole ultraviolet range and are distinguished by a high accuracy in relative values 
for different wave-lengths. By a simple recalculation these relative values can be 
transformed to the scale of the modern measurements in the visible. In this way 
it has become possible to derive a new dispersion formula for standard air, viz. 


(n —1)-107 = 643.28 + 294 981 (146 —»?)—1 +2 554.0(41 —2?)-} 


where vy is expressed in «~+ in vacuum, the formula being valid through the visible 
and ultraviolet down to and beyond 2000 A with an accuracy in n—1 of at least 
.01%. By comparison one finds that the error in the formula of Meacrrs and 
PETERS ranges from —.3% at about 3000 A to+.5% at 2000 A, corresponding 
to a wave-number error of + .03 to —.08 em71. 


Ertx Huiruen, Department of Physics, University of Stockholm 
Intensity-modulated spectra 


Talbot’s bands, which are produced when a thin piece of glass or mica is introduced 
in the beam of rays of a spectroscope, give the impression of an intensity-modulated 
spectrum. Viewing a continuous spectrum, a set of extremely black bands appears, 
crossing the spectrum parallel to the Fraunhofer lines. When the thickness of the 
glass plate is increased the bands are crowded up in the spectrum, and finally they 
will disappear at the resolving limit of the spectroscope. Spontaneously the idea 
arises to apply this phenomenon to extinguish unresolved components in a spectro- 
scopic hyperfine structure, a crowded bandspectrum, and so on. 

It appears, however, from a more detailed analysis that the intensity minima in 
the Talbot bands arise from a shift of the spectrum into intermediate maxima. 
This means that the spectrum is no longer monotonous and pure. From a study 
of analogous effects which appear when a diffraction grating or a prism is screened 


by a coarse wire-grating a new grating-interferometer has been designed. Using | 


this instrument in the “‘crossing-over’’ position the displaced spectra are brought 
into place above and. below the principal spectrum. In this way the idea mentioned 
above may be realized. 
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Erik Incetstam, Optics Laboratory Department of Physics, Royal Institute of 
Technology, Stockholm 


Examination of extremely small refractive index differences in fluids by 
a phase contrast method 


In preliminary studies on the measurement of small (down to 1077) differences 
in the refractive indices of fluids, the reference fluid has been placed in a plane- 
parallel space between two plano-convex lenses of good homogeneity and smooth 
polish, forming the lens system. The fluid with which the comparison is to be made 
is either forced into the reference fluid, or is contained in a small cell in its central 
part. For calibration, reference striae or spots of magnesium fluoride are evaporated 
onto the outside of the lenses. Possibilities and limitations of the phase contrast 
method in this field are briefly discussed. 


Ertx Incetstam and Erik Dsurie, Optics Laboratory, Department of Physics, 
Royal Institute of Technology, Stockholm 


Phase contrast studies of periodicities in the ruling of optical gratings 


_. The phase contrast study of periodic errors in ruled optical gratings previously 
published (Revue d’Optique 350, No. 3, 1951) is now being continued more quantita- 
tively. The receiver is a photomultiplier tube, a second tube being used as a reference 
for the lamp flux. The currents from both phototubes are registered by a recorder. 
Reference phase contrast strips have been used as standards for the contrast scales. 
Fourier analysis of the records are made, and thus periodicities may be separated 
from random irregularities. — An apparatus which may easily be attached to any 
grating and grating spectrograph has been constructed. 


Per J. LINDBERG, Optics Laboratory, Department of Physics, Royal Institute of 
Technology, Stockholm 


A photoelectric method for the objective determination of resolving power of 
photographic lenses 


With photoelectric recording of the light distribution in the image, formed by a 
photographic lens system, of a test plate with line groups, inserted in a collimator, 
more reliable and objective values for the resolving power can be obtained, than is 
possible by the study of photographic records of a test plate. 

As with the photographic method, bright lines against dark background are used, 
i.e. an object with rectangular intensity distribution. The intensity distribution in 
the recorded image can form the basis of an objective scale for the resolving power 
of the lens. 

Tf the extension of the test figure is small, not only can the resolving power be 
determined, as has been done in previous measurements!, but also the stray hght 
and halation. It is therefore convenient to use a test figure consisting of two gradually 


1B. W. H. Setwyn and J. L. Tearte: The performance of air craft camera lenses. Proc. 
Phys. Soc. 58, 493, 1946. 
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narrowed slits, or one single slit, imaged and recorded in the image plane, and com- 
pared with the light distribution curve of the ideal diffraction pattern. Such a curve 
can easily be interpreted. 

The photometer slit, one or two microns in width, is mounted adjustably together 
with the photomultiplier tube upon two crossed micrometer slides, one of which 
is moved by a synchronous motor so that the slit speed can be 1 or 5 microns/second 
in the image plane. The photocurrent is recorded in a synchronized recorder. 


Axr Nitsson, Department of Physics, University of Uppsala 
Excitation potentials in the x-ray spectrum 


The excitation potential of chromium’s Ka,-line was determined by measuring 
the intensity of the corresponding wavelength as a function of the voltage of the 
x-ray tube. Several isochromates of that kind were registered with different cathodes. 
A numerical comparison with the K-absorption edge gives a value of Planck’s 
constant. It was shown that in this calculation the work function of the cathode 


must be added to the directly measured potential difference between cathode and : 


anticathode: 


The details. of the isochromates could be explained by considering the energy ~ 


bands in the crystal lattice and the existence of satellite levels. No part of the 
curve showed negative slopes, unless the anticathode was very thin. If the thickness 
of the anticathode was extremely decreased the excitation potential shifted several 
volts towards higher potentials and a new secondary structure appeared. 


GuNNAR KALLEN, Department of Applied Mathematics, Royal Institute of Technology, 
Stockholm 


Formalistic regularization in quantum electrodynamics 


Let us consider the e?-approximation of the vacuum-polarization in an external 
field. If no real processes can take place the expectation value of the current operator 
may be written in the following way 


Cin (a) = [Kur (© =a) AY (a) da’ (1) 
Ky (e— 0) =F (Sply.S(e— 2) pS (@ —2)] + 


+ Sp[y,S™ (2 — 2’) y, 8 (a — 2)]) = _ [ dq Ky» (q) exp (tq(x — 2’)). (2) 


After a straight-forward calculation the momentum space representation of the 
kernel is given by 


a3 
Ky»(q) = — ae fac Pils a) (Mute Set?) | de a 
0 
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1 


, 12 2 2 ¥ r q’? 
 (9m\3 CHP ON ay qd 
x 0’ (q’2 + A) (Om) 6 dafd 5 + Alor 2 A) (3) 
0 
A = ga(1— a) + m?. (3 a) 


The first term in (3) is gauge-invariant and gives rise to the (infinite) charge- 
renormalization. and to observable terms. The second term is indeterminate and 
must be defined with the aid of a limiting process. Put 


J = fao(a +A) O-(g? + A) = 5 faa’ PAO (g'*4. A) =O (9/2 4 A)] (4) 


and consider the function 


F (n,A) = f dq’ [Ad (q+ A) + (1—1) 6 (@? + AD]. (5) 

From a formal point of view we have 
J = 5F (0,4) (6) 

dF (n,A) 


If n= 2 the integrals in (5) converge and cancel. We thus get 
2J =cont F (n, A) =0 (8) 


n—->0 


as is required from the condition of gauge-invariance. 
If we consider e.g. the function 


@(n,A) = { dq’ [Ad™* (q’2 + A) — 5 (¢’2 + AD] (9) 


instead of F, the equation (6) is still fulfilled (but not equation (7)). In this case, 
however, we get 
cont O(n,A) = tA + 0. (10) 


n—-0 


This is essentially the result of WrenrzEeL (apart from a numerical factor) and 
demonstrates the indeterminacy of the integral J. 


Per Svenontus, Department of Theoretical Physics, University of Uppsala 
On the non-relativistic réle of spin in the scattering of light 


A non-relativistic treatment of scattering problems has been performed, starting 
from the Pauli equation. The spin term (containing S-/Z) is also taken into account 
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in the perturbation operator by performing the operation H =rot A on the second- 
quantized expression of A. Our result is easily stated if a comparison. 1s made with 
the corresponding expressions based on Schrédinger’s equation. In the latter ones 
we only perform the operator change 


p ek > (py + iS x k) el *; 


to get our spin-dependent, non-relativistic formulae. 
A more detailed account will appear in Arkiv for Fysik. 
Notations: p=momentum operator of the particle; 


S'=spin angular momentum operator of the same particle; 
H =electromagnetic field vector; A = el.-magn. potential. 


S. Bertit Nitsson, Department of Theoretical Physics, University of Lund 
On the gravitational energy of light 


An electromagnetic radiation field is characterized by a non-vanishing energy- 
momentum tensor and will thus give rise to a gravitational field or, in the language 
of general relativity, to a modification of the metric. A consequence is that a photon 
must have a gravitational self-energy: the pseudotensor t,,, of gravitational energy 
and momentum density will add to the original energy and momentum of the radia- 
tion (photon) field. It is known (RosENFELD 1930) that, according to quantum 
electrodynamics, this photon self-energy is obtained as a divergent expression, 
which is moreover not of a relativistic form. A renewed evaluation, using the inva- 
riant methods of ScHwiNGcER, showed the one-photon part of t,,, to be proportional 
to the same part of the electromagnetic energy-momentum tensor (apart from 
terms whose space-integral vanishes). The constant of proportionality may be 
written $icxD*(0), x being Einstein’s gravitation constant and D\ the well-known 
singular function; on a suitable regularization it may be made to vanish. — A 
further term in ¢,, could be discarded on grounds of invariance; in any case it should 
be compensated by other contributions to the self-energy and momentum. 
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Communicated 5 December 1951 by I. WaLuER 


A numerical comparison of the density matrix of Rb* in the 
statistical approximation and in the Hartree approximation 


By PER OLor FROMAN 


With 3 figures in the text 


The spin independent density matrix (r,|e|r), where ry and r denote posi- 
tion vectors, is defined by 


N 
(role lr) = 3 Bi (ro) ®, (r. (1 
Here @,, ®,,..., Dy are the spin independent factors of the one-electron wave 


functions of the ion.t (The number of electrons in it is 2N). The statistical 
theory of Thomas-Fermi-Dirac? can be based on the approximation that the 
@, are replaced by plane waves within every small volume element, i.e. 


il Sie ee ah 
(ro|e@| 7) statistical = fe Ph ee : dp, (2) 


dp denoting the volume element in the momentum space p. It is implied in 
this approximation that the points ry and r should lie rather close together, 
and therefore it is consistent with the approximation to let one of the points, 
e.g. Mr, have a preferred position so that the range of integration in (2) is 


ao p= 0 (ro), (3) 


where (ry) denotes the electron density at the point ry. By evaluating the 
integral in (2) one finds? 


1 3 (sin € — ¢ cos 2) 
(To | Q | T’) statistical = 2 n (ro) ras aelih | 


where . | (4) 
$=V3x'n(r)|r—rol- 


1 Except for the special numerical calculations the following treatment is valid for any 


atom or ion with closed electron shells. 

2 The reader is referred especially to L. “Brillouin, L’atome de Thomas-Fermi (Actualités 
scientifiques et industrielles 160, Hermann, Paris 1934). Cf. also P. Gombas’ thorough mono- 
graph: Die statistische Theorie des Atoms (Springer-Verlag, Wien 1949). 
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Fig. 1. 


The approximate density matrix (4), which depends only on ry and |r — ry|? 
is very important for the connection between the method of the self-consistent 
field and the statistical theory of Thomas-Fermi-Dirac. The use of (4) for all 
values of |r— ro| is based on the assumption that both the true density matrix 
and the expression (4) approach 0 rapidly as |r —r,y| increases. Although one 
usually writes some undefined average value of » (ry) and n(r) instead of the 
n(ry) in (3), one uses (3) and (4) implicitly when performing calculations with 
the approximate density matrix. 

According to Hartree-Fock the functions ®,(r) can be written 


iil 


Yim (9, @) 


where Y;m(0,q~) are the normalized surface harmonics and (r,#, m) are the polar 
coordinates of r referred to the atomic nucleus as the origin. Hence (1) becomes 


(role = 3% > [a yin (Ono) | |e Yiniso}- a 


Using the addition theorem for the surface harmonics we get 


(rolelr) = Ey ie) far) DEEP, (c08 a), 0) 


* It will soon be shown that in the Hartree-Fock treatment the density matrix depends 
also on an angle f. See fig. 1. 
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Fig. 2 (ro = 1, expressed in Hartree’s atomic units). 
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According to Hartree 3= Vg —-+——-——_: 


f= FF 0 ne 


According to 


the statistical approximation: 


|A—X,| 


- Qos 


. ~O/o 


Fig. 3 (r9=2, expressed in Hartree’s atomic units). 
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a being the angle between the vectors ry and r. The angle between the vectors 
ro and r—ry is called f. (See fig. 1). If ry and f are kept fixed the point r 
moves along a half-ray originating from the point ry. The density matrix in 
(5) can be regarded as a function of 79, 6 and |r—ry|. 

For a numerical comparison the Rb* ion was chosen. For the statistical 
treatment this ion has the advantage that it contains many electrons.! On the 


other hand it has the disadvantage that the wave functions ft) are calculated 


only without exchange.” In order to make the two formulae (4) and (5) directly 
comparable the value of 1(r,) obtained by means of the Hartree functions has 
been used in (4). However, this is quite unimportant since the electron density 
1S approximately the same in the statistical treatment and in Hartree’s treat- 
ment. The result of the numerical comparison of (4) and (5) is shown in the 
figures 2 and 3. Even if the electron density n(7,) in (3) and (4) would be 
replaced by some average electron density for the points ry and r one could 
not remove all deviations between the statistical approximation of the density 
matrix and the correct density matrix. Hence, in any case it is clear that the 
statistical theory must be much less accurate than the quantum mechanical 
one-electron approximation. Therefore some of the refinements? which have been 
introduced in certain statistical treatments seem to be irrelevant. 
It would probably be of some value to investigate further the limitations of 
the statistical theory by purely numerical comparisons with the quantum me- 
chanical one-electron approximation. 

It should be pointed out that one can find integral formulae for the true 
density matrix which remain exact even for the approximate density matrix 
(4). As an example the following relation* may be mentioned 


f\(olelr) Pdr = (ro|@| 70) = $0 (19). 


I wish to express my appreciation to Professor I. Waller for his good advice 
and for his interest in my work. I should also like to thank Professor L. Hulthén, 
who has kindly read the manuscript. 


Uppsala, Institute for Mechanics and Math. Physics. 

1 The number of electrons is 36. 

2 —D. Hartree, Proc. Roy. Soc. 151 A, 96 (1935). 

8 E.g. correlation corrections. 

4 For the true density matrix the proof of the relation is based on the ortho-normality 
of the functions ®,. 
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Communicated 10 October 1951 by Manne SrecpaHN and Bener EpiLiw 


A ferromagnetic scaling circuit 


By Cart Heiitmuta Hertz 


With 12 figures in the text 


SUMMARY 


For the counting of random pulses from a G—M tube different kinds of 
scaling circuits are used between the G—M tube and the mechanical counter. 
In this paper a scaling circuit using a ferromagnetic material is described. 
Each pulse coming from the G—M tube triggers the discharge of a condenser 
through a primary coil on a small iron core, whereby a thin surface layer of 
it is magnetized. In a secondary coil around the iron core a voltage pulse is 
induced each time the condenser is discharged. The maximum voltage of this 
secondary pulse depends on the magnetization of the core and thus on the 
number of condenser discharges that have passed through the primary coil 
previously. This effect can be used for the construction of a scaler or certain 
other electronic devices. A quantitative theory of the effect is given. 


1. Introduction 


In many branches of nuclear physics the counting of random pulses at high 
rate from a G—M tube or scintillation counter is required. Since at present 
mechanical counters are hardly able to count more than 300 pulses per second 
electronic scaling circuits of different kinds are in use between the G—M tube 
and the mechanical counter. The working principle of these scalers can be 
described as a storing of the incoming pulses until a predetermined number of 
pulses has arrived, whereafter the scaler sends out a pulse and reassumes its 
starting position. This storing can be done in different ways, for example in 
vacuum tube circuits!, in condensers? and in ferromagnetic materials*. The 
scaling circuit described in this paper employs the last method. 


A. Experimental part 
2. General method 


In Fig. 1 a condenser C, (5000 pF), a thyratron tube and the primary coil 
P (350 turns) on a small demagnetized annular iron core are connected in 
series. On the iron core a secondary coil S (5000 turns) is wound which is 


1 SrevENSON and Gerrrine, Rev. Sci. Instr. 8, 414 (1937). 


2 Lewis and Rarrce, J. Sci. Instr. 27, 7, (1950.) 
3 An Wanca and Day Done Woo, J. Appl. Physics, 27, 49 (1950). 
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to vertical 
deflection plates 
of cathode ray- 
tube 


Fig. 1. Experimental arrangement for showing the ferromagnetic effect used in the scaler. 


connected to the vertical plates of a cathode-ray tube. If now the thyratron 
tube is fired by making its grid positive, the condenser discharges through the 
primary coil P, thereby inducing a voltage V, in the secondary coil. The time 
dependence of this voltage pulse as seen on the cathode ray tube is shown in 
Fig. 2, curve 1. If now the condenser C, is not too large, the iron will become 
magnetized to saturation by the discharge only in a thin surface layer because 
of a ferromagnetic skin effect, the theory of which will be given later. Thus 
the inner parts of the iron wire core will not be magnetized at all. Naturally 
the resistance R, should be large enough so that the thyratron tube is extin- 
guished after the condenser is discharged. — If now the condenser is discharged 
a second time through P a new voltage pulse will be induced in S as shown 
by Fig. 2, curve 2. The result of a third condenser discharge is shown by 
curve 3, of a fourth by curve 4, ete. 

In the following we shall be concerned only with the positive part of the 
voltage pulse shown in Fig. 2, the length of which is about 3—4- 107° seconds. 
The maximum voltage V, of the nth pulse increases with each following pulse 
and approaches asymptotically a limiting value V. as the depth of the surface 
magnetization reaches a maximum value, the order of magnitude of which is 
about 5-10-% cm. Thus by measuring the voltage V, one can determine how 
often the condenser C, has been discharged through P. The peak voltages Vy 
of the positive part of the induced voltage impulse for the Ist, 2nd, 3rd ... 10th 
impulse for a normal iron core are shown in Fig. 3. The shape of the curves 
shown in Fig. 2 depends, of course, on the parts used in the primary circuit, 
especially on the iron core, the number of turns on the coils, etc. This is 


shown in Fig. 4, which gives the same information as Fig. 3 but for another, — 


especially degenerated iron core. The construction of the coils and other parts 
of the circuit were practically the same as those used in Fig. 3. It is thus 
probable that the shape and the size of the voltage pulses induced in the 
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Fig. 5. Cross section of the annular iron Fig. 6. Hysteresis curve of the iron used in 
core with coils. the apparatus. 


secondary coil depend on the iron core used and can be changed largely by 
using other types of ferromagnetic materials. It was found further that the 
effect described above was even more pronounced if, at the beginning, the iron 
core is magnetized to negative saturation. Actually Figs. 3 and 4 give the 
peak voltage of the positive part of the voltage impulses induced in the 
secondary coil for the latter case. 

The iron core used in these experiments and in the apparatus to be de- 
scribed below consisted of three parallel soft-iron wires of 1 mm in diameter 
(see Fig. 5), which were bent into a ring of about 8 cm diameter. The hyster- 
esis curve of the iron used is shown in Fig. 6. On this ring first the secondary 
coil S: consisting of 5000 turns 0.02 mm copper wire is wound, each layer 
carefully isolated from the other and from the iron core. Outside the secondary 
coil lies the primary coil P (350 turns 0.5 mm copper wire) and uppermost the — 
demagnetization coil D (1000 turns 0.5 mm copper wire) is wound. The pur- 
pose of the demagnetization coil will be described later. For insuring better 
insulation and mechanical properties the entire ring was soaked in hot paraffin 
and thereafter placed in a metal case which was filled entirely with paraffin. 

Experiments with an iron core of about the same dimensions but constructed 
of steel wire gave results similar to those reported above if a DC magnetic 
field was maintained parallel to the axis of the steel wire by an extra coil 
wound outside the primary coil. The strength of this DC magnetic field was 
quite critical and had to be about the coercive force of the steel used. 


3. The scaling circuit 


An electric circuit using the ferromagnetic effect described above for the 
storing of electric impulses is shown in Fig. 7. If a positive pulse is applied 
to the grid of the thyratron J, which otherwise is at negative potentic!, the 
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-80 -E, 
Fig. 7. The scaler circuit. 


condenser C, is discharged through the coil P. Thereby the iron core will be 
magnetized on its surface as described before. 

Since the discharge circuit is an LC circuit the thyratron discharge is 
quenched automatically when the anode of the tube becomes negative (the 
recharging resistance R, should not be less than about 20 kQ). During the 
time the condenser C, discharges through P a voltage pulse is induced in the ~ 
secondary i the shape of- which is shown in Fig. 2. Now the coil S is connected 
to the grid of the thyratron II in such a way that the voltage pulse V, drives 
the grid positive so that the thyratron fires if the negative grid bias Hy is not 
larger than V,.1 A second positive pulse at the scaler input will cause a posi- 
tive voltage pulse V2 at the grid of the thyratron II, a third Vs, etc. As long 
as the maximum voltage V, of the nth pulse at the grid of the thyratron II 
remains less than the grid bias voltage H,, the incoming pulses that fire 
thyratron I will have no effect on the circuit containing the thyratron II. 
If H, is adjusted to such a value, that Vn-1<E,< Vn, the nth pulse at the 
input will be the first impulse that is able to fire the thyratron II too, thereby 
discharging the condenser C, through the demagnetization coil D.1 This coil 
consists of 1000 turns and is connected to Cz in such a way that the mag- 
netic field created by it through discharging the condenser C, has the opposite 
direction of the field created by the condenser discharges through coil P. 
Since C, is much larger than C, and because of the large number of turns of 
the coil D, the iron core is driven to negative saturation by the discharge of 
the condenser Oz. This brings the iron back to the starting position and the 
next N pulses can be counted. The value of N, 1e., the number of condenser 
discharges through the primary circuit until the thyratron tube II is fired, 


1 For simplicity we neglect the fact that a thyratron fires even for small negative grid 
voltages. 
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depends thus on the voltage of the grid bias Hy and can be changed at will 
by changing E,. Thereby the scaling ratio of the circuit can be altered vol- 
untarily. 

As it is seen from Fig. 3 the peak voltage V, reaches asymptotically a maxi- 
mum value with increasing N. Thus there is an upper limit for the scale 
ratios obtainable by varying the grid bias H,. Scale ratios up to 25:1 have 
been obtained with one scaler stage but then the ratio stability was poor be- 
cause of the small difference in the voltages of the 24th, 25th and 26th pulse. 
Probably no higher scale ratios than about 10:1 are stable enough for practical 
use. Scale ratios of 5:1 were found to be absolutely stable. 

The magnitude of the capacities C, and C, have been determined by trial. 
Table 1 shows the maximum and minimum negative voltages at the grid of 
the thyratron II, for which a scale ratio of 5:1 and 10:1 is obtained using 
different values of the condenser C, and a certain iron core. 


Table 1 
Cy C2 Eg for scale ratio 5:1 | Eg for scale ratio 10:1 
| 
2000 pF 0.1 uF 82.5— 85.0 volts 90.5— 91.5 volts 
4000 pF 0.1 uF 114.0-127.0 volts 173.5-179.0 volts 
5000 pF 0.1 uF 163.0-177.5 volts 210 -215 volts 


The table shows that it is more advantageous to use a condenser of 5000 pF 
since the limits of H,, where the scaler will give a certain scale ratio, are 
larger than in the case of 2000 pF. Using still larger condensers had the op- 
posite effect again. When choosing the condenser C, the quenching of the 
discharge in the thyratron I had also to be considered for obtaining a time 
constant of the recharging circuit as small as possible. The size of the con- 
denser Cz is not so critical but should be held at a low value, partly for ob- 
taining a small time constant in the second recharging circuit and partly for 
lowering the maximum (peak) current through the thyratron IL which in the 
present apparatus is somewhat overloaded. ; 


(nput I 


O15 uF 5000 pF 015 uF 


Fig. 8. Diagram of two scaler stages. 
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Fig. 9, The voltage pulse induced in coil S by the demagnetization pulse. 


Fig. 8 shows the complete circuit diagram for two scaler stages. Since the 
recharging time of the condensers Cy and Cy, should be as low as possible, 
inductances L, and Lg are introduced in series with the recharging resistances 
R, and R,. It can be shown that the minimum recharging time will be ob- 

: : PC j ; : 
tained if LZ = dis: but for practical reasons it was desirable to have L some- 
what larger than the value given by the above formula. To facilitate further 
the quenching of the discharge in the thyratron I a high negative grid bias 
was used. Using the circuit parts given in Fig. 8 pulses following each other 
in less than 2-10~* seconds could be counted separately. 

After having counted the predetermined number of N pulses, the iron core 
is driven to negative saturation by discharging the condenser C, through the 
demagnetization coil D. Since this takes only about 2-10~° seconds there is 
no danger that this will interfere with the counting of the incoming pulses. 
The time dependence of the voltage induced in the secondary coil by the dis- 
charge of the condenser C, is shown in Fig. 9. 

For linking the two scaler stages a small transformer 7 is used, the trans- 
formation ratio of which is 1:2. It serves at the same time for triggering the 
next scaler stage each time the condenser Cy has been discharged, and as an 
inductance in the recharging circuit of the.condenser C2. Experiments to elim- 

inate the transformer 7 and the tube J’ by discharging both condensers OC, 
and C; through the thyratron II have not been successful. 
’ At the end of the next scaler stage a mechanical counter (manufactured by 
the Cyclotron Specialities Co, U.S.A.) is inserted into the recharging circuit of 
the condenser C2 instead of another transformer 7. Hence this counter counts 
the number of discharges of the condenser C2 and serves at the same time as 
an inductance in the recharging circuit. If only one scaler stage is desired, 
the incoming pulses can be inserted at the input I]. — Finally neon lamps 
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are connected parallel to the recharging resistances Rs which show each 
time the scaler stage is brought back to its starting position by the con- 


denser Cy. 


4. Properties of the circuit 


Since the average currents used in the apparatus are small, the circuit parts, 
i.e., especially the transformer, inductances, etc., could be made very small. 
Thus if miniature thyratron tubes of the type 2 D 21 are used, the size of 
the scaling unit will be quite minute. 

The greatest difficulties encountered were due to instabilities of the ignition 
voltage and the constancy of the internal resistance of the thyratrons. Table 2 
gives the value of the maximum grid bias HZ, at which the circuit with a 
certain iron core still worked with a scaler ratio of NV: 1. 


Table 2 


Scaling ratio | 2:1 | 3:1 | 4:1 | Bick | 6:1 | fon | 8:1 | Os. | 10:1 


| 
Minimum Ey... 88 109 | 143 | 163 | 178 | 189 197 | 205 | 2A 
Maximum £y..| 108 142 162 ets Rete ser ge RG) | 210 


This means that the voltage peak of the Nth voltage pulse induced in the 
coil S (Fig. 7) will be equal to the maximum grid bias #y, given in table 2 
for a scaling ratio of N:1, while the magnitude of the N—I1st voltage pulse 
will be a little less than the minimum grid bias #,. Hence the scaling ratio 
can be changed at will by altering the grid bias H,. If, with the scaler cir- 
cuit cited in table 2, a scaling ratio of 10:1 is desired, the 10th voltage pulse 
induced in the coil S should always be of the magnitude 213 +2 volts 
(213 volts + 1%). This means that each of the 10 condenser discharges through 
the primary coil P must be of the accuracy of 0.1 %, i.e., if the magnetization 
of the iron by each condenser discharge is 0.1 % too large, the iron will be 
too much magnetized each time and a scale ratio of 9:1 is likely to be ob- 
tained. Since the maximum current of the condenser discharge is determined 
partly by the charge on the condenser C, and partly by the internal resistance 
of the thyratron I a small deviation in the internal resistance of the thyratron 
can change the scaling ratio of the unit. If a scaling ratio of 5:1 is used, 
the demand for accuracy is much less. The voltage of the secondary impulse 
should be 170 volts + 4%, thus the maximum current of the primary condenser | 
discharge can vary with + 4/; %, i.e., nearly 10 times as much as with a scale 
ratio of 10:1. — By using higher anode voltages better results could be ob- 
tained with respect to the scaling ratio stability. 

Different types of thyratron tubes were used. While the tubes G4S5 did not 
give a stable scaling ratio of 10:1 under long periods and thus only could be 
used for a scale ratio of about 5:1, the tube 2051 seemed to be utilizable 
even in a scale of 10 circuit. Since only one such tube was available this 
point could not be definitely proved. 

As mentioned above the charge of the condenser C, should also be held at 
a constant value. Therefore the anode voltage was stabilized as well as the 
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negative grid bias. Later it could be shown that this was not necessary as long 
as the anode voltage and the grid bias were supplied from the same rectifier. 
This is due to the fact that a lowering of the anode voltage results in a 
lowering of the peak voltage of the secondary pulses induced in the coil 5 
but since the grid bias is supplied from the same rectifier unit it is lowered 
too. These two effects just compensate each other so that the scale ratio 
remains constant. 

Extensive experiments showed that the peak voltages of the pulses induced 
in the secondary coil S which are shown in Fig. 3 did not change when the 
number of condenser discharges per second were altered. Exact measurements 
to prove this point were made with 1 to 1000 discharges per second. Later 
observations indicate that this is true up to pulse frequencies of 5000 per 
second. By using double pulses for triggering the primary circuit (thyratron I) 
following each other in about 4-10~* seconds at a rate of 50 per second, it 
could be shown that a scale of 5 as well as a scale of 10 circuit worked satis- 
factorily also with irregular pulses. Small differences that were found after 
long time runs at high frequencies and from day to day were probably due 
to changes in the thyratron tubes and not to heating of the iron core by the 
magnetizing process. It was calculated that the latter effect will generate 
about 0.003 calories per second in the iron core at a counting rate of 1000 
pulses per second. Experiments showed that this did not heat the iron core 
to such an extent that it could influence the scale ratio stability. The heat 
generated by the currents in the coils was even less. Mechanical shaking of 
the ring between the impulses also gave no changes. If, on the other hand, 
the ring was distorted mechanically by bending appreciable changes up to 5 % 
of the peak voltage of the secondary impulses were observed. The resolving 
power of the circuit was limited by the time constant of the recharging circuit 
but not by the deionization time of the thyratron tubes employed, probably 
due to the fact that the current pulses through the thyratrons were of very 
short duration. 

While in scaling circuits using vacuum tubes! it is possible to read the 
number of pulses stored in the circuit by the use of neon lamps, there is no 
such possibility in the scaler circuit described in this paper. If the number 
of pulses K stored in the circuit is desired, pulses must be introduced at the 
input of the first scaler stage until the condenser C2 is discharged, which is 
shown by the neon lamp. If the number of pulses necessary for this is K’ 
and the scaling ratio of the whole apparatus is N:1, the number of pulses K 
stored in the circuit is K = N—K’. The number of pulses K’ necessary to 
bring the scaler back to its starting position can easily be determined by in- 
troducing pulses made by means of a Morse key or some other device. 


5. Further applications of the circuit 


Finally it was shown that more than one thyratron could be connected to 
the secondary coil S. Using, for example, the electric circuit shown in Fig. 10 
and different grid bias Hy, and #,,, the thyratron II, will fire before the 
thyratron II, if H,, is smaller than the peak voltage of the N — 1st positive 


1 SpmvENSON and Gerrine “Rev Sci. Instr. 8, 414 (1937). 
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-80V 47 Eg, 


Fig. 10. Pulse generator for multiple pulses. 


voltage pulse, where N is the number of incoming pulses that will fire the 
thyratron II,. Such a circuit can be used for different purposes, for example, 
as a pulse generator for double, triple, etc., pulses. Each time the thyratron I, 
is fired a voltage pulse is created at the point P. By adjusting the grid bias 
E,, to such a value that it is somewhat lower than the peak voltage of the 
N—Kth impulse (Vy—x-1< Ey, < Vy—x) the thyratron II, will fire for the 
N—-K, N—K+1, N—K+2,... Nth pulse, each time generating a pulse 
at the point P. If trigger pulses are introduced at a constant rate at the grid 
of the thyratron 1, no pulses will be generated at the point P until N—K—1 
impulses have arrived. Thereafter K +1 pulses will be generated at the same 
rate as the incoming pulses until N impulses have arrived, the last of which 
fires the thyratron II, too, whereby the apparatus is brought back to its 
_ starting position. Thus after a certain time interval a group of K + 1 impulses 
is generated. Changing the grid bias Hy, and H,, and the rate of the triggering 
impulses at the grid of the thyratron I, the number of pulses in the group, 
the time interval between them, and the time interval between the groups 
can be altered at will within certain limits given by the circuit characteristics. 


The length of the pulses generated at P can be changed by adjusting the 
condenser C2. 


B. Theoretical part 


6. Qualitative theory of the ferromagnetic process 


The ferromagnetic effect observed in the scaler described above is due to 
the magnetic skin effect’ and the difference in the physical properties of the 
reversible and irreversible magnetization of the iron. Since the condenser — 
discharges in the primary coil P (Fig. 1) are of very short duration (about 


* BeckeR und Dérina, Ferromagnetismus, page 225, 228. 
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10~° seconds) only a thin surface layer of the iron wire core is magnetized to 
saturation because of the ferromagnetic skin effect, which is due to eddy cur- 
rents induced in the iron as will be shown later, When the current in the 
primary coil P diminishes again after having reached its maximum value, the 
returning reversible magnetization in this surface layer causes most of the 
positive voltage pulse induced in the secondary coil S shown in Fig. 2. After 
the first condenser discharge only a very thin surface layer of the iron wire 
core (about 5-10~* cm) is thereby magnetized to saturation. Thereafter the 
permeability of this layer is only due to the reversible magnetization mu, which 
was measured to be about 100, while the permeability « in the inner parts 
of the iron has still the original value, in this case about 3000 as shown in 
Fig. 6. It will be shown later that the depth of penetration of the magnetiza- 


tion is inversely proportional to Vi. Therefore the next condenser discharge 
through the coil P will increase the depth of the surface magnetization. Since 
now a larger amount of the iron has been magnetized to saturation, the voltage 
pulse induced in the secondary coil by the reversible magnetization returning 
to its zero position will increase. A third condenser discharge will further in- 
crease the depth of the surface magnetization and as a result of this the peak 
voltage V3, induced in the secondary coil (Fig. 2), will still be larger than 
the peak voltage V,. The same is true for the pulses following thereafter. 
The depth of penetration of the surface layer magnetization will finally ap- 
proach a maximum value. This depth will correspond to the depth of the 
surface magnetization that would have been created by one condenser discharge 
through coil P if the entire iron core were of the permeability u,. Because 
of this the peak voltage of the positive pulses induced in the secondary coil 
S by the reversible magnetization approaches asymptotically a maximum value. 
In the following a quantitative calculation of the peak voltage of the positive 
voltage pulses induced in the secondary coil along the lines presented above 
will be given using certain approximations. 


7. The magnetic skin effect 


If a very long wire with the radius 79 (or an annular ring) 1s placed in an 
alternating magnetic field H = Hy-coswt parallel to the axis of the wire (see 
Fig. 11) Maxwell’s equations 


4 7- 


and Vie (1) 


my 


0 


VxE=—* 
C 


je) 


t 


can be applied to all parts of the wire, where in the following w always de- 
notes the differential permeability of the wire material. 

We now introduce cylindrical coordinates 7, y, and z, the z-axis of which 
coincides with the axis of the wire. Because of the fact that even inside of 


the wire no components of H other than parallel to the axis of the wire exist, 
we can write H = (0, 0, Hz). The electric field E induced by H in the wire 
will have only a component parallel to the circumference of the wire, thus 
E= (0, Ee, 0). Finally we have E= 0° 3, where @ is the specific resistance of 


the wire material. Using these expressions, we cheat for equations (1): 
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E H 


H,cos wt 


Fig. 11. Directions of H and E with respect to the axis of the wire core. 


i) 
and by eliminating E: 


1a ( I _ 4am OH: @) 


rOr\’ Or oct Ot 


In the following we will write H. = H. Now H is supposed to be an alternating 
field, so we can write H (r,t) = H(r)-e'®*. Substituting this in equation (2) 
we get: 


1 Omi 62, 4nuio 20 
aa ae oc Moores 
where 
ips 
V220mu 


The exact solution of this equation is possible with the help of Bessel func- 
tions, but this will complicate the following calculations unnecessarily. 

We now introduce a new variable « = 7)—~vr which is equal to the distance 
of the point (7, p, z) from the surface of the wire. We obtain then for (2): 


thes Gile 90° « Rke 
a—r0n Oct 8 


H, 


If now 06<7p (i.e., the depth of penetration of the magnetic field is very small 


anal to the radius of the wire) we can write with good approximation 
or (2): 


OH. 24 
oa BT ) 
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We can use this approximation since the solution of this equation is of the 


ba 
at, : 
form H = Hy-e ° in which case cde < a if d<r7y. This is equal to 


L—y Ox 
assuming the surface of the wire to be Oe eA a plane. 

Noticing that the field H must be equal to Hy at x =0 (surface of the 
wire) and practically equal to zero at x= 79, we obtain as the solution for 
equation (3): 
iot—(14i) 5 


H = Hye 
the real part of which is given by 
2 is 
H = Hy-e *-c0s(ot— 5) (4) 
where 7 | 
he ae 
V220" 


Thus 6 represents the depth in which the field AH has fallen to the value 


H : 
b— at the time a 
e€ b6@ 
Assuming the differential permeability w of the material to be constant we 


can calculate the magnetic flux ® in the wire: 
0 Pes 
G= [Bas = — 2a | Hye *-c0s(ot— 5) -(ry—2)-de. 


Using that 6<~rg we get: 
D = nH, mdVr? + (1 — 6)? cos (wt — p) = V2 Hor) 146 cos (wt — ) (5) 
where 


tgp =1——2=1 


or 


As a more complicated problem we may assume that the wire is composed 
of two metals with different differential permeabilities uw, and py but equal 
specific resistance 90. The metal I with the permeability , forms a thin layer 
with constant thickness d on a wire consisting of metal II (see Fig. 12). We 
assume that d <7, the radius of the entire wire. As before we denote by the 
variable 2 the shortest distance of a point in the wire from the surface of 
the metal I. 


1 Becker, Theorie der Elektrizitat I, page 180. 
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Fig. 12. Cross section through a wire used for deducing equations (6) and (7). 


Using the suppositions made above we have for 0S a2<d 


0H, oc 0” Ay 


Ot 4am, Ox 


Assuming again that the magnetic field is of the form H = Hy:coswt, we 
obtain 


Hy = Hye *-c0s (we) (6) 
x 
where e 
Fi pitas AB 
V2a2@My 


For d< arp we have 
GH, oc, 0 H, 
Ot ~ Agus O2- 


the solution of which is 


where 


Now, at x =d we must have H, = Hp: 


i a 
Hy:e %-cos (or <) = H’-coswt’ 
1 
hence 


Fag ee ae : re 
Hy = Hy-e % % cos (or —¢ — 25-4). (7) 
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If the differential permeabilities uw, and 2 of the wire are constant we can 
again calculate the magnetic flux ® in the wire: 


ae a tr, 
@= D, ae @, = 2a my { Hy (2, t)* (%o — &) dx + 270 Me { Ha (x, (9 — a)° ax 
0 d 


We obtain for the integrals under the condition that 6, and dé, are much 
_smaller than 7: 


d 
D, = 2xm [ Hy (x, t)-(ro— 2) dx 
0 


= ae oF . 
= xVireHoib,)/ 126 %-c08 © +e *t-c0s (wt — 7 — 9] (8) 
1 
where 
sin Z 
6 
tg ~ = d , d 
Sa 
: ase a é 
and 
Yo 
@, = 27 | He (x, t)- (19 — #) da 
d 
" _@ ae ul 
= 2V 219 Hy fy 59 *e 008 (mt —7— 2). ”) 


8. Calculation of the negative peak voltage 


When the condenser C, is discharged through the primary coil P (see Fig. 1) 
a large negative voltage pulse is induced in the secondary coil S, the peak 
voltage of which is about 1200 volts as shown by Fig. 2. We shall now try 
to calculate the peak voltage of this pulse for the first condenser discharge 
by using equation (5). In so doing we assume that this equation also can be 
applied to sine-shaped pulses although it has been derived only for an alter- 
nating magnetic field. Since we start from negative saturation of the iron we 
put the differential permeability ~ approximately equal to 3000 which is some 
kind of a mean value of maitz as can be seen from Fig. 6. Because of these 
assumptions the calculations can only give an approximate value for the peak 
voltage. 

Using equation (5) we obtain for the voltage V induced in the secondary 
coil by one iron wire core: 


-Nd®_ WN 


Y on ge 7, V 2a Hom d-«-sin(wot— 9) 


where N is the number of turns of the secondary coil S and c the velocity 
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of light. Since the iron core consists of three wires we will get for the peak 
voltage induced in the secondary coil: 


Kia 37 V221r9 Hy dw. 


The value of Hy and @ can be calculated from the circuit constants of the 
primary circuit, the results of which agreed with the measurements made. It 
was found that Hy) was about 16 Oe and w = 2-10° per second. Using further 
N =5000 and rp = 0.5 mm (see part 2) we obtain for the peak voltage of the 
negative voltage pulse induced in the coil S: 


ee a Aig: aves Hottie = 5.3 e.s.u. ~ 1 600 volts 
(6 


which agrees fairly well with the experimental result obtained with the cathode 
ray oscilloscope, especially if one takes into account that the voltage impulse 
is of very short duration and the secondary circuit contains considerable capaci- 
ties. Therefore the voltage measured on the screen of the cathode ray tube 
will be less than the theoretically calculated value. 

Because of the approximative character of the calculation given above, the 
air space between the iron core and the secondary coil (see Fig. 5) has been 
omitted. Because of the high value of the permeability it can be shown that 
its influence is not very great while it would complicate the calculations un- 
necessarily. We will find that it cannot be omitted in the calculations con- 
cerning the positive part of the induced voltage pulse following below. 


9. Calculation of the positive peak voltages 


We shall now try to calculate quantitatively the maximum voltage ampli- 
tudes V, of the positive voltage impulses induced in the secondary coil S 
using the quantitative theory outlined in part 6. The positive part of the 
induced voltage impulses begins at the time t= 7 (see Fig. 2) at which @, 
the magnetic flux inside the secondary coil S, has reached its maximum value. 
As it can be seen from Fig. 2 this part of the voltage impulse is by no means 
sine-shaped. Its form depends mostly on the construction of the different coils 
on the iron core, the current-dependence of thyratron resistance in the primary 
circuit and the eddy currents induced in the iron core itself. Because of these 
facts and because of the changing of the permeability in the iron during a 
magnetizing pulse a calculation of the voltage amplitudes V, is possible only 
if one makes the following presumptions: 


a) w of the primary circuit is constant 


b) the voltage pulse after ¢ = 7 can be written in the form V (t) = V,-/ (t), where 
Vn is the peak voltage of the pulse and f(t) an unknown function except 
that 0 < f(t) <1 and f(t)=0 for t= TZ and t-> oo. 


c) the equations (6) and (7) are valid in the vicinity of ¢ = 7. 
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The presumptions a) and b) are justified by experimental observations made 
with the cathode ray oscillograph and assumption c) by the fact that the 
primary pulse has very nearly the form of a sine wave during the time 
Oot = T: 

The differential permeability ~ of the iron can be described to be the sum 
of the permeability u, due to the reversible magnetization and the permeability 
f4, due to the irreversible magnetization! Since 


H 

B= {ud 
and ; 

= br + oi 
we get - _ 

®=[Bds=f[[mdHds +f f wdHds 
s s 0 s 0 

or 


D = D, + D;. (10) 


Thus we can write the magnetic flux in the iron as a sum of two parts: the 
flux @,, due to the reversible magnetization and the flux ®; due to the ir- 
reversible magnetization. 

In part 7 it is shown that the depth of the surface magnetization is in- 
versely proportional to the permeability of the iron. If the iron is magnetized 
to saturation its permeability is practically equal to u,. Since u;,<p each 
following condenser discharge through the primary coil P will increase the 
depth of the surface layer magnetized to saturation. Let the depth of this 
layer after the nth pulse be d,. We now introduce a simplification by assuming 
that the permeability of this surface layer with the depth dy is equal to br 
while the permeability in the depth «>d, is equal to uw. Under these circum- 
stances we can use equations (6) and (7). 

The n+ 1st~condenser discharge will increase the depth of the saturated 
surface layer to the depth dy4i1. Then the maximum field strength Hy that 
will be reached during the + Ist pulse in the depth dn+1 is equal to Hin, 
the minimum field strength necessary to drive the iron to saturation. Using 
equation (7) we obtain for «= dn+1 at the moment of maximum field strength 
in the depth dn+1: 


where 


From this equation we get: 


dn4+i = O+In 


ro) 
sea dn(t ear 


1 Becker und DorING, Ferromagnetismus, page 7. 
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Considering the first condenser discharge we obtain: 


H 
dy — dng 
Thus we can write 
6 
Adn+1 a an(1 id 4 ts dy 


from which we can deduce 


or 


; ap (: 3) |: (11) 


With the help of this formula we can calculate the depth d, of the saturated 
surface layer. It approaches asymptotically a maximum value for very large 
values of » since 0<1 ae ap | 
r 
On experimental evidence we assumed that the time dependence of the 
positive part of the nth voltage pulse can be written 


N d@ 
TL eats iat 
we find by integration 
; N [d® 
[Vo-de=va[1@-de=—2 [OP -ae 


By definition the integral | /(t):dt has a finite and constant value for all volt- 
Tr 


age pulses. Therefore we introduce a constant K defined by 


l ioe] 
zo yf to-ae. 


T 
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Then we can write using equation (10): 


rae 
Vn K[o -dt=—K|®(t)| 
fH 


= —K|@,(t) + G;(t) + Ga(t)|2 


where @, (t) is the magnetic flux in the air space between the iron wire core 
and the secondary coil (see Fig. 5): 

At ¢=T, @; has reached its maximum value and will be constant there- 
after. Thus the positive part of the voltage pulse is due only to the change 
of ®, and ®,. Since @, and @, will be zero at t = co we get 


Vn = K[®,(T) + Ga (T)]. (12) 


- At the time t= 7, ® has reached its maximum value. Since @; is constant 
for t= T, @,(t) + Da(t) reaches its maximum value at t= 7. Using equations 
(8) and (9) we shall now calculate @,(t) for the m + 1st pulse. These equations 
can be employed here since it could be shown by experiment that the dif- 
ferential permeability wu; of the reversible magnetization is nearly constant and 
equal to 100 for the field strengths used in the apparatus. 

Using equation (8) we obtain for the flux in the saturated surface layer of 
the three iron wires due to the reversible magnetization in the vicinity of the 
time t= T: 


o= 32VimyHaueds V/ Des 2 eae “COs HB) or 3608 (o i a m1) 
Ue 
where 
an” 
Or 
tg 91 = dn 
Iya e 
Or 


and by equation (9) for the inner part of the three wires: 


; 4 
9 ae d 
Pz, = 32 V219 Ho ur de oy - COS (we-$— 2) : 
: 
Finally we have the magnetic flux ®, in the air space: 
Dy ss F- Hy: cos wt 


where F is the area between the iron wire core and the secondary coil. 
Writing 
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A=H,f 


dy dy 
Z es dn a2 
B = 32V 219 Ho Mr Or 1—2e r-CO8 = + @ r 
r 
= in 
C = 382V2roHomrde 
we get for the entire flux through the secondary coil S not due to the ir- 
reversible magnetization at the m+ 1st pulse in the vicinity of t= T: 


EL mt 
Py41(t) = A-cos wt + B-cos (o—7—m) + Ccos(o¢—7— 2) 


or: 


Py +1 (t) = 


MA 


¢ n dn 
-// AP+BP+ 08424] B-cos (T+ v1) + Ccos (7 +e) +2BC- cos( 115") 


-cos (wt — n) (13) 
where 
4 tO; 


7 x , dn 
A+ Boos (7 sui a] vd Coos (3 + -) 


Bsin(7 + m1] ee O-sin (7 + 3) 


tg 7 = 


@, (t) + Da (t) will assume its maximum value if cos (wt — ») = 1, hence T= kl 


wo 
Using this fact in formula (13) we obtain finally for the peak voltage of the 
n + Ist impulse: 


Vns1 a 


= K|/ # + B?+ 02+ 24] B : cos(7 + n:] +C: cos(7 + =) + 2BCeos( 115"): 

r r 
With the help of this equation and equation (11) we are able to calculate the 
peak voltages of the positive part of the voltage pulse induced in the secondary 
coil. Using the constants F = 0.022 cm?, Hy = 16 Oe, Hmin = 8 Oe, br = 100, | 
4 = 3000 we get with K = 95.7 the following results: 


Table 3 
SS 
Pulse number 1 | 2 | 3 4 5 | 6 | ty) | 8 | 9 | 10 


Calculated peak 


voltage (volts) ..| 78.5 | 113 141 161 | 177.5{ 190 | 198.5| 205.5] 210.5] 215 
Experimental peak 


voltage (volts) ..| 87 108 142 162 | 177 188 | 196 204 210 215 
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As can be seen from table 3, the theoretical and experimental results are in 
good agreement except for the first two pulses. This is probably due to the 
fact .that the simplification made on page 17 concerning the permeabilities in 
the regions 0 <x <d and x>d is not applicable here. The value of Hmin has 
been taken from the Fig. 6 and is somewhat arbitrary, but it could be shown 
that it may be varied in wide limits without changing the results appreciably. 
The same is true for the quotient m,/u. Finally, within the limits of error, 
the constants / and K used above are in good agreement with the values 
for F and K determined by direct measurements. 


The author wishes to express his sincere gratitude to Prof. B. Epiin, Prof. 
S. von Friesen and Prof. T. Gusrarson for their constant interest in and 
support of this work as well as to Mr L. Sricmarxk for his kind aid in con- 
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W. Dorine for valuable discussions concerning problems in connection with 
this paper. 
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Communicated 5 December 1951 by O. Kier and I. Waller 


Wave equations for integer spin particles in gravitational 


fields 


By O. Bru tin and S. HyaLtmMars 


Introduction 


It has been shown by several authors, that the ordinary Drrac equation for 
the electron can be extended to general relativity. This theory has been given 
a very simple and systematic form by ScHr6pINGER [5] and Baramann [1]. 
The principal basis of the theory consists in giving covariant form to the 
commutation rules for the matrix coefficients y, of the Dirac equation. This 
is simply done by changing the 6,;;:s of these rules into g,):3 and the },:s into 
space dependent ;:8. 

On the other hand we know that in special relativity not only the electrons 
but also integer spin particles can be described by Dirac equations. For spin 
0 and 1 the matrix coefficients 6, of these equations satisfy commutation 
rules, given by Prrrau [4], and more closely investigated by Kemmer [3] and 
others. 

The purpose of the present paper is to generalize the Dirac equations for 
spin 0 and 1 particles to general relativity after the same lines as in the 
electron case. 

In § 1 we investigate the general properties of the Bx-field in close analogy 
to SCHRODINGER’S treatment in [5]. 

In § 2 we apply the method of Barcmann [1] to define the representation 
of the f,-field by means of orthogonal systems. 

In §3 we discuss a special representation of the Bx:s, which is analogous to 
the special representation chosen by ScHrODINGER for the yx:s. 

In § 4, which is the main part of the work, we show that in general as 
well as in special relativity (cf. Hsatmars [2]) a Px-representation can be found, 
that takes direct account of the tensor properties of the wave function com- 
ponents. This representation turns out to be very simple. It is given in eqs. 
(46) and (54) as an explicit function of the gm:s of the gravitational field and 
of the space independent f;:s of special relativity. Using this representation 
in the Drrac equation we finally deduce the field equations for the wave 
function components, which are shown to be the Kirm-Gorpon and PRoca 
equations of general relativity. 
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§ 1. General properties of the };-field 
Consider a set of four fx:s, satisfying the covariant equation 
Bx Bi Bm + Bm Bi Be = Be Gim + Bm Gr- (1) 


Here the f,:8 are assumed to be transformed as a 4-vector. The gxi:s are the 
components of the metric fundamental tensor of the external gravitational field, 
so chosen that they are purely imaginary if one and only one index is 4 and 
real in other cases. 

If Bj; satisfies (1) this is evidently the case also for 


Bc = S* B.S. (2) 


Conversely, if fj and f;/ are two sets of (;:s satisfying (1), an S can always 
be found, such that (2) is fulfilled. This statement can be verified e.g. by 
transforming (1), in a certain point, to an orthogonal coordinate-system. The 
Bu:8 are then transformed into the orthogonal f,:s, satisfying the ordinary 
Petiavu [4] commutation rules 


Bx Bi Bm + Bm Bi Be = Bu Om + Bm Oxt- (3) 


As well-known, two sets of fx:s satisfying (3) can be transformed into each 
other by an S-transformation, which is thus true for the original f;,:s. 

Let the contravariant and covariant components of a 4-vector be transformed 
in the following way: 


A™ = gh A’, (4) 
Aj, = bk Al, (5) 


where every quantity is purely imaginary if one and only one of its indices 
is 4, and real in other cases. Then it follows from the preceding arguments, 
that the most general transformation of the f,:s is 


Bi = 6 SBS. (6) 


Of course, not only (1) but every tensor equation, containing the fxs and 
ordinary tensors is covariant under (6). 

Let us now consider the derivatives of fx. Just as in the electron case 
(([5] p. 108) the assumption 


6 Bx = Diem Br Oa™ (7) 


satisfies the differential of the commutation rule (1). This can of course be 
proved by direct differentiation of (1), but a somewhat simpler way is to 
consider the geodetic system #”. Here we can put 


6 Bx = 0, (8) 
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since this evidently satisfies the differential of (1) in a geodetic system. By 
transforming (8) to the general system we obtain: 


ee = MUA 
8 Be = 8 (Be Pr) = fig 5.82" = at By 5m 3.0". (9) 
Since 
Gly ss 
aa ply, and. at. dy), (10) 


we finally obtain (7). Now, from (7) follows by the same arguments as in [5] | 
pp. 108 and 109: 


a) 
sot — ThBe + be Ti — Ti fa = 0. (11) 


The covariance of (11) implies that, by the transformation (6), the Iy:s are 
transformed as 


Tj, = bi (sris—s*95). (12) 

Let Y and f be two quantities, transformed as 
bag A (13) 
plL=S 6S, (14) 


when the f,:s are transformed by (6). Here the star denotes the Hermitian 
conjugate. We have 


"Bl = (B* B)S. (15) 
As an immediate consequence of (6), (12), (13) and (14) the quantities 
W* B Bx Bi F 


F 
an vpn (2,1) (16) 


are transformed as ordinary tensors in the indices k,1/,...s. Here the operator 


(= r) must be placed at the end of the fx:s. If we want to put this 
‘NOx 


: 0 } 
operator at an arbitrary place, we have to substitute aa by the ordinary 


covariant derivative with respect to the following /x:s. ; 
From (6), (12) and (13) also follows, that the generalized Dirac equation 


{—in "(5% — 1) —a]¥ =0 “2 
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is covariant if we put 


2 = S718: (18) 


In an analogous way as in [5] pp. 109 and 110 we can prove the following 
relations from (11): 


Dy: Bi = fy PD, = Riri” Bm, (19) 
where 
OTOL 
Dy ee ae (20) 


For every irreducible representation of the {,:s the general solution of (20) is: 


Dy, = — Rit, mans” + fer? , (21) 
where ; 
Thus we have in our case also: 

0 
fer Spl = Sp Pir = 5 SpLi— a Spl. (23) 


§ 2. General definition of the 3,:s by means of orthogonal systems 


Let us now, according to Bargmann [1], always define the f,:s in every 
point by means of a coordinate system, orthogonal in the point in question. 
In all points the f;:s of the corresponding orthogonal systems are assumed to 
be the same fixed representation of (3), and 


B= 1-22 (24) 


As well known, 6 commutes with #, and anticommutes with f,, f,, B,. The 
most general f,:s and f of the general system are then defined by the trans- 
formation (6) and (14) from the orthogonal to the general system with an 
arbitrary S. Now, ff, have the Hermiticity of a 4-vector, apart from a factor 7. 
The point-substitution part of (6) conserves this Hermiticity. For the S trans- 
formation part of (6) and (14) we have 


B’ Bi. = S* BSS Be S = S* BB. S. 


BB. have thus the same Hermiticity as 6 £,. It is consequently a general 
property of the /,-representation, defined above, that the vector operators 
iBB. and iff" have both the Hermiticity of 4 vectors. This result can of 
eourse be generalized to tensor operators of higher rank. 

Of course we can now also calculate the J%,:s belonging to the £,-representa- 
tion, defined above, by a method analogous to that given by Baramann [1] 
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for the electron case. However, later on we shall choose a S, which corresponds 
to a representation of the 6;:s, more natural for the mesons, and we restrict 
the calculation of the J',:3 to that case. 


§ 3. A B,-representation, analogous to Schrédingers ,-representation 


So far, no conditions whatsoever have been imposed on the transformation 
operator S, used in the definition of the f,:s. If we want to specify S, this 
can be done in different ways, natural from: different points of view. In this 
section we briefly investigate a choice of S, which is analogous to that made 
by ScuropinceR [5] in the electron case. This choice can be defined by the 
condition that in every system 


B = G14 — 2 Bi. (25) 
This means, according to (14) 
gis — 2 Ba® = S* (Guy — 2 fi) 8. 2: (26) 
On the other hand, by (6): 
| gis — 2 Ba? = 04 bi S* (rs — 2 Br Bs) 8. (27) 


By identifying (26) and (27), we can determine the non-unitary part of S. We 
perform this determination for an infinitesimal transformation 


S.=1i+' @) bs = Ore — e5: (28) 
If we multiply (26) and (27) by S* from the right and S from the left and 
identify, we obtain: 


(O + ©) (G44 — 2 Bs) = — 24 (ra — Br Ba — Ba Br). (29) 
Multiply (29) by 94 — 22 from the right. Now we have by (1): 


(Gas — 2 Ba)? = gat — 4044 Ba + 4 Bs = gas , (30) 
and 


(9r4 — Br Ba — Ba Br) (Gas — 2B) = , 
= Jaa Jr4 _ 2 Gra Ba a Gas Pr Ba a 2 Br Ba — Gas By Br . 


+ 2 Ba Br Bs = O44 (Gra + Br By — Ba Br). (31) 
We thus get the non-unitary part of the infinitesimal transformation : 
0+ 0° 4 
4 = — = (B, Bs —BaBr + 914). (32) 
Ga4 


The unitary part is left quite arbitrary by the condition (25). 
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The ,-representation, resulting from this choice of S, can, just as in the 
electron case, be proved to have some special properties with respect to the 
Hermiticity of the fx:s. So are e.g. B!, 6%, 6% and f, always Hermitian. This 
is, however, no reason for choosing just this representation, since only the 
Hermiticity of operators as BB, are of physical interest, and this property is, 
as we have seen, quite independent of the choice of S. 


§ 4. The £,-representation, directly given by the tensor-character of the 
wave function . 


We shall now make another choice of S, which more directly takes the tensor 
character of the field into account. We require, that S~* operating on the 
l-column wave function Y will, in the scalar meson case transform the five 
components as a contravariant 4-vector and a scalar, and in the vector meson 
case the 10 components as an antisymmetrical contravariant tensor of 2nd rank 
and a contravariant 4-vector. We must then start with a /,-representation, 
which is adapted to this purpose. Such a representation is developed in [2] 
Ch. III and IV. In order to make it possible to write all formulae so that 
they are valid in both the scalar and vector meson case we introduce an operator 
@s which is 1 in the scalar case and 0 in the vector case and an operator 
@y =1-—q@gs. Furthermore we need the matrices @, and w; = 1—«@,, which 
in the two cases are just the @,, @, and @;, w; of [2] eqs. (103)—(107) and 
(160)—(164), satisfying the eqs. (220) and (221) of [2], viz. 


GB = Be@s, Os Bx = Bre Oy. _ (33) 


@s, My, @, and @; can be expressed as polynomials in Bx B®. They are seen 
to fulfill the following relations: 


BiB’ Os =O, Os, BB Os@s = 40505, | 
2 Aske ° ° ¢ ° ° = ak ° ° ° ° (34) 
Br B’ @goy = 2@,0y, Pep’ @s,oy = 305 oy. | 
Let us consider the transformation operator 
S = bi Bx B 4s ++ Ws Ws + 
+ £bf bf Bx (B' py A) B Wy @y — of (p' Bi ee 9k) W; Oy. (35) 


The operator S~* which corresponds to the point substitution in the opposite 
direction is of course: 


S71 — ak Br B ays => Os Ws = 
+ gal at Bx (B Br — gt) B! doy &y — ak (BT Be — gh) Os rv. (36) 
By means of the equation (80) of [2], viz. 
(| Be|n') = i (Bn Ons — dns 8m) (37) 
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we obtain immediately by (13) for the scalar meson case: 
Pe = Ong PO af E. (38) 
The equation (139) of [2], 
(mn | Br | m’n’) = 4 (Om% Om's Onn — ex (kd) —ex (mn) —ex(m'n’)), (39) 
for the vector meson case gives 
(mn | (Br Bi — 6x1) @s|m’n') = — ms Oms Ont One — ex (mn) —ex(m'n’). (40) 
Using (39) and (40) we find by (13): 
As = af at E+ bms at PO! — Ons al PO. (41) 


S~* thus transforms WY in the required way. 


We could of course as well have required, that the components of Y have 
the transformation properties of covariant tensor components. The transforma- 
tion operator, which, operating on YW, transforms it in such a way, is clearly 
obtained from the S~* of (36) by replacing every aj with bi. The same operator 
can be obtained from the S of (35) by interchanging the order of the fx:s, 
since this can be written as an interchange of upper and lower indices of the 
bi:s. The operator, which transforms WY as a covariant column, is thus the 
transposed matrix S of S. 

In this paper, however, we stick arbitrarily to the contravariant tensor 
properties of the column Y as given by (36) and (13). Then a 1l-row wave 
function has covariant tensor properties if it is multiplied by the S of (35) 
from the right. In fact, this multiplication can be written as the transposed 
matrix S operating on the wave function written as a column, and, as just 
shown, S transforms the components of the column as covariant tensor com- 
ponents. From (15) we can now infer that Y* # has covariant tensor properties. 


We shall now calculate the 6 of our representation by transforming the B 
of the orthogonal system to the general system by means of (14). Let the 


coefficients of this transformation be df and bf and S the operator (35) with 
these coefficients inserted. We obtain by (14), (24) and (35) 


ps As - ASS 


In fact, the change of sign, caused by bE and bit (k= 1, 2, 3), 1s compensated 
by the anticommutation of B with Bu By. Now, consider SS as a transformation 
operator on a column WY. We know that S transforms WY as a contravariant 
column from the general system to the W of the orthogonal system. S there- 


after transforms Y as a covariant column back to the general system. SS 
thus transforms the contravariant Y to a YW, containing the corresponding 
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covariant components. SS can thus be obtained as the matrix (36) with the 
ak:s changed into gxi:s. We consequently get: 


p= Bt £9018" B 4s + Ws @s + 
i 491 9B (B' Br — 9") B oy oy — gui (BB —g"')as Wy}. (42) 


Our assumption of the transformation character of YW evidently implies 
rather complicated, although easily interpreted, expressions for S and f. Never- 
theless, it gives rise to very simple explicit expressions for the fx:s. To 


see this we calculate the {,:s by transforming the Br: s of the orthogonal system 
to the general system by means of ane ). For the calculations we use the follow- 


ing relations for the df:s and bis 


dr ds g’* = re By b Ors = 9x1, Where g* a Ove = Ors. (43) 


Furthermore we need the formulae 


(Bx Bi — gui) 50s =0, (44) 


(Bx Br — 9x1) (Br Bs —Grs) + (Br Bi — Gr1) Jus] Ds = 0. (45) 


(44) is a well-known formula for the scalar mesons, which e.g. can be derived 
from the formalism of [2] Ch. III. (45) follows from (44) in the scalar case 
and from (40) in the vector case. We get by (6): 


= BSB, S = 5? By BnB Oydos + bh a? Bn B! By og os — 
— 40% df Bf BE (B' Bn — Gn) (Bs Bm — Gem ) (B” Br — GP) + 
+ (B' Bn — Gn) (B Br — a) Gsm } Bid ov — 
— 40k dP a BP Bn { (B' Br — G+) (B Bs — a5) (B” Bm — a) + 
+ (B' Br — G1) (B? Bm — Ga) G5} Gs coy. 
We finally obtain by (33), (34), (43), (44) and (45): 
Br = Oxi’ @y + Buds. (46) 
The contra-variant component. is 
BY = Bag +g Bids. (47) 


We know of course from (6) that (46) satisfies (1). This can, however, also 
be proved directly by means of (3).° 

Let us define Ws, Ov, Wy and @; in the general system as the same poly- 
nomials in BiB" as Ws, wy, wy and ws; in Br B*. Then every relation between 
the Br: s and the w:s, which is of covariant form, is also valid in the general 
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system. Such formulae are e.g. (33), (34), (44) and (45). Also we have ws = 1 
for the scalar case and 0 for the vector case and vice versa for Wy. 
With (46) and (47) we get 


Br BY = (Bu dos + 9x1! dy) (g*" Bm dds + B¥ doy) = 
= Bi Br (4 + gui g"™ B Bm Ws = BiB". (48) 
Bx B* is thus the same in all coordinate systems, and we consequently have: 
Qs = Ws, Wy = Wy, @, = Wy, On = Ws. (49) 
By multiplying (46) and (47) from the right by a, and @, respectively we get: 
Bios = Bus, (50) 
B* coy = B* ay. (51) 


For the orthogonal transformations of special relativity it follows from (46) 
that the S-transformation (35) is the well-known transformation which together 


with the point-substitution leaves the f,-s unaltered. A transformation with 
this property does not exist in general relativity, but (50) and (51) show that the 
S-transformation (35) together with the point-substitution leaves B, a; and p” w, 
separately unaltered. From (50) and (51) also follows that the superfixes ° in 
(35) and (36) can be cancelled, and that 6, and fj, in two general systems gx; 
and g;, are related by 


Bi = Gir B Wy + Bes. (52) 


We are now able to calculate the J%,:s of (11), belonging to the representa- 
tion (46). We then start with an orthogonal system, z”, in the usual way, but 


in addition we make this system geodetic, x", which is always possible. In 
Op : : ge” Btixs 

such a system, a = 0, since by forming the derivative of (46) only derivatives 

of the g;,:8 occur. Since also Ti, =0, (11) implies that the T,:3 commute with 


the Bris. Apart from a vector times the unit matrix we then get by (12) in 
the general system: 


je ae as (53) 
4 


The calculation of (53) by means of (35) and (36) gives: 


y= ie (54) 
with 
qui = B™ Bw, — (8 B" — 9") as. (55) 
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We shall also show directly by means of (1) that (54) satisfies (11). Since 
by (46) and (51) 


ae ri C88 Bo, = (Ls,x1 + Ix, s1) Bog, (56) 


we obtain for the left hand side of (11): 


OBe __ 1 BY + By Ti — TBs = Tors {(B 0% — Bu BB’ — BB Bu + Bug”) 4 + 


Ox! 
+ (—f' gk + Bx" B’ — Bug”® + BB Bx) ws} = 0. (57) 
For an infinitesimal transformation with 
bY = Oxi — ef, (58) 
we have by (35): 
where 
Qe: = Iumg”'. (60) 


The g*':s occurring in the Jy:s are thus the operators for the infinitesimal 
general relativistic transformations, the antisymmetrical, rotational part of which 
is the s*' of (22): 

gk! = ge'—q*. (61) 


Of course we want I%,:s, making the right hand side of (23) zero. Now we 
have by (55): 


Spg™ = Sp{(B" ws) (B' a4) oT (B' 4) (B” ws) + g”' ws} Ee g”' Sp ws. (62) 


Consequently we have for the I}:s of (54): 
0 =z 
Sp Ty =—Tii Sp os = — 5; log VaSp a. (63) 


This spur is not zero, but since it is a gradient, the right hand side of (23) 
vanishes, as required, 


In special relativity (cf. [2]) we know that the most general form of 4 in 
(17) for free mesons is 


= — ty CW, — ifs C Ws. (64) 


By considering the orthogonal system it is easily seen that this statement is 
true also in general relativity with the representation (46) of the Bx:s. This is 
also the case for the statement in [2] p. 79, that if uw, and yu, are both different 
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from zero they can, without lack of generality, be assumed to have the same 
value. 


Using (47), (54), (55) and (64) we can write (17) in the following form: 


0 
tain (B* 4 +9 Bids) 5% —ihlis[ok B° 4 — 9" Bi (B° Br — 98) @s] ‘. 


+ ince + ingens} Y= 0 (65) 


Here we have used the formula 
ee eitaD mee Live OB, (66) 


which follows from (1). 


If we denote the covariant derivatives by ;k4, we obtain for the scalar meson 
case from (65), (37) and (44): 


VY, = 0, (67) 
pe ‘se ys — (68) 


Hence the Kiern-Gorpon equation of general relativity: 


Wek — 42s — 0), (69) 
where 
C2 
2 = ae (70) 


By (65), (39) and (40) we obtain for the vector meson case: 


Wir — Wie + 5 wk a (71) 
es “Hse wp =0. (72) 

Since 
xed om 0, (73) 


the covariant divergence of (72) gives: 
ye = OR (74) 
173 


0. BRULIN, S. HJALMARS, Wave equations for integer spin particles 


By inserting Y*', given from (71), in (72) we get the Proca equation of general 


relativity : 


yok _ ~2ye! — 0), (75) 
The photon case is just as in special relativity obtained by putting 
Ms = 0. (76) 


Institute of Mathematical Physics, University of Stockholm, November 1951. 
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A new type of accelerator 


By Hannes ALFvEN and OLLE WERNHOLM 


With 2 figures in the text 


In order to accelerate particles to high energies electric fields are necessary. 
In this paper the possibility of producing these electric fields by means of space 
charge effects will be discussed. 

A first attempt to construct an accelerator in this way was made some years 
ago at this laboratory by AHLsTROM, BRUNBERG and HerperG. They produced a 
trochoidal electron beam of the same sort as is used in trochotrons and modu- 
lated the beam so that small clouds of electrons are produced which drift in 
‘a combined electrostatic and magnetic field. An ion beam is shot in the same 
path as the trochoidal electron beam. The space charge field from the electron 
clouds act upon the positive particles. If the electron clouds travel with the 
same speed as the ions, these will remain in the space charge field for a long 
time. At the backside of each cloud the electric field has such a direction that 
the ions are accelerated. If the ratio between the electric and magnetic fields 
which produce the trochoidal beam increases along the beam, so that the 
trochoidal drift velocity increases, the ions will be accelerated. Attempts to detect 
this effect were made but the experiment was interrupted without any definite 
positive results. 

It seems possible, however, to produce strong space charge fields in more 
efficient ways. If an intense electron beam from a cathode is concentrated by 
electrostatic or magnetic lenses to a small focus, the space charge near this 
focus may be used for accelerating chargéd particles. If the fields of the elec- 
tron lenses are changed in an appropriate way, it is possible to displace the 
focus in such a manner that the ions remain in the strong space charge field 
a considerable time, and as a result are accelerated to high velocities. 

A possible way of making an accelerator according to this principle is the 
following. From a long cathode C electrons are extracted by means of an anode 
A (Fig. 1). In the region between A and another electrode A’a high frequency 
‘magnetic field is applied. This may be produced by two capacity loaded Lecher 
systems L,L, and L,L, along which high frequency electromagnetic waves 
proceed downwards (Fig. 2). The magnetic field and the eletrostatic field con- 
concentrate the electrons to a sharp focus # which proceeds downwards with 
the same speed as the electromagnetic waves on the Lecher systems. 

From an ion source a beam of positive ions B is shot along the line on which 
the focus proceeds. If the velocity of the ions equals the velocity of the focus, 
i.e. the phase velocity of the Lecher systems, the ions which are somewhat 
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Fig.2. 


behind the focus will be accelerated by the space charge field of the electrons 
at the focus. If the phase velocity of the Lecher system is higher at the end 
than at the beginning, the focus will increase its velocity and the ions behind 
the focus will be continuously accelerated. In a certain region near the focus 
the ions will be an in equilibrium which is stable both in the longitudinal and 
transverse directions. 

The maximum field strength H which may be produced near the focus is of 
the order EH = V/d, where V is the energy of the electrons and d the size of 
the focus. If V = 50000 volt and d = 2 mm a field of the order E = 0.25 MV/cm 
may be obtained. The high frequency magnetic field which is necessary to pro- 
duce the focussing is of the order of 100 gauss. In order to produce a pro- 
gressive field of this strength a pulse effect of the order 10° watt is needed. 

It is also possible to produce the focussing by a high frequency electric field, 
which may be combined with static magnetic lences. 

The project has been discussed for some time by a team consisting of 
J. Bsérxman, E-A. Brunpera, H-I. Exstranp, N. Herworson, L. LINDBERG, 
K. SmArs, and T. WaLiMark, and a model is under construction. 


Institutionen for Elektronik, K. Tekniska Hégskolan, Stockholm. 


Tryckt den 21 april 1952 


Uppsala 1952. Almqvist & Wiksells Boktryckeri AB 


176 . 


ARKIV FOR FYSIK Band 5 nr 13 
ane cee a 


Communicated 9 May 1951 by Manne SipcBaHn and Errk Huirann 


Precision measurements of nuclear gamma-radiation by 
techniques of beta-spectroscopy 


Part III 


Measurements of gamma-rays from lanthanum"*®, sodium?*, ThC”’ 
and gallium” 


By ARNE HepcRAN and Davin Linp 


With 6 figures in the text 
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Two recent papers (1) (2) describe the development and application of a beta- 
spectrometer with two-directional focusing to the problem of precision measurements 
of gamma-ray energies. Additional determinations with the apparatus will be discussed 
in this paper. The eventual aim of precision nuclear spectrscopy is the accumulation 
of a large amount of data which may be used for theoretical purposes, but the choice 
of the first determinations was dictated by the availability of sources. It is hoped 
that the results of these measurements may be useful to other workers. 


Section 1. Measurements of La!4® and Na?‘ gamma-rays 


One requirement of a beta-spectrometer is that it be exactly linear in its response 
versus Ho-value. The spectrometer used for this work contains iron in the field 
system. The actual magnetic field in the spectrometer is measured by comparison 
with the field in an iron-free Helmholtz coil system. For Ho comparisons, espcially 
at low energies, an experimental check of the spectrometer linearity is desirable. 
The best method for a check of this type is by means of a cross-over transition. If 
in a decay two or more gamma-rays are emitted in cascade together with a ray 
which parallels the cascade rays, it is possible to make this check because the sum 
of the energies of the cascade rays must equal that of the cross-over ray. A number 
of cases were investigated but only one, La!*°, offered hope of success even though 
its decay scheme is not too well known. The scheme given in the Nuclear Data (3) 
is that of Beacu and collaborators (4). There are three lines reported at 0.335, 0.49 
and 0.82 Mev; on the basis of energetics alone it is assumed that the 0.82 Mev line 
is a cross-over line for the other two. Cork et. al. (5) have reported values of 0.328 — 
and 0.487 for the two ‘gamma-energies in the range of the spectrum which they 
studied although these are only two of some 11 lines below 500 kev reported. The 
relation between energy and momentum for fast electrons is not linear so that the 
relation connecting the momenta of the photo-electron lines from uranium ejected 
by the three gamma-quanta is also not linear. This might in principle be used to 
calibrate the spectrometer, but it happens that the relation between the observed 
readings is very insensitive to the choice of the linear scale factor. Hence the linearity 
of the spectrometer response may be checked independently of the exact calibration. 
The La‘? lines cover that part of the momentum range which should be subject to 
the most serious non-linear effects from the iron core of the spectrometer. 

The source for these measurements was La,O, packed into an aluminum tube. 
A brass sleeve was placed around the source to prevent beta-particles from entering 
the spectrometer. The large background under the photo-lines, which arises from 
Compton electrons ejected by the 1.6 and 2.7 Mev lines of the spectrum, made the 
measurements rather difficult. First a preliminary run using a 20 mg/cm? Pb con- 
verter was made to locate the lines and to estimate their intensity. Following this 
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La’ - Secondary Photo-lines from Uranium 


N 
0329 Mev 5 0487 Mev ‘ 0815 Mev 


5900 6000 8300 8400 12750 12850 


Fig. 1. The three K photo-electron lines produced by the La*** gamma-radiations at 0.329, 0.487 
and 0.815 Mev are shown. A 0.7 mg/cm” uranium converter was used for the first two lines and 
a 3 mg/cm* converter for the last one. These curves are the mean of two runs in each case. The 
large background is caused by Compton electrons from more energetic radiations in the spectrum. 


run the resolution was changed to 3 parts in 1000 and uranium converters were 
used, 3 mg/cm? for the 0.8 and 1.6 Mev radiations and 0.7 mg/cm? for the other two. 
Two runs were made over the K photo-lines from the gamma-rays at 0.328, 0.487 
and 0.82 Mev and one over the line from the 1.6 Mev ray. The curves shown in Fig. 1 
are the average curves from these two runs and illustrate quite well the difficulties 
associated with high resolution measurements in complicated spectra. The rising 
background under these lines is for the most part due to the Compton electrons from 
the 1.6 Mev gamma-ray. The converter thickness did not match the spectrometer 
resolution in every case so that the photo-line heights were somewhat lower than ° 
could be obtained without line distortion. At the same time the Co® 1.33 Mev line 
was run for calibration purposes. To correct for converter effects the Th Z line, taken 
under similar conditions, was normalized to each curve and fitted so that the lines 
coincided on the high momentum side. By this procedure it was possible to evaluate 
the converter effect and to estimate the correction. These estimates were in good 
agreement with those arrived at by the more precise analysis described previously 
2). 
i Table 1 are presented the data. The values given under R are the spectrometer 
response in ohms (proportional to the magnetic field) for the various lines after 
correction for the earth’s field. There is also a small correction of less than 1 in 104 
for changes in the Helmholtz coil temperature which has been applied to these results. 
The H o-values and the energies of the lines were calculated using the value of 1.3318 
+0.0010 Mev for the Co® line energy (8). To each energy value in the table two 
probable errors are assigned. The first of them is computed with neglect of the error 
in the Co® standard, the second one is the over-all probable error. For the linearity 
check the error in the standard is unimportant. It is to be noticed that the results 
agree very well with the values given by Cork (5). 

The sum of the energies of the lines 1 and 2 is 815.2+0.2 kev. This agrees within 
the assigned errors with the energy of the line 3. It is therefore quite probable that 
the line 3 is the cross-over: we shall use this assumption to estimate the non-linearity. 
Tf one writes the energy condition which must hold between the photo-electron ener- 
gies corresponding to the gamma-lines, one obtains: 
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Table 1. 


Potentiometer values for the photo-lines (K lines from uranium) used in this 
section. All calculations are based on Co® as a standard with the energy value 
1.3318 + 0.0010 Mev. 

———— 


Probable error of E,* 
Line R* (ohm) Ho (gauss-cm) E,? (Mev) (kev) Y 
SU a a a 

La?’ 

1 6 027.4+1.8 1 710.7 0.3286 0.1 0.3 

2 8 449.5+1.7 2 398.2 0.4867 0.1 0.4 

3 12896 +2.6 3 660.2 0.8151 0.2 0.7 

4 22 619 6 419.8 1.596 2 2 

60 19 3904 ape 0 1.0 
Co 19 389 5 503.3 1.3318 
Na?4 

1 19 833 +3 5 629.3 1.3679 0.3 1.0 

2 36525 +5 10 367 2.7543 ° 1.6 2.5 


1 The errors in R are given with respect to consistency and curve analysis but do not 


include uncertainty in spectrometer scale. 
2 The value of the uranium K binding energy used for computing E, is 115.60 kev. 


3 In the column to the left errors are given with neglect of the error in the Co®® standard; 
to the right the over-all probable error is stated. 

4 The first of the Co lines was taken with the La™® runs and the second at the time 
of the Na*™ runs. 

° This energy can now be given more accurately using Brown’s value 9 988 + 2 gauss-cm 
for the momentum of the Th X line (6). The comparison to the Th X line was automati- 
cally obtained from the curve analysis using the latter line as window and a comparison 
has also been made in a previous work with this spectrometer (7). The energy of the Na™* 
line comes in this way out to be 2.7535 + 0.0010 Mev. 


Here H,, H, and E, refer to the photo-electron line energies and Ex ist he A binding 
energy of uranium. Also, 


cP=k(Hoe)=aR+ BR (1: 2) 


If 6 is not zero, at least 6 R < « for all values of R. R is the spectrometer scale read- 
ing. k is the numerical constant relating Ho-values to true momentum. 


E = [(cP)? + p*]'— wu. (13 3) 


jis the electron rest mass energy. When (1: 2) is substituted in (1: 3) and the terms in 
(1: 1) are expressed in terms of the spectrometer response, R, one obtains an equation 
containing a, 8, Hx and the measured values R; for the three lines. If one assumes 
Bb = 0, it is possible to determine a from the relation but the precision will be ex- 
tremely poor. The low curvature of the H versus P relation (1:3) in effect makes the 
check of linearity independent of the calibration constant which is used. Because 
it is difficult to write an expression for the ratio BR/«, it will suffice to say that the 
result obtained above indicated that B is zero to within the experimental error, that 
is the spectrometer is linear to within about 1 in 3000 This linearity check refers, 
of course, only to the energy region 0.2-0.7 Mev of the measured lines. As will 
be discussed in Sect. 2, there is actually an indication of a non-linearity of perhaps 
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1 in 10° over the large region 0.4-2.5 Mev and it would therefore be desirable to 
perfom “cross-over’’ checks at higher energies also. Even with the present informa- 
tion it is, however, possible to make quite precise energy comparisons of lines which 
differ greatly in energy. This will be done in the following for the Na”! gamma-rays. 
The study of the radiations from Na* has been made by number of workers (9) 
(10). The disintegration follows a single B-decay to a state of Mg®4 which decays by 
gamma-emission of a 2.76 Mev line to a second excited state at 1.37 Mev which 
emits a second gamma-ray of this energy. These two excited states have been observed 
in a variety of nuclear reactions and through inelastic scattering of protons and 
neutrons. The spins of the states have been assigned on the basis of angular correla- 
tion measurements of the two radiations as well as from their conversion coefficients. 
The ground state has a spin 0 since it is an even-even nucleus. The spin of the first 
excited state is assumed to be 2 and that of the second, 4. It is definitely known 
that the radiations are in cascade in this order. This decay is one of several examples 
in which simple numerical relationships between the level energies have been noted 
(11). Preiswerk (12) has cited this example in his discussion of the rigid rotor model 
of the nucleus. It is for this reason that there is some interest attached to the accurate 
determination of the energies of these lines. 

Two runs were made on each of the two Na* lines as well as calibration runs on 
the Co® 1.33 Mev line. A 3 mg/cm? uranium foil was used as converter. The results’ 
_are tabulated in Table 1. The Th X and ZL line profiles were used as window curves 
and as before corrections were made for the Helmholtz coil temperature variation. 
All these corrections have been applied to the data given in the table. The ratios 
of the Ho-values of the two Na* lines are given with respect to the Co® line as fol- 

lows: 
Na*4 1.38 


HQ ( 

H 0 (Co® 1.33 
H 9 (Na 2.76 
H 0 (Co® 1.33 


= 1.0229 + 2-107 


= 1.8838 + 5-107. 


eS et 


The errors quoted here include the estimated uncertainty in spectrometer scale; 
this is not the case for the R values given in Table 1. The energies calculated in 
the table are based on the Co® line and the errors are given as before with and without 
the error in the standard included. Fig. 2 shows the line profiles of the three lines; 
notice the large Compton background und the 1.37 Mev line. 

The ratio of the energies of the two Na*4 lines is not 2:1 and in fact one has at 
the present time no reason to expect that they should have this ratio. 


Section 2. Determination of the annihilation radiation in terms of the ThC’’ 
0.51 Mey gamma-ray 


In Part II (Section 4) it was concluded that there was an uncertainty regarding 
the energies of the Au?9 gamma-ray and the annihilation radiation, both of which 
are commonly used for calibration purposes. Since then new contributions have, 
however, been made to the absolute energy standards in this region; the momenta 
of some of the Th lines have been accurately measured by Linpstr6m (13), and it 
is of interest to see how these data influence the previous conclusions. 
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Fig. 2. The profiles of the K photo-lines for the Co” (1.33 Mev) radiation and the two gamma- 

rays at 1.37 and 2.76 Mev from Na”™ are shown in the figure. A 3 mg/em® uranium converter 

was used in every case. The background has been subtracted from the Co line but is present 
under the Na™ lines. The ‘“‘Reference Line” indicates the true line center in each case. 


The measurements reported in the present paper were originally performed to 
yield the momentum of the Th X line and a brief account of the result has been pub- 
lished (14). A more accurate direct determination of the same quantity by Brown 
(6) is now available so the main interest in the present measurements is now that 
some of the data connect the energies of the Au!*8 gamma-ray and the annihilation 
energy with the energy of the Th Z line, whose momentum has been determined 
by LinpstROM. 

The measurements to be considered are the following: 


a) a comparison by the converter technique between the annihilation radiation 
and the 0.51 Mev gamma-radiation from ThC” (the latter is the gamma-radiation 
corresponding to the Th Z internal conversion line). 

_b) a Ho comparison between the Th Z line and the K internal conversion line 
from the Au!’ gamma-ray. 


c) a comparison between the Th L line and the Au Uz,,, line. 
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Fig.3. To the left is the K photo-line from the ThC” 0.51 Mev gamma-ray, without (above) 

and{with Compton background subtracted. To the right is the K photo-line from annihilation 

radiation. A 3 mg/cm* uranium converter was used in both cases. The vertical lines through the 
two lower curves indicate the true centers. 


For the measurement under a) a source of RdTh in equilibrium with its decay 
products was available. It was enclosed in a brass cylinder of 3 mm inside and 
6 mm outside diameter. Cyclotron activated Cu®! was used as source of annihilation 
radiation and was kept uniformly distributed in another similar container. The 
large sizes of the samples and the fairly low intensity (~ 1 mC of the ThC” 0.51 
Mev gamma-ray) prevented use of high resolution so a 3 mg/cm? uranium converter 
was chosen with an area of 8X15 mm. The two radiations to be compared were 
known to be very similar in energy so the use of a thick converter does not compli- 
cate the comparison and the high energy radiation present in the RdTh source causes 
an intense background of Compton electrons under the photo-line in this case, 
hence as high contrast as possible is desired. Two sets of measurements with different 
spectrometer geometry were made with resolutions (including converter broadening) 
of 0.8 and 0.6 % respectively. For each set the K photo-lines from the two sources 
were recorded alternately several times without dropping the current in the spectro- 
meter. 

In Fig. 3 the experimental curves taken with 0.6-%-resolution are shown. The 
upper curve to the left is the ThO’’ Ux line and the difficulty from the Compton 
background is quite evident. The Compton spectrum was measured separately with 
the same arrangement except that the uranium converter was removed. A thick 
converter like the present one does affect the Compton distribution somewhat; 
in this region it appeared to be about 10 % higher without converter. To resolve the 
photo-line from the continuum the separately measured Compton spectrum was 
therefore normalized to the spectrum with converter (dashed in the figure) and sub- 
tracted from the curve obtained with converter. The normalization was made for the 


183 


A. HEDGRAN AND D. LIND, Precision measurements of nuclear gamma-radiation 


spectrum on the high energy side of the photo-line and it was assumed that the 
slope remained unchanged over this small region. The shape of the photo-line ob- 
tained in this way is shown below the converter spectrum in Fig. 3. This curve is 
the over-all response of the spectrometer and converter to a monokinetic gamma-ray 
of this energy. The comparison to the photo-line of the annihilation radiation (to 
the right in the figure) was done in the same way as the ocmparison between Aus 
Ur, and et e~ Ux described in Sect. 1, Part II by using the Doppler distribution 
of the annihilation radiation which was determined there. The open circles on the 
annihilation curve are those obtained by the folding procedure and they are brought 
to coincide with the experimental curve which is represented by the full line (the 
experimental points are omitted here since their statistical errors are negligible). 
The vertical lines represent the true centers of the lines. The two radiations appeared 
to have almost exactly the same energy. Both sets of measurement gave the same 
ratio between the photo-lines 


Ho(e* e~ Ug) 
H 0(ThC” Ux) 


= 1.0002 + 0.0002. (2: 1) 


The assigned probable error refers to the result of both mesurements. It is estimated 
from the fitting of the curves and it is in this case given mainly by the statistical 
uncertainty of the points. The result (2: 1) can readily be transformed to the follow- 


ing 
Fannin — FE, = 0.14 ap 0.14 kev. (2: 2) 


For the comparison under b) a composite beta-source of Au!® and Th active 
deposite was prepared. The active gold was evaporated onto an aluminium foil to 
a thickness of ~30 ug/cm? and the Th deposite was collected afterwards on the 
gold surface. A frame defined an effective central part, 414 mm, over which it 
must be assumed that the activity was uniform. The Th Z line and the K internal 
conversion line from the Au!*8 411 kev gamma-radiation were recorded. The two 
curves, with the continuous beta-spectrum subtracted and normalized to the same 
H-scale, are shown in Fig. 4. Two measurements were performed with the following 
results 

Ho(Th L) 
H 0 (Au!®8 K-conv) 


“Tegy, Mean value 1.17315 + 0.0002, (2:3) 


any 
= 
The stated error allows for the possible non-linearity in the H o-scale. 
The data for the comparison under c) were obtained from the experiments reported 
in Sect. 1 in Part 11, where the Th L line was repeatedly recorded as window curve 
for the Au'*-annihilation comparison. The mean values of the data give 


Ho(ThL) _ spe 
Hoa 1.0455 + 0.0002. (2: 4) 
Since these two lines were not recorded in immediate sequence with each other the 
spread in the data was somewhat higher than in the previous comparisons. The 
assigned error includes this spread and also the additional uncertainty in a comparison 
between an external and an internal conversion line. Non-linearity in the H o-scale 
1S unimportant here. 
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Fig. 4. The Th Z and the Au’® K-conversion lines from the composite beta-source. The two 
lines have been normalized to the same scale and brought to coincidence for the comparison. 


The results above will be taken together with Lindstrém’s value of the momentum 
for the Th L line (13) 


Ho (Th L) = 2607.18 + 0.35 gauss-cm. (2: 5) 


The computations in the following utilize the values of the atomic constants quoted 
‘in Sect. 1 Part IJ. The values of the electron binding energies to be used are: 
K (Pb) = 80.00 kev (for the Th Z line), K (Hg) = 83.08 kev (for the Au! conver- 
sion line) and Ly (U) = 17.16 kev. The errors in the constants and binding energies 
will be neglected. 

The energy of the ThC” 0.51 Mev gamma-ray corresponding to the momentum 
(2: 5) is then 


E,,, = 510.84 + 0.09 kev. (2: 6) 
We first neglect the error in this standard. The relation (2: 2) gives then 
Fannin = 510.98 + 0.14 kev. (2: 7) 
From the result (2:,3) 
Fay = 411.74 + 0.09 kev (2: 8) 
and from (2: 4) 
Fay = 411.72 + 0.12 kev. (2: 9) 


From Sect 1 in Part II is quoted 
Lannih — Hau = 99.16 + 0.04 kev. (2: 10) 
A least square fitting of the data (2:7) (2: 8) (2:9) and (2: 10) gives 
Fannin = 510.91 + 0.12 kev. (2: 11) 
The probable error given here includes also the error in the absolute standard 
4 aie agreement between the annihilation energy derived in this way and the rest 
energy of the electron as computed from the atomic constants 


mc? = 510.97 + 0.01 kev (2; 12) 
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leads to the suspicion that the previously reported discrepancy originated from an 
error in the value of the calibration standard used, the Au!*8 gamma-ray. If one uses 
the data above the energy of this gamma-ray becomes 


Eau = 411.75 + 0.10 kev. (2: 13) 


It has been pointed out by PrimaxkorF and Vitiars (15) that a basic assumption 
for this type of spectroscopy, namely that the gamma-ray energy is equal to the 
sum of e.g. the K photo-electron energy and the K binding energy as measured 
from X-ray data, might be questioned when one aims at the highest accuracy. 
A deviation might be caused by the soft photon emission that accompanies the 
photo-electron and X-ray emission. The authors find, however, that these effects 
amount to only about 1 in 10° in the results above and equally small is a similar 
effect in the annihilation process. Hence these effects are negligible with the present 
experimental accuracy. p 

As mentioned above an attempt to determine the momentum of the Th X line 
was also made in connection. with this work. To study the focusing properties of 
the spectrometer and to investigate under which conditions the spectrometer gave 
a constant window over a large momentum interval, the Th Z and Th X lines were 
repeatedly recorded over a long period of time during which several modifications 
were made in the field measuring system. A typical result of a measurement with 
the highest resolution is shown in Fig. 5, where the curves have been normalized to 
the same scale. The shapes of the two curves are almost identical and evidently 
any uncertainty will not come from the fitting oft he curves but from the H @ measure- 
ment. The average of all measurements gave the following ration between the two 
lines! 

Ho (Th L) 
Hf o(Th X) 0.26074 + 0.00010. (2: 14) 

The error was estimated from the known uncertainties in the field measurement 
assuming that there was no appreciable systematic error due to field perturbation 
(cf. Part I, Sect. 3). 

The ratio (2: 14) combined with (2: 5) gives 


Ho (Th X) = 9999 + 4 gauss-cm. (2: 15) 
From the later direct measurement by Brown (6) yields, however, the value 
Ho (Th X) = 9988 + 2 gauss-cms (2: 16) 


From this discrepancy one must conclude that there actually is a non-linearity 
in the H-scale of the present spectrometer, which could not be detected from the 
results in the preceding section. When sufficiently accurate standards are available, 
a direct comparison between them gives, of course, a more sensitive check on the 
linearity than the “cross-over” method used there. The non-linearity indicated 
here does not change any of the previously reported results outside their stated 
limits of error. When more calibration points become available it will probably be 


} The individual data are given in ref. (14). The ratios given there are, however, too low by 
2 in 10", because the temperature correction for the reference field coil was omitted. 
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Fig. 5. The figure shows the Th LZ and X lines compared as in Fig. 4. The difference in shape is 
seen to be insignificient. 


_ possible to establish a simple correction factor so the reproducibility of the instrument 
can be fully utilized for energy comparison over the whole range and some of the 
results can be given with higher accuracy. 


Section 3. Measurement of the 2.5 Mev gamma-ray doublet of Ga‘? 


In connection with a work on the photo-disintegration of the deuteron (7) measure- 
ments were made of the 2.5 Mev gamma-radiation of Ga?? and it became apparent 
that this radiation was a close doublet. An attempt was therefore made to resolve 
its two components. A fairly large source (the outside diameter of the sample con- 
tainer was 7 mm and the inside diameter 4 mm) was available, and the photo-lines 
from a 3 mg/cm? uranium converter were recorded. To the left in Fig. 6 the result 
is shown, the upper curve is the recorded spectrum and below the photo-lines are 
shown with background subtracted. The background was measured separately 
by removing the converter. As the measured radiation is the most energetic in the 
spectrum this background cannot be due to Compton electrons from the source 
but may be accounted for as secondary electrons expelled from the slit system by 
the intense gamma-radiation of somewhat lower energy which is present in the 
spectrum. The ratio, peak to background is also unnecessarily low because the con- 

verter is not thick enough to match the resolution. Even in its present form the curve 
gives, however, information about the energies and intensities of the two gamma-rays. 
The analysis of the doublet, as shown in the Jower curve was made using the shape 
of the photo-line of the ThO’’ 2.62 Mev gamma-ray which was recorded with the 
same converter and geometry. 

Using Browns value, 2.6147 + 0.0005 Mey, for the energy of the ThC” gamma-ray 
(6) the energy of the most energetic Ga’ gamma-ray becomes 


E, = 2.508 + 0.002 Mev. 
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Fig. 6. To the left in the figure the photo-lines produced by the Ga” 2.5 Mev gamma-ray doublet 

are shown. The curve above is the recorded spectrum and below the photo-lines are shown with 

background subtracted. The curve to the right is the calibration photo-line from the ThC” 
2.6 Mev gamma-ray. The same 3 mg/cm” uranium converter in both cases. 


The energy difference between the two components is 
E, — E, = 0.017 + 0.02 Mev 


and their intesity ratio I,/I,~8/5. 

The errors stated are entirely given by the statistics of the original data. 

A measurement with a 8 mg/cm? lead converter confirmed the above results. 

The decay of Ga7? is very complicated. Nuclear Data (3) gives the two somewhat 
different decay schemes of Haynes (16) and of MrrcHEtt and collaborators (17). 
The appearence of the present doublet confirms in a sense a common feature of the 
two schemes. In both of them is a cascade of three gamma-rays of 1.05, 0.63 and 0.83 
Mev. The additional 2.50 Mev radiation might be explained from this scheme by 
assuming a cross-over transition paralleling these three gamma-rays. 


SUMMARY! 


The reported investigations have as their general aim the improvement of resolution 
and accuracy in the spectroscopy of gamma-radiation. 

In Part I a review has been given of the existing methods of interest for precise 
gamma-ray measurements. It has been concluded that the beta-spectrometer method, 


1 The summary refers also to the two previously published papers of this work. 
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utilizing internal or external conversion, gives hope for considerably higher resolu- 
tion than that which has been used heretofore. 

A large spectrometer with two-directional focusing has been chosen for the investi- 
gations. The procedure of adjustment has been discussed and the resolution as a 
function of source size and aperture has been investigated. 

A source arrangement convenient for both internal and external conversion 
measurements has been constructed. 

The angular distribution of photo-electrons has been investigated. 

Equipment for an accurate measurement of the magnetic field has been constructed 
and a discussion of the accuracy that can be obtained in Ho comparisons has been 
given. 

In Part II the first applications of the spectrometer are given. 

An accurate comparison between the Au! 411 kev gamma-ray and the annihila- 
tion radiation has been performed showing an inconsistency between the value of 
the former, given by diffraction measurement, and the latter as computed from the 
atomic constants assuming equal electron and positron masses. 

Two experiments have been performed to check the energy of hte Au!®8 gamma-ray. 

a) a comparison with the Co® 1.3 Mev gamma-ray which also is determined by 
diffraction measurement, and 

b) a measurement of the Ho ratio between its K and L, photo-electron lines from 
a uranium converter and a computation of the gamma-energy from this ratio. 

Unfortunately these new data were not accurate enough to make an essential 
contribution to the question and it has only been concluded that either the Au! 
standard is in error or the positron is lighter than the electron. 

In connection with the measurements the Doppler broadening of the annihilation 
radiation has been studied. 

A procedure of correcting photo-electron lines for shifts due to electron straggling 
in the converter has been worked out. 

Part III reports miscellaneous investigations. 

An experiment has been performed to check the linearity of the spectrometer by 
measuring three La!4° gamma-rays, of which one should equal the sum of the other 
two. Within the experimental error of 3 in 104 no deviation was found in the region 
0.2-0.7 Mev. 

The energies of the two Na™ gamma-rays have been measured to be 1.3680+0.0010 
and 2.5735+0.0010 Mev. 

A series of measurements have been performed to utilize anew absolute momentum 
determination (available for the first time after the completion of Part II) to settle 
the uncertainty regards the energy of annihilation radiation (see above). The annihila- 
tion energy derived in the way agrees with the assumption of equal positron and elec- 
tron masses and it has been concluded that the standard used previously was in error. 

A measurement has been performed of the close 2.5 Mev gamma-ray doublet of 


Ga”. 
Nobel Institute for Physics, Academy of Science, Stockholm. 
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Preface 


The radioactive isotopes of Kr and Xe are situated at the two maxima of the fission 
yield curve. The neutron rich isotopes are therefore easily found among the fission 
products. The ‘chemical’ separation of the radioactive gases from uranium or 
other elements can be performed by simple physical methods. A great deal of the 
works published soon after the discovery of fission, therefore, concern the radio- 
activity of gaseous fission products. In most of these works only mass and chain 
assignment have been discussed. The assignments were mostly performed by 
irradiation of the adjacent elements or by slow neutron capture in Kr and Xe. In 
this way several isotopes of Kr and Xe, which are not produced in fission, were also 
investigated. In some cases it was possible by rough absorption methods to esti- 
mate the upper energy limit of the f-particles or to prove the existence of y-rays. 

After the war f-spectrometry developed rapidly. (Several new types of B-spectro- 
meters were constructed and strong irradiation sources, as well as electromagneti- 

cally enriched isotopes, became available.) The first period of this development 
was characterized by rather rough measurements of isotopes never investigated 
before. This period can now be considered to have passed. Newer measurements 
are mostly much more detailed, and are performed with higher precision. As late 
as June 1950, however, H. Brown and V. Perez Mrenpez (50B11) pointed out 
that there were still two groups of emitters, which had not been investigated by 
B-spectrometer methods. These were rare gases, and short lived activities. In 
their work on gaseous A*! and O18 Brown and Prernz MreNnpEz introduced the 
gases into a glass chamber, which was placed in the ordinary sample position in a 
B-spectrometer. This technique of studying radioactive gases can only be used for 
electron energies, which are so high that the absorption in the glass window can 
be neglected. The gas used must also not be a mixture of several activities. Fission 
gases cannot be unambigously investigated with this method since several Kr and 
Xe isotopes have half-lives of the same order. For the same reason investigation 
of n-irradiated Xe or Kr would also be unsatisfactory without mass separation. 

J. Kocu and his collaborators showed, in a series of beautiful experiments (47B4, 
48K1, 49K2, 50K7, 50A5), that gas targets suitable for nuclear investigations can 
‘be conveniently produced by electromagnetic separation. Before the ions are de- 
flected in a magnet they are accelerated to such a high velocity (corresponding 
to the energy 40-80 KeV) that they will stay in the collector plate. A gas separated 
in this way can only be removed from the collector plate by heating in vacuum. 
J. Kocs et al also showed that it is possible to study radioactive gases in the same 
way (49K3). 

The construction of the electromagnetic separator at the Nobel Institute of Phys- 
ics was finished in the summer of 1948. The most convenient way of studying the 
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focusing properties and similar problems was to use a gas in the ion source. As soon 
as the results of Kocu et al (49K3) on electromagnetically separated Kr (produced 
by fission) became known to us, most of the work was concentrated on the electro- 
magnetic separation of radioactive isotopes. Since a good deal of the work at our 
Institute is associated with f-spectrometry it seemed highly desirable to prepare 
B-spectrometer samples by the use of electromagnetic separation. Such samples 
would be automatically mass determined, carrierfree, extremely thin and without 
any covering substance. Later it proved possible to separate the activities on such 
thin Al foils that the effect of back-scattered electrons is very small. Radioactive 
f-spectrometer samples prepared in this way are therefore almost ideal. 

When §. Tuutin and the author started the work on the active rare gases the 
optimum working conditions of the electromagnetic separator had not yet been 
reached. It seemed desirable, however, to introduce the technique of electro- 
magnetically separated isotopes into f-spectrometry as soon as possible. 

The work was much more fruitful than we thought at the beginning since it proved 
to be possible to perform f-spectrometer investigations on a great lot of the Kr and 
Xe isotopes. In the course of one and a half year S. THULIN and the author, using 
scintillation and -spectrometers, have investigated the following isotopes of krypton 
and xenon and their daughter products: Kr79, Kr88™, Kr®5, Kr®°™, Kr87, Kr88, Rb88, 
Xel25. 125. Xel27, Xel2em, Xelsim, Xess, Xelsam., Xel35, Xels5m, Xel37, Xess and Cg188, 
Experimental material of this kind is of great interest because it may give informa- 
tion on the change in properties of a nucleus, when neutrons are successively added. 
(cf Tables 3 and 6). 

Knowledge of the radioactive isotopes of krypton and xenon is also important 
in connection with pile construction. The radioactive isotopes with the lower 
mass numbers are produced by neutron capture in the rare gases in the air inside 
and outside the pile. Large amounts of the neutronrich radioactive isotopes of 
Kr and Xe are produced by fission in the uranium rods, It is therefore necessary 
to make arrangement for air ventilation. 


Theoretical introduction 


Section 1 


General: The main problems in nuclear spectrometry are to determine the energy, 
spin and parity of nuclear levels. For this purpose f-decay, y-ray emission, and 
the internal conversion of y-rays, for example, can be studied. Excited nuclear 
levels generally have a half-life of the order 10- s. In most cases it is therefore 
impossible to check the theories of the probability of y-ray emission since the half- 
lives of most of the excited nuclear levels cannot be measured. There are, however, 
some levels, decaying by y-ray emission, which by certain selection rules have 
half-lives of the same order as those decaying by K-capture and f-emission. In 
analogy with similar levels known earlier in atomic spectrometry, these delayed | 
nuclear levels are called metastable levels. The ground state and the metastable 
state of a certain isotope constitute an isomeric pair. The whole problem is commonly 
referred to as nuclear isomerism. It is quite evident that the study of nuclear meta- 
stable states affords a possibility of checking theories on y-ray emission. 

The recent development of nuclear shell theories has also increased the interest 
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in nuclear isomerism. These theories are able not only to predict the possible spin 
and parities for odd-even and even-odd nuclei but are also able to predict for 
which number of the odd neutron or proton nuclear isomerism is expected. 

Here we are not going to present the historical development of nuclear isomerism. 
The reader is referred to papers by N. Hote (48H5) and E. Sueré and A. C. Herm- 
HOLZ (4987), where further references are given. 

As early as 1936 von WetzsickEr (36W1) postulated that the long half-lives 
of nuclear metastable states would be due to a large spin difference between those 
states which are involved in the isomeric transition. Assuming a large spin diffe- 
rence and a low energy associated with the isomeric transition Weizsicker showed 
that the long half-life of nuclear metastable states could be explained. The most 
direct way of checking the postulate of Weizsicker would be to measure the spin 
of the isomeric state of a stable nucleus for which the spin of the ground state is 
known. Some attempts of this kind have been made (41L2 and 48F1) but up till 
now there has been no definite direct proof of WerzsAcKER’s theory. Methods now 
known for determining nuclear spin require in most cases isotope amounts much 
larger than can be artificially produced. From measurements of internal conversion 
coefficients, for which accurate theoretical calculations are now available, however, 
it can be concluded that all isomeric transitions are associated with a high multipole 
order and therefore also with a high spin difference (cf Table 1), The internal conver- 
_sion coefficients are dependent on the multipole order of the y-rays. The theories of 
multipole radiation and internal conversion are therefore essential for problems con- 
nected with nuclear isomerism. 


Section 2 


Multipole radiation. The most simple picture of the radiating nucleus is to assume that 
the nuclear charges oscillate like an electric dipole. The total radiation intensity S of the 
dipole radiation of the nucleus can be written: 


ores | (1) 


where v=acceleration of the oscillating charges, 
q=Ze=nuclear charge, 
and c=velocity of light. 
Suppose now that the maximum amplitude of the nuclear charge is of the order of the nuclear 
radius R. We then obtain 


e 
Si 22 wh, (2) 
IC: 
Every quantum emitted carries away the energy Zy=hvy=how. If Kq. (2) is divided by ho 


we obtain an estimate of the total number of quanta emitted per second. This will be a measure 
of the transition probability A, for electric dipole radiation 


2 
Re Aan By (=) (3) 


he hh \ he 


For electric radiation of the multipole order 1 (denoted Hl)* the emission intensity is about 


21-2 
( a 2) less than for electric dipole radiation. In the more general case we then obtain 


he 


* Following GoLDHABER and Suny4R (51G6) we will denote electric and magnetic radiations 
(and transitions) as Hi and Ml corresponding to multipole radiation of the order 2!, 
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(4) 


a~ a a he 


This is the approximative formula used by WEIzSACKER to explain the long half-life of isomeric 
states. Here we are only going to use Eq. (4) for a qualitative discussion of the emission prob- 
ality for y-rays. ; 

The total transition probability for an oscillating multipole can thus be written: 


Ze By (22)" 


U 
Dd Ai = Ag (2 + pet te Ph) HA tg tA (5) 
1 


A,=constant for a certain value of Z and Z. Successive terms in this expansion decreases 

very rapidly as will be seen below. 
» BF we 4th077- 10-8 
bu he E, A"0.77- 10 (6) 

Here A is the mass number and FZ, the y-energy in KeV. For Z,=100 KeV and A4=125 
we obtain w2~10~5. Electric multipole radiation of the order / would therefore in this case be 
‘~10~5 times less probable than electric radiation of multipole order 1 —1. Suppose the first 
terms in the expansion above are excluded by some selection rules. The first contributing 
term will then essentially determine the total transition probability. According to an older 
theory electric radiation of the multipole order / has the same emission probability as magnetic 
radiation of the multipole order 1 —1. If this were the case A, would be the contribution to the 
total transition probability due to an oscillating electric dipole at the origin of the nucleus and 
4, the contribution due to an electric quadrupole and (or) a magnetic dipole. In general Az would 
be the contribution from an electric 1 pole and (or) a magnetic /—1 pole. 

More recent theories about the relative intensities of Hl and M (I—1) radiations are in disa- 
greement. According to Frrmi (49F3) they are of the same order for a y-energy about 2 MeV. 
Wetsskopr (51W7), however, considers that 20 MeV would be more correct. In older works 
El and M (li — 1) radiations are assumed to have th2 same intensity even for y-energies as 
low as about 0. 1 MeV, which seems very questionable, in view of the recent calculations of 
Weisskopf. In section 5 we are going to discuss these problems more extensively. 


Section 3 
Selection rules for y-radiation 


a) Angular momentum. Herrier (36H1) has discussed the electromagnetic field produced 
by an arbitrary multipole. He shows that the electromagnetic field produced by an electric 
or magnetic multipole 2! has an angular momentum J) with respect to the origin to which 
the multipole is referred. From the principle of conservation of momentum it then follows that 


l2e+ Gl S1=|%—Y| = |r| (7) 


Z; and J; are the total angular momenta of the states before and after the transition. 

b) Parity change. As is well known the parity determines what happens to an eigen-function 
if the space coordinates change sign. If the eigenfunction does not change sign the parity is said 
to be even, and if it does change sign the parity is said to be odd. Parity change is very often 
denoted “yes”, and no parity change “no”. The nuclear matrix element which determines the 
transition probability will vanish for certain parity and multipole combinations. It can thus 
be shown that Hl and M (l—1) radiations occur only between states of the same 
parity if 1 is even, and between states of different parity if 1 is odd. 

Selection rules a and b are summarized in the table below. 
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Table 1 
Selection rules for y-radiation (cf. 51G6) 


SSS 


Type of radiation ...... El | M1 | E2 | M2| H3 | M3 | E4 | M4 | E5 | M5 | E6 | M6 | B7 
Spin difference |4z|....) 1. 1 | 2} 2/3 ]3 1/41] 4 | 5 od Gale Gol 7 
Parity change .......... yes | no | no | yes | yes | no | no | yes | yes | no | no | yes| yes 
Transition order A* ..... 1 2 3 4 5 6 7 


Consider for example the transition between states with J;="/, and I;=#/,. According to ; 
relation (7) the multipole order / can have the values 4, 5, 6, or 7. If the transition occurs with 
no parity change the radiation is of the type E 4 (or M 5 and EF 6). If the parity changes, however, 
transitions of the type M 4, E 5 (M 6 and E 7) can occur. Of these possibilities we need of course 
only consider those which have the lowest multipole order, which means that the radiation 
possibilities within brackets are possible but have extremely low intensities. 

In the case mentioned above we discussed a transition between levels of known spins and 
parities. In nuclear spectrometry one is mostly working in the opposite way. Experimental data 
give information about the type of transition from which it may be possible to assign spin and 
. parity to a nuclear level. In our work information about the type of transition has been obtained 
in two ways: 


1) Determination of the multipole order of the radiation by measuring the internal conversion 
coefficients (cf. section 4). 


2) Determination of the multipole order by comparison of the observed half-life with theoret- 
ical calculations (cf. section 5). 


Section 4 
Internal conversion of y-rays 


In a nuclear transition from an initial state i to a final state f, the energy H;—H; released 
can be carried away in two different ways, which have comparable probabilities if the energy 
difference is not too high: 


1) A y-ray of the energy hy=H;—FE; is emitted. (In this work we have in some cases 
“directly”? measured the energy hy with a Na I-scintillation spectrometer). 


2) An electron in one of the electron shells is ejected and will leave the atom with a velocity 
corresponding to the energy H;—H;—E>, where LE is the binding energy of the electron to 
be ejected. As is well known process 2 is called the internal conversion of the y-rays. (Most 
y-rays in our work have been detected and studied by means of the conversion electrons. In 
the table below we have summarized the binding energies in the K shell and in the L M and 
N sub-shells for those elements, which are investigated in this work.) 

The intensity ratios K/y =axg, L/y = az, M/y = aw....are called the partial con- 
version coefficients (K-conversion coefficient, and so on). K, Ll, M..... will denote the 
number of electrons liberated in the K, L, M,.... shells due to the nuclear transition 7 > f. 
In the same way y is the number of y-quanta emitted. 


* Seqre and HetmuHorz used the word transition order for the multipole order of 
electric radiation. At that time most half-life relations concerned electric radiation. Magnetic 
radiation of the type M (I—1) was considered to have the same emission probability as 
(electric) Hl radiation. A certain value of A in these half-life relations consequently corresponds 
to HA and M (A—1) radiations. 
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Table 2 


The binding energies in KeV of the K and L, M, N,... sub-shells as cal- 


culated from the X-ray tables of Y. Caucnois and H. Huiuser (4705) 


; 
Element K It Int IU Mit | Mi | Miv,v | Nu, 
| 

EAE ee, Gases to nctiene a 13.47 a 1.59 1.55 0300 Sea hve A Uk Salm mg 0.01 
ere See eae ss 14.32 1.87 1.72 1.67 0:22.21) 0.21 0.08 0.01 
1S Ree ace 15.20 2.02 1.87 1.81 0.25 0.24 0.12 0.01 
10> Aero eee 31.81 4.94 4.61 4.34 | 0.87 | 082 | — 0.11 
Taek erent 33.16 5.19 4.86 4.56 | 0.94.1 0.89 -— 0.14 
9.50 PS GER ER HRC 34.58 5.45 5.13 4.78 —- | 0.94 — 0.14 
Cate tein © 35.96 | 6.72 5.37 BOLE 1s 21.06 0.98 —— 0.14 


K/y and L/y have been theoretically calculated. These quantities are dependent on the atomic 
number, the y-energy and the multipole order of the radiation emitted. By comparing the the- 
oretical value of the conversion coefficient with the experiments, it is possible to determme 
the multipole order of the radiation and then, indirectly, the change of parity and spin for a 
certain y-transition. 

Recently P. Axe and R. F. Goopricu (51A6) have made a compilation. of the results of 
theoretical internal conversion calculations, which they present graphically. For complete 
references to the theoretical internal conversion data the reader is referred to this paper. The 
only accurate calculations now available are those of Rosnet al. (49R3) for electric and magnetic 
K conversion coefficients above the energy 150 KeYV. For electric radiation we have in a few 
cases used the calculations of Hnps and NELSON (40H2) in order to estimate K /L. For magnetic 
radiation the measurements of K/L were compared with the curves of TrRaLLi and LowEn 
(49T2).* These authors have also calculated the ratio of the internal conversion coefficient in the 
Ly and Lyr7 shells for magnetic radiation. This ratio is very sensitive to a change in multipole 
order for low energies and high atomic numbers. Unfortunately a very high resolution is 
required to resolve the Ly and Lyzz lines for low or medium values of Z. 

Several methods can be used to determine the internal conversion coefficients experimentally. 
In our work it has in some cases been possible to compare the relative intensities of a B-spectrum 
and the intensity of the conversion electrons of a y-ray following the B-ray from which the internal 
conversion coefficient can be obtained. This will be discussed in detail for each isotope, for which 
it has been possible to measure the internal conversion coefficient. 


Section 5 


Half-life relations and classification of isomers 


The relation (4) used in the discussion of the transition probability at page 195 is derived in 
a classical way. In any strictly calculated half-life formula, the matrix element determining the 
transition probability is included. Because of the unknown wave function of the nucleus, certain 
assumptions must be made in order to estimate the order of the matrix element. The approxi- 
mations thus introduced can make the transition probability and the half-life uncertain by a 
factor as high as 100. 


A great number of half-life formulas based on different models of the nucleus have been cal- 


* Note added in proof: The values of K/L given by TRALLI and LowEN are certainly too high 


(cf page 287 and 51G5). Up til-now no satisfactory calculations of K /L have been given. The | 


semiempirical curves of GOLDHABER and SuNyar (51G5) should be used until the new calculations 
of Ross et al are availible. 
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culated (cf. ref. (48H5) and (49S7)). Here we are only going to discuss those which have been 
most frequently used. It should be pointed out that all these formulas give the transition proba- 
bility and half-life due toa pure y-transition. Since most isomeric transitions are accompanied 
with the emission of conversion electrons the experimentally observed half-life cannot directly 
be compared with the theoretical calculations. The observed half-life must be corrected with 
the factor P defined below: 


Jobs = Ay + he- = 2,(1 aia OK F al nel) 


zy 1+ F veer *] P 8 
= aK —_— | = P, 
T obs K (8) 


The theoretical value for the half-life must thus be compared with 7’, calculated from the 
formula above. In some cases both ax and (Z+M) /K are experimentally known. For many 
isomers it is, however, hard to measure ax. We have then used the theoretical calculations 
of Ross et al., which are rather accurate. The uncertainty in the semiempirical correction factor 
P is therefore mostly very small, compared with the uncertainty in the theoretical half-life. 

The half-life equations contain as variables the transition order A (or the spin difference 
Al) the y-energy Hy, and the mass number A. A is the multipole order for electric radiation 
(cf. page 197). 

From the experimentally obtained quantities 7',, H, and A the spin difference or transition 
- order associated with the isomeric transition can be determined. For two adjacent values of 
the spin difference or transition order the half life generally differs by a factor of the order 108. 
From this it is evident that rather Jarge errors in P and in the approximation of the nuclear ma- 
trix element can be allowed without destroying the possibility of determining the type of radiation. 

SEGRE and Hrtmuorz (4987) have given the following formula for the y-transition probability: 


logi9 Ay = 20.3 — 2 logy [1-3 --- (2A —1)] — (2A +1) (1.3 — logy Hy) — 

— 2A (0.84 — 4 logy) A) (9) 
where #, is the y-energy in MeV, A the mass number and A the multipole order for electric 
radiation (transition order). According to an older theory H/ and M(I—1) pole radiations have 
the same emission probability. If this were correct the transition probability for MI pole 


radiation would be obtained by inserting A +1 in equation (9). (Cf. page 197, footnote.) 
In a paper on the classification of nuclear isomers, AXEL and Dancorr (49A2) used the half- 


life relation below: 
l =e h 
a A\W 


m c 


(10) 


= 0.53 A/s 


where 
R = Nuclear radius. 
W = Transition energy in units of mc?. 


T3Lb-10-*! 3. 


ll 


mc 
In this equation A is the multipole order for electric radiation, and the transition probability 


for magnetic radiation is obtained in the same way as in equation (9). 


* In Eq (7) and in the following we have abbreviated the intensity of the + M+N... 
electrons as L + M. 
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Fig. 1. Values of log (7, of} as a function of log W. (P. Axen and 8. M. Dancorr, Phys. Rev. 
76, 892, 1949). 


In their classification of isomers AxEL and Dancorr used those isomers which were known 
to decay to the ground state. Log 7',- pa was plotted as a function of log W (Figure 1). The 
observed half-lives were corrected for internal conversion. As can be seen from Figure 1 the semi- 
empirical points are grouped around the theoretical lines for which A =4 and A=5 are param- 
eters. The agreement between theory and experiments seemed satisfactory and it was concluded 
that most isomers were associated with transition orders 4 and 5. The scattering of the points 
in Figure 1 might partly be due to experimental uncertainties. As will be seen below GOLDHABER 
and Sunyar (51G5) have recently made a suggestion, which to a large extent reduces this 
scattering. 

Recently Weisskorr (51W7) has derived a new half-life relation. He finds that the transition 
probability for electric radiation is given by 


2(AL 4 
logi9 Ay = 20.3 — 2 logi9 (1 "B::: [2 A I + 1}) + logy << 1) rae 
—2(AI +1) (1.3 — logy Ey) — 2 AT (0.84 — } logy) A)* (11) 


where Ky is the y-energy in MeV and AI the spin difference and A the mass number. 


* See note on page 317. 


200 


ARKIV FOR FysIK. Bd 5 nr 14 


For the same spin difference the transition probability for magnetic radiation is less than 
that for electric radiation by the factor. 


ia a 
Meck = 0.02 AT (12) 


where M is the nucleon mass and R the nuclear radius. 

According to these equations Hl and M(I—1) transitions do not have the same probability as 
is assumed when using equations (9) and (10). A classification of isomers based on the theory 
of Weisskopf would, therefore, be more unambiguous than the classification of Axel and Dancoff. 
In the latter classification each value of the transition order A = 4 or A =5 is associated with two 
values of the spin difference (see Table 1). Using the formula of Weisskopf it would be possible 
to construct graphs similar to those in figure 1. The isomers would then be grouped around 
four lines instead of only two lines as in the case of figure 1. For isomers belonging to a certain 
group both the spin difference and parity change would be uniquely determined. The experi- 
ments do not seem to favour such a grouping. The theory of Weisskopf, however, has been very 
successful in predicting the half lives for magnetic transitions. R. D. Hint (51H13) has also 
pointed out that the theory of Weisskopf can explain the absence of cross-over transitions for 
some isomers, which decay by the emission of two y-rays in cascade. 

As will be clear in the following section it seemed hard from the point of view of the spin- 
orbit coupling nuclear shell theory to explain the appearance of isomers around the line A =4. 
_ GoLDHABER and SunyAR (51G5) have recently made a new critical examination of the whole 
problem. Since Axren and Dancorr published their classification of isomers the accurate internal 
conversion coefficients of Rosz et al. have become available. GoLDHABER and SuNyaR based 
the assignment of the radiation type of the isomeric transition on these conversion coeffi- 
cients, which were compared with experimental values. In this way it was possible to 
examine the validity of the theoretical half-life relations. By plotting log 7’, against log H, it 
was stated that transitions of the type E 4 and M 4 have the same probability. This was also 
found to be the case for E 3 and M 8 transitions. This is in contradiction with the recent theory 
of WrissKkorpr.* It was also found that the scattering of the position of the isomers in a plot 
of the type mentioned above diminished to a large extent, if the statistical weight of the 
isomeric state was allowed for. The transition probability for magnetic transition was found to 
vary as predicted by the theory of Wrisskorr, apart from a constant factor. The agreement 
for electric radiation was bad, however. 

Two types of isomeric transitions were found to occur most frequently: 

1. Longlived isomers are mostly associated with M 4 radiation. 
2. Isomers with shorter half-lives are to a large extent E 3 transitions. 

The half-life for M 4 and E 4 transitions was empirically found to be: 


logy Ty = 27.7 — 9 logiy Ey (13) 


where H#, is the y-energy in KeV. 
In the same way the halt life for M 3 and FE 3 transitions was fulid to be 
logyo Ih pa — ip 7 logyo Ly, . (14) 


The work of GoLDHABER and Sunyar thus shows that up to now, there does not exist any 
half-life relation which is in complete agreement with the experiments and the conversion cal- 
culations of Rosx et al. It is evident that accurate measurements of the conversion coefficients 
have a great importance for the development and understanding of this field of nuclear physics. 


* Note added in proof: Recently Wersskorr has modified formula (11). [See Phys. Rev. 
83, 1073, 1951.] 
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Section 6 


Nuclear shell theories and nuclear isomerism 


In 1949 three different nuclear shell theories (49H8, 49F4, 49N1, and 49M3) were developed 
in order to explain the existence of the magic numbers, i. e. certain numbers of protons and 
neutrons for which the nuclei seemed to be especially stable. All these theories are based 
on the rough assumption that the odd particle in an odd-even or even-odd nucleus interacts 
with the combined field of all the other particles. An even number of identical particles are 
assumed to combine to give the resultant spin 0, and the spin of the whole nucleus is consequently 
due to the spin of the odd particle. With certain postulates all three theories showed that the 
magic numbers are those numbers of the odd proton (Z) or neutron (NV) for which a closed nuclear 
shell appear. Of these theories, the so called spin-orbit coupling theory (the j-j theory) has now 
been commonly accepted. (At the international conference on spectrometry at radiofrequences 
at Amsterdam in 1950, RoseNFELD (51R5) was of the opinion that the j-j theory should be prefer- 
red, since W. SwratEcut (50810) and Pererts had just pointed out that there are some serious 
inconsistences in the theory of E. Frenpere and K. C. Hammack (49F4).) 

The j-j7 theory which presents the possible one particle levels in a very simple and easily sur- 
veyable way, was independently developed by O. Haxer, J. H. D. Jensen and H. E. Suxss 
(49H8), and by M. G. Mayer (49M3). The theory is based on the assumption that the odd 
particle interacts with a potential of a shape between that of a three dimensional isotropic 
oscillator and that of a square well. In order to explain the magic numbers, a very strong spin- 
orbit coupling must be assumed, resulting in a splitting of the levels, due to the energy difference 
for parallel or antiparallel orientation of the orbital angular momentum and the intrinsic spin 
of the odd particle. The splitting of the levels with high angular momentum is assumed to be 
especially large. In this way it can happen that the lowest level with a certain principal quantum 
number can be very close to a level with a principle quantum number, which is one unit lower. 
There is also strong empirical evidence that the splitting can be so large that the levels mentioned 
above will cross. 

In figure 2 we have presented the level arrangement of the j-7 theory as reproduced from 
a work by Haxet et al. (50H9). In the figure text the symbols are explained in detail. 

It is evident that nuclear isomerism would be expected in those regions of Z or N for which 
the spin difference between adjacent levels (the ground state and a low lying excited state) is 
large. As can be seen from figure 2 this is the case for odd N or Z=39—49, where the levels 
pi/2 and: gg/2 have comparable energy. For N or Z=51—63 the levels g7/2 and d5/2 are close 
and the requirements of nuclear isomerism do not hold. Between odd Z or N —65—81 the 
neighbouring levels are dg3/2, 81/2 and hj1/2 and isomerism should again appear. For odd N or 
Z > 81 the levels hgj2 and f7/2 again make isomerism impossible. For the heaviest nuclei the 
predictions are not so clear. According to this level arrangement nuclear isomerism should 
consequently be allowed or forbidden for certain values of the odd N or Z. 

In figure 3 we have plotted all isomers known at the beginning of 1951, which do not have 
extremely short half-lives. As can be seen nuclear isomerism appears ‘predominantly in two 
well-defined groups just in the expected regions. These groups of nuclear isomers are very often 
referred to as islands of nuclear isomers and in the following we shall refere to these two 
groups as the first and the second island of nuclear isomers. 

As GOLDHABER and Sunyar (51G5) emphasized in their recent work, most longlived isomers 
are due to M 4 transitions, i. e. transitions associated with the spin difference A [ =4 and parity 
change. This requirement is fulfilled in the first island of isomers, for a transition 99/2 > p12 
or 1/2 —> gg/2, in the second island for the transition hi1j2 ~ d3j2, and also for the transition 
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Fig. 2 (reproduced from a work by Haxet et al. 50H9). To the left the levels of the parabolic 
oscillator potential. To the right the levels of a square well potential. The levels in between are 
obtained by interpolation and with the assumption of a strong spin-orbit coupling. The integers 
give the number of neutrons or protons which can occupy a certain level. The integers within 
brackets give the total number of particles. The half integers give the total spin J =L+S8S 
of the odd particle. The splitting up of levels with large orbital quantum number L is somewhat 
arbitrarily drawn. According to empirical data the following pairs of levels can be reversed: 
3 P3/2, and 3 fj2> 3 P12 and 4 I9/2° 4 97/2 and 4 ds)95 4 dso and 4 81/2 ete. When the distance from 
a certain level to the next one is considerably larger than to the preceding level a nuclear shell 
can be considered to be filled. As can be seen from the figure this will just occur where the so 

called magic numbers appear. 


7413/2 > f5/2 in what may be called the third island, but for which there is not much experimental 
evidence. For the M 4 transitions the agreement between theory and experiments is very satis- 
fying and is considered as strong evidence for the validity of the j-j theory. 

There is, however, another type of isomeric transition, which does not completely agree with 
the j-j theory in its extreme form. GoLDHABER and SuNnyaR (51G5) found that a great many 
isomeric transitions with shorter half-lives are of the type E 3. The occurrence of such isomers 
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Fig. 3. Number of nuclear isomers known at the beginning of 1951 plotted as a function of the 
odd number of protons or neutrons of an even-odd or odd-even nucleus. 


in the first island of isomers is in contradiction to the j-j theory, since they would require transi- 
tions between levels with the spins 7/2 and 1/2. The spin term g7/2 cannot explain the appearance 
of a level with the spin 7/2, since it is definitely too highly situated. This discrepancy will be 
discussed in the section which deals with Kr’. In the second island the appearance of an 
E 3 radiation might be due to the transition hi1)2 > d5)2 (51G6). 

In Fig. 2 the splitting has been chosen in order to explain the magic numbers. Since no the- 
oretical data of the magnitude of splitting is available, that information which can be obtained. 
by f-spectrometer measurements is of great importance for this question. 

The isotopes of Kr and Xe are very suitable for a study of the problems discussed above. 
The isomers of Kr should belong to the first and isomers of Xe to the second island of isomers. 
The number of isotopes expected to be isomers is large, and the half-lives in general are so long 
that the activities can be studied conveniently. 
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Section 7 


Internal conversion of X-rays (Auger electrons) 


Introduction: A vacancy in one of the electron shells can be filled by the transition of an elec- 
tron from the outer shells. The energy liberated in this process is Hy, — Hj1. where H; 1 and 
Hj1 are the binding energies of the transition electron J in the final and initial states. ‘The 
energy H;1 — Hj;1 can be carried away in two different ways: 

‘1) A quantum of the energy hy= Ej, — E;1 is emitted. 

2) The energy #;1— H;1 is transferred to an electron 2 in one of the outer shells. The electron 
liberated in this way is called an Auger electron and will leave the atom with a velocity corres- 
ponding to the energy 4: 


Hyg = Ey; — Hii — Eo (15) 


where Hy 2 is the binding energy of the second electron at the moment it is liberated. After the 
liberation of an Auger electron the atom is doubly ionized. If Hj; and #;1 are the binding 
energies in an atom with the atomic number Z, Hp2 should therefore with a good approxima- 
tion be the binding energy for the atomic number Z + 1. We should therefore rewrite Eq. (10) 
as follows: 


E4 = (Epi — Bii)z — (Bo 2)241- (16) 


In old works on X-rays, process (2) is sometimes referred to as an inner photoeffect. of X- 
rays. Quantum-mechanical calculations (35Bl, 35P1 and 35M1) have, however, shown that 
process (2) must be due to internal conversion of X-rays, a process similar to the internal con- 
version of y-rays. In the works of Massny and Buruor (35M1) and of PrINcHERLE (35P1) the 
reader will find references to earlier works concerning the emission of Auger electrons. 


Energy of the Auger electrons 


Let us assume that a vacancy in some way has been produced in the K shell of an atom. An 
electron transition from one of the L, M, N...... shells will then occur. Consider first the 
most probable transition L — K. The energy liberated in this process is (7¥x—H_)z and will 
be transferred to an X-ray quantum (K,-radiation) or to one of the electrons in the 


eV EA nistane 30 shells (K Auger electron). The energy of the K-Auger electrons can 
be written: : 
Ha, = (Ex — Et)z —(Ex)z+1 Arz-electrons 
EBay = (Ex — Ex)z — (Em)z+1 Am- » (17) 
Hay = (EK — Et)z — (Ew)e+1 Ay- » 


In the following we shall denote the measured intensity of the Auger electrons by At, Am, 
Ay fo ee The true intensities are A ;=a, Al, AM=A, Am, ANn=4@, Ay Where @, Qe, Gas... 
are correction factors for the absorption in the GM-window of the spectrometer used. 

In f-spectrometer work the Az, Ay and Ay Auger electrons are very often observed. (The 
K-shell vacancy in a radioactive atom is produced by K-internal conversion of y-rays or by 


K-capture.) 
We should observe that Ay electrons can be produced in two different transitions 


205 


I. BERGSTROM, The isomers of krypton and xenon 
L>K | MK} 

(18 a) and (18 b) 

M->o©oo | L> oo | 

The transition IM — K is however less probable than L > K. The contribution of A y electrons 
from process (18 b) can therefore be neglected in a first approximation. In the same way Av 
electrons can be produced in two similar processes. 

We have hitherto considered only those Auger-electrons, which are due to a primary vacancy 
in the K-shell. In the same way we can define L Auger-electrons liberated in the M, N,O..... 
shells due to a primary vacancy in the L shell. The LZ Auger-electrons will, however, have so 
low energies that they mostly cannot be detected in £-spectrometer investigations. In our meas- 
urements it has only been possible to detect and resolve the K Auger-electrons Ay and Ay. 

In the energy Eq. (17) we have not made any difference between the L, M, N ....sub- 
shells. The K-shell vacancy can be filled by the transitions Ly > K, Ly1 > K, Intr > K. The 
Az and Ay electrons can also be liberated in one of the sub-shells Ly, Liz, Lit, M1, Mir, Mint, 
My, My. The Az electrons will then have energies Z 1, Hy... Eg below. 


Ey, = (Ex — Ex1)z — (Er t)z+1 
Ey = (Ex — Exije— (Exit)z+1  ¢ (19 a) 
EF; = (Ex — Ex1)z — (Evim)z+1 | 
By = (Ex— Enu)z— (Ext)z+1 ~~ 

‘ Es = (Ex— Epu)e—(Etmz+1 ff (19 b) 
Ee = (Ex — Exru)z — (Ex ut)z+1 | 


EB, = (Ex — Exrimn)z — (Er 1)z+1 


Eg = (Ex — Exim)z — (Evu)z+1 (19 e) 
Ey = (Ex — Exxun)z — (Enm)z+1 
But 
Hy ~ By 
E3 ~ Ey ; (20) 
Be = Ey 


The Az, electrons will thus be composed of six groups of electrons which in general have differ- 
ent energies. The same considerations can be applied to the A 4 electrons. The question now arises 
which electron group of the Az and Ay electrons respectively are the most intense. In order to 
measure this experimentally an extremely high resolution must be used. From the theoretical 
works of Burnor (35B1) and PrycHerE (35P1) we conclude that the intensity maximum of 
the unresolved Ay, and Ay electrons respectively should be expected at the energies 


Erin t+ # 
eee ( ny — eet za) he (Fa Fam) 
! 2 z 2 z+1 
(21) 


et (x. — 7 + um) ox (Ps + Emit 
2 a 2 z+1 
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Internal conversion probability of Ka X-rays: 


The transition ZL — K is accompanied by emission of K, X -rays or by ejection of K-Auger 
electrons. Let us denote the probability of K, X-ray emission by A K,» and the total probability 
of ejection of K-Auger electrons by AAm 


Ady dpe Aang te Ay (22) 
AA LT, AA M, *Ay t+ +++-- are the partial probabilities for ejection of K-Auger electrons from 
the LM, N.....: shells. The internal conversion probability W K,, for Ka X-rays will now 


be defined as below 


Intensity of Auger electrons 


Wk, 


Intensity of Auger electrons + Intensity of K, X-rays “J 


Number of Auger electrons hap (23) 


Number of K-shell vacancies or Ap rey rae 


1—w Ky= fluorescence yield of Kg X-rays. 
Wk, has been relativistically calculated for Au by Massry and BurHop (35M1). This value 
was used to construct a curve for the dependence of Z on W Ka The curve thus obtained is pre- 


sented in figure 4. From this curve we find that ejection of AUGER electrons occurs as frequently 
as the emission of X-rays. It is therefore surprising that the knowledge of Auger electrons is 
so poor and that this field of atomic physics is so little investigated. 

Buruor (35B1) used the term “internal conversion coefficient” for W Ka At this time the 


internal conversion coefficient for y-rays was defined in an analogous way 


y Intensity of conversion electrons (24) 
f Intensity of conversion electrons + intensity of y-rays 


Later, howewer, the internal conversion coefficient for y-rays was defined. 


Intensity of conversion electrons 


Oh = (25) 


Intensity of y-rays 


The latter definition for the internal conversion coefficient of y-rays is now commonly accepted. 
Analogously we avoid the use of the term “internal conversion coefficient” for Wx,. The 


term “internal conversion probability” seems to be useful both for Wx, and X. 


Auger electrons in B-spectrometer investigations : 


As has been pointed out earlier, the ejection of K-Auger electrons is initiated by a primary 
K shell vacancy. In a radioactive sample K-shell vacancies can be produced by 
1) K-internal conversion of y-rays. The ejected Auger electrons will be denoted by A, (AL, 
PAWN ES AUN es sin sb electrons). 
2) K-capture. The Auger electrons will be denoted by Axc (Az, Am, ANv......- electrons). 
Consider first a radioactive nucleus which emits y-rays and in which no K-capture transitions 
occur. The intensity of the K-conversion lines will now measure the number of K-shell vacancies 


and we have 
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Fig. 4. Internal conversion probability of Ka X-rays (MassEy and Buruop, Proc. Roy. Soc. 
A 153, 661, 1935—1936.) 


Intensity of K-Auger: electrons Ay z 
a EE ——— itt age Ge La a (26) 
Intensity of AK-conversion electrons LK = 


By comparing the surfaces under the K-Auger lines and all K-conversion lines, we can thus 
obtain a value of Wx, in a B-spectrometer investigation. We should expect that the empirical 
value of Wx, obtained in this way would be slightly larger than the theoretical value, since 
the theory does not include the amount of A yy electrons liberated in the process M — K, L ~ ©0, 

Since most Auger lines appear in the very low energy region of f-spectra the samples used 
must be of nearly ideal character if accurate values of Wx q are wanted. From this point of view 
electromagnetically separated samples are very suitable. 

Suppose W x, is known for a certain Z-value. If the B-spectrometer investigations show that. 


SA 
Se Ms 


(27) 5 


we can definitely conclude that a great number of K-shell vacancies must have been produced 
by K-capture.* From the intensity of the Auger electrons we can not only establish the presence 
of K-capture but also calculate the ratio of K-capture to f-transitions. 

In our experiments we have several cases in which a knowledge of Wk, was necessary in 


order to obtain information about the radioactive decay. All these cases are summarized at 
page 284. 


* Note added in proof: A few cases are now known for which the “excess” of Auger electrons 
can be explained by a K-conversion line of very low energy (cf Xe12°m), f 
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CHAPTER I 


Apparatus and methods 


Section | 
Production of radioactive isotopes 


General: The radioactive isotopes of Kr and Xe used in our experiments have 
been produced either by the fission of U or by slow neutron capture. The fission 
samples were obtained by irradiation of U with slow neutrons from the smaller cy- 
clotron at our Institute. The slow neutron flux of the small cyclotron was not 
‘sufficient to produce radioactive isotopes by neutron capture in those isotopes of 
Kr and Xe which have low abundance. Fortunately most of these isotopes have 
so long half-lives, that pile irradiation of the rare gases could be used. In a single 
case (Xe!31™) we have obtained the radioactive rare gas by f-decay from a neigh- 
bouring isotope (I'*). As soon as possible after irradiation the rare gases were elec- 
tromagnetically separated. In most cases several radioactive isotopes were ob- 
tained in each separation. By fission, for example, we obtained at the same time 
the following Kr activities, which after separation all were strong enough for f- 
spectrometer investigations: 113 min Kr*, 4.4 hr Kr®>, 74 min Kr’? and 2.77 hr 
Kr88, Sometimes it therefore happened that some spectrometers were used simul- 
taneously after the electromagnetic separation. In our measurements we have 
used a high transmission lens spectrometer, a double focusing spectrometer for preci- 
sion measurements of conversion electrons, and a Na I scintillation spectrometer 
for measurements of y-rays of low intensity. 


Cyclotron irradiations: The fission gases were extracted from uranium oxide or 
a solution of uranium nitrate (about 1.5 kg) by a method worked out by 8. THULIN at 
this Institute in an investigation on Kr88. For a detailed decription of this method 
we refer to the original paper (51T5). 

The uranium containers used were surrounded by paraffin and placed as near 
the cyclotron target as possible. The neutrons were produced by irradiation of Be 
with deuterons. The deuteron current was generally 50-125 wA. The slow neutron 
flux was then of the order 2-108 neutrons/em? s. In this way we obtained Kr*%™, 
Kr8m, Xel83, Kels3m, Kel85 and Xel*™ sufficiently aurony for /-spectrometer in- 
vestigation after electromasnétic separation. 


Pile irradiations: In our first experiments with pile irradiated krypton the gas 
was irradiated in a lead glass bulb of the length 50 mm and with the diameter 20 
mm. Because of the strong glass activity the bulb could not be sent to Sweden im- 
mediately after irradiation. However, to be able to send the bulbs immediately after 
irradiation the Isotope Division at Harwell advised the use of quartz containers. 
These were of the same size as the lead glass containers. The neutron irradiation 
was stopped at 6 o’clock in the morning. The samples were then flown to Sweden. 
Due to the exellent service of the Isotope Division at Harwell it was possible to 
start the electromagnetic separation 12-18 hours after the end of the irradiation. 
The quartz bulb was introduced into a brass chamber, which was evacuated. The 
bulb was crushed, and the resulting pressure observed with a Hg manometer. 
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The brass container was then connected directly to the ion source of the isotope 
separator. In this way we obtained the following isotopes in sufficient quantity 
for B-spectrometer measurements after separation: 34 hr Kr79 4.4 hr Kr®™, 9.4 y 
Kr®, 18 hr Xe!%5, 30 d Xe!27, 8d Xel?™, 12 d Xellm, 5.3 d Xel 2.3 d Ae 
and 9.2 hr Xe}, 

Some of these isotopes we also obtained by fission. The activity of the 4.4 hr 
Kr8™ pile sample, for example, was about the same as or somewhat weaker than 
that obtained by fission In this case however, it was more convenient to use the 
fission sample. The 5.3 and 2.3 d Xe}8? obtained by neutron irradiation were much 
stronger than the fission sample, mostly because it was not convenient to irradiate 
these activities to saturation in the small cyclotron. The 9.2 hr Xe! was much 
weaker when obtained in the pile irradiation than by fission. 

p-decay: A strong Xe! sample was obtained from the f-decay of I’. The 
method of extracting the radioactive gas in equilibrium with I'*! is discussed at 
page 265. 

Section 2 
Electromagnetic separation 


A short technical description of the electromagnetic separator has earlier been 
published (49B6).* Here we are only going to give a rough description of the tech- 
nique used. The separator is schematically drawn in figure 5. The ions produced 
in the magnetic ion source are drawn out from the ion source, accelerated, and 
focused to a parallel beam with circular cross section by an electrostatic lens system. 
After a deflection through 90° in the magnet the ion beams are focused to narrow 
elliptical lines and collected on a metal plate, which is cooled with water. In general 
the standard sample holders used in the /-spectrometers were fixed behind a slit 
in the collector plate, at a position corresponding to a certain mass number. The 
line height was usually about 25 mm. If two neighbouring activities were very 
close we preferred to use narrow lines and full line height. In this case we lose about 
50 percent of the activity for samples to be measured in the lens spectrometer. 
By making the beam somewhat convergent before it enters the magnet, it is also 
possible to focuse the activity onto a circular surface with a diameter of about 
8mm. The resolution will then of course not be so good. These samples were 
separated on commercial Al of thickness 0.15 mg/em®. Thinner Al foils can prob- 
ably be used to depress the back scattering effect still more (cf. page 213). 


Section 3 
Spectrometer investigations 


The lens spectrometer used was constructed by H. StAtis and K. SircBaHn 
(4954, 4989). For samples with a diameter less than 3 mm the transmission was 
about 8% and the resolution 3.4%. Samples produced by electromagnetic separa- 
tion were usually of the size 5 x 10 mm, for which the transmission and the resolu- 
tion was not so good. The double-focusing -spectrometer, which was used for 
precision measurements has been described by A. Heparan, K. Sreapann and N. 
SvartHoim (50H11). With 1 per cent resolution the intensity of a conversion line 


in this spectrometer was about 20 times less than in the lens spectrometer, for a _ 


very small sample. With the separated samples of size 5 x 10 mm, however, this 


* A more extensive paper will later be published. 
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intensity ratio was only 4. An advantage of the double-focusing f-spectrometer 
was that separated samples of full height could be used. Because of the high 
resolution used (0.3-1%) the backscattering effect will not influence the intensity 
of the conversion lines and rather thick (2.5 mg/cm?) collector foils could be used. 
For measurements of f-spectra, however, the lens spectrometer was the most con- 
venient and in many cases absolutely necessary, because of lack of intensity. 

To detect y-rays of low intensity a Na I scintillation spectrometer constructed 
by B. Asrrom (51A1) was used. As is well known the resolution of such an instru- 
ment is very bad at low energies, but increases with increasing energy. For the 
29 KeV X-rays associated with the decay of Xe!™ the resolution was about 60 %, 
but for the 460 KeV y-ray in Xe! the resolution was 15%. For still higher y- 
energies the resolution can be less than 10%. In the energy region 0-300 KeV the 
-spectrometer method is mostly superior even for studies of low intensity y-rays, 
since the conversion electrons have often an appreciable intensity. For higher y-ener- 
gies for which the intensity of the conversion electrons is very weak the Na I scin- 
tillation spectrometer is of great importance in proving the existence of low intensity 
y-rays. In very weak samples of Xe!®5, Xe!?7 and Xe!85 we have found y-rays, 
which we hardly would have been able to detect in any other way. It seems hard 
to give accurate values of the relative intensities of y-rays measured by this method 
without making experiments with y-rays of different energies known to be emitted 
in cascade. We have therefore preferred to compare the intensity of the photo- 
electron lines. In Xe!*5, for example, we found a y-ray of energy 610 KeV for which 
the intensity of the photoelectrons was about 1/200 of that of the photoelectron 
intensity of the 249 KeV y-ray known earlier.* 


Section 4 
Discussion of intensity errors in the /-spectrometer measurements 


In several cases it is important to know the relative intensity of electron lines 
or of an electron line and a f-spectrum. The intensity of the electrons focussed 
into the GM-tube of the f-spectrometer may be dependent upon the absorption of 
electrons in the GM-window, self-absorption in the sample, and backscattering of 
electrons in the sample and sample backing. 

1. Absorption of electrons in the GM-window: The GM-windows used in the in- 
vestigation with the lens spectrometer have been made by stretching a thin nylon 
sheet, which was first softened in a solution of alcohol. The cut-off of the GM- 
windows was estimated by measuring the f-spectrum’ of Co®. The low energy 
part of the Co® spectrum was linearly extrapolated down to the energy-axis. The 
intersection with the energy-axis was used as a practical defination of the cut-off 
of the GM-window. This value is certainly somewhat higher than the cut-off defined 
in a strict physical sense. In general we have used windows for which the cut-off 
was 5-9 KeV. In the absorption correction curve discussed in connection with 
Kr (Fig. 16) we find that the absorption is negligible at an energy larger than 
about 5. Kut ot). At the energy 3. Eveut ot) the absorption is of the order of 
20%. This means that in most measurements the GM-window absorption will 
not have any influence, for electron energies larger than 25 KeV. 


* Note added in proof: In a later work by Astron, WarstRA, THULIN and the author (to be 


published in Ackiv fér Fysik) intensity comparisons of -rays, measured with the scintillation 
spectrometer method, are discussed more in detail. 
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In some cases we have measured electron lines with high resolution in the double- 
focusing B-spectrometer. A GM-window of mica (3.8 mg/cm?) was then used. The 
difference in absorption of the K and ZL conversion lines of the isomeric y-rays 
was in consequence considerable. The purpose of using high resolution was very 
often to resolve LZ and M conversion lines. The energies of the Z and M electrons 
are, however, mostly so close that the absorption effect will be almost the same. 
The intensity ratio L/M obtained in this way was then used to calculate the K/L 
value from the value Tum obtained in the lens spectrometer with a thin window. 
The error in K/L thus obtained would then be rather small. 

2. Self absorption: In low energy f-spectrometry the absorption of electrons in 
the source itself is very serious. Even so-called thin sources with an average thickness 
of some g/cm? are able to give a wrong form and intensity for low energy electron 
lines. Evaporation of the radioactive substance on the backing material gives 
uniform sources. In many cases, however, the specific activity is so low that the 
evaporated sample will be rather thick, which gives rise to backscattering and self 
absorption. In most cases these difficulties are avoided when the method of electro-. 
magnetic separation is used. The ions generally have a velocity corresponding to 
30-60 KeV, and will penetrate into the Al collector foil to a depth which depends 
on the stopping power of the material. J. Koc (48K1) has found that neon ions 
_ of about the same energy as we have used will pass about 100 atomic layers before 
they are stopped in a silver plate. In the case of the heavier ions Kr and Xe we 
can therefore conclude that the deepest situated ions are ‘“‘covered’’ with only some 
ug Al/em?. On the average the “covering” material is thinner. Here it is justified 
to use the term average thickness, which as is well known, is quite meaningless 
when applied to crystalline samples. We therefore conclude that self-absorption 
is a negligible effect in the electromagnetically separated samples. The total 
amount of separated active isotopes is so extremely small that the thickness 
of sample produced in this way will not exceed the stopping power of the collector 
material. In the case of isomers of stable nuclei, which have a low specific activity, 
the electromagnetic separation cannot of course give completely carrier free activ- 
ities. If the abundance of the stable isomer is small the specific activity will, 
however, be increased considerably. 

3. Back scattering of electrons: Intensity disturbances due to backscattered electrons 
are the largest intensity errors in our investigation. The back-scattered electrons 
are due to primary electrons scattered back by the sample and the sample backing. 

For a certain backing thickness the intensity of the back-scattered electrons is 
energy dependent. From figure 46 we can estimate the back-scattering effect in alu- 
minium for the energy 128 KeV (K conversion line of Xe!*!). When Al of thickness 
0.15 mg/cm? was used the back-scattering effect was quite negligible. The shaded 

part shows the contribution of ‘back-scattered electrons, when Al of thickness 2.5 
mg/cm? was used. The tail of the K line at the low energy side has an intensity 
which is about 13 % of the intensity of the K line. In figure 12 the back-scattering 
effect of the 17.2 and 30.5 KeV conversion lines of Kr®*™ is shown by the oblique 
lines. When Al of thickness 2.5 mg/cm? was used the back-scattering effect was 
considerable. When the thinner foil was used the back-scattering effect was decreased. 
a great deal, but is not quite negligible, as in the case of the 129 KeV line of Xe™. 
For the 30.5 KeV line of Kr® the back-scattering intensity is about 5% with the 
thin foil. 
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If the electrons are not monoenergetic, but distributed over a f-spectrum, pri- 
mary electrons from each energy interval will contribute to the back-scattering 
effect. From figure 12 it might be expected that the intensity of the back-scattered 
electrons will be noticeable at an energy somewhat higher than 30 KeV. In figures 
15, 20, 52 and 59 which present the Fermi plots of the #-spectra of Co** Kr 
Xel33 and Xe!35 we find that the backscattering effect is not noticeable for energies 
larger than 50 KeV. The electromagnetically separated samples used here are 
thus practically not influenced by any disturbances, for electron energies larger 
than 50 KeV. By the use of thinner collector foils it would be possible to measure 
electron intensities down to still lower energies. 


CHAPTER II 


Measurements 


All isotopes of Kr and Xe, which according to the j-j theory should have isomeric 
states, are discussed. In the cases of Kr79™, Kr8!™ and Xe!?7™, the half-lives of the 
isomeric states are so short that it has not been possible to perform measurements 
with the method used by us. For the sake of completeness we have briefly presented 
earlier measurements on these isotopes. We have also tried to make as complete 
reference to earlier works as possible. 

Many of the results to be presented in detail here have earlier been published 
as brief letters in The Physical Review and in Nature. In the references, which 
are given at the beginning of each section dealing with a certain activity, we often 
give a summary of the content of such a letter, although the same subject is discussed 
in detail on the following pages. The reason is that in some cases predictions based 
on our first measurements have later been confirmed by other workers, whose results 
are included in the references. 

The work on the isomers of Kr and Xe must not be considered as finished. It 
is hoped, however, that our contribution can be used as a guide for other investigators, 
who for any reason may be interested in problems associated with the isomers of 
Kr and Xe. 

In all those cases where we have been able to estimate the errors in the measure- 
ments we have tried to give the maximum errors. 


Part I 
The isomers of krypton 


Section 1 


Tables of nuclear data concerning the isotopes of Kr 


In the beginning of 1951 twenty isotopes of krypton were known in the mass 
number region 77-97. Six isotopes are stable. The total number of radioactivities, 
however, is eighteen because of the existence of some isomers. Our investigation 
concerns only those isotopes which according to the j-j theory should be isomers, 
due to the fact that the other isotopes are too short-lived to be measured with our 
method. All isotopes of krypton with odd neutron numbers in the region 39-49 
will be discussed. 


Fig. 6 shows the mass spectrum of krypton photographed to scale on a fluorescent 
screen at the target of the isotope separator. 
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86 


Fig. 6. Mass spectrum of Kr photographed to scale on a fluorescent screen. Kr current about 3 A. 
The lightest spots are due to an over-sensitive part of the screen. 


Table 3 


Nuclear data of the isotopes of krypton 


Isotope 


Kr? Kr7é 
Kr7? 
Kr78 
Kr7? 
Kr79m 
Kr8? 
Kr8l 
Kr3im 
Kr82 
Krs3 
Krs3m 
Kr84 
Kr85 


Kr8 5m 


Kr86 
Kr’? 


Krss 
Kr89 
Kr? 


Kr®t 


Kr?2 
Kre3 
Kr 
Kr? 
Kr>920 


Class 


not known 
A 
stable 
A 
B 
stable 
A 
A 
stable 
stable 
A 
stable 
Aes 


A 


stable 
A 


QWWrr Fr F&F P&P Pb 


Half-life 
or (Per- 
. cent abun- 
dance) 


4.36 hr 


(17.48) 
78 min. 


QT hr 
3.18 min. 
338 


10s 


2.48 
2.38 
14s 
1-28 
short 


Slow 
neutron 


cross Sec- 


tion 


bo 


0.060 
0.096 


0.061 


Type of 
radiation 


Particle energy (kev) 


B* or B- ? 
1 700 (abs.) 
595 (s) 263, 44 (s) 
127 (s) 
187 (s) 
9.3, 32.5 
695 (s),150(weak)| 540 (weak) 
f149.5, 
eae) 1305.0 (s) 
3 200 (abs.) 
520, 900? 
2 800 (s) 
4000 com- 
plex (abs.) 
3 200 com- 
plex (abs.) 
3 600 com- 
plex (abs.) 
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In Table 3 we have presented some of the physical data which are of interest 
in connection with our investigation. The abundances of krypton have been measured 
by M. Lounssury et al. (47L3). The neutron cross sections of Kr8* and Kr** have 
been measured by Hoaagiranp and Sucarman (50H12), and that of Kr78 by us. 
The arrangement of Table 3 is of the same type as that used by SEeaporeG and PERL- 
man (4883). The figures reported in Nuclear Data (50N3) have been completed 
with recent measurements (51K8, 51T5) and the results to be reported here. Re- 
garding the ways in which the different isotopes have been produced the reader 
is referred to those sections in which the different isotopes are discussed. 


Section 2 
Kr®, Kr??, Kr?™, Kr®!™, and Kr®! 


Kr75, Kr75 should be the first Kr isomer, expected according to the j-j theory, since the neutron 
number is 39. No Kr activity of this mass number has as yet been discovered. To produce Kr7® 
from adjacent elements would certainly require the use of very high energy particles. Woodward 
et al. (48W6) have bombarded enriched Se isotopes with a-particles, but did not find any activity 
which could be interpreted as Kr7. 


Kr77, Woodward et al. (48W6) have reported a new activity of Kr?’ obtained in a Se’ (a, n) 
reaction. Kr?7 was found to decay by K-capture and emission of positrons and y-rays. The half- 
life was found to be 1. 1 hr and the upper limit of the positron spectrum 1. 7 MeV (absorption). 
Accurate f-spectrometer measurements should be performed in order to decide whether the 
1. 1 hr activity is due to the ground state or to an isomeric state of Kr7?. Kr7?7 might be pro- 
duced by irradiation of Kr?78 with fast neutrons. This would, however, certainly require a higher 
neutron flux than that available in the small cyclotron at our Institute. 


Kr78™ and Kr*1™, The isomeric states of Kr7® and Kr’! were discovered by E. C. CrEutTz 
et al. (40C1), in a laborious series of measurements. By bombarding Br with protons (5—6 MeV) 
two short-lived activities with the half-lifes 13 and 55 s were produced. After irradiation of the 
Br-sample for one minute it was rapidly locked into a f-spectrograph. 1001 irradiations were 
performed in order to obtain sufficient blackening on a photographic plate. Four conversion 
lines, corresponding to the y-ray energies 127 and 187 KeV, were found and for intensity 
reasons were assigned to the 55 s and 13 s activities respectively. 

Boiling of the Br solution to dryness caused the short-lived activities to disappear, which 
indicated that the activities were due to a gas. Critical absorption measurements showed the 
presence of Kq X-rays of Kr associated with the decay of the longer activity. 

In a recent work D. C. Karraker and D. H. Tempieron (50K6) have investigated neutron 
deficient isotopes of Rb, obtained by bombarding Br with high energy a-particles. A y-ray 
of energy 193 + 10 KeV with the half-life 10 + 6 s was found to be in equilibrium with the emission 
of positrons from the 4. 7 hr Rb®! activity. The 10s activity is probably identical with the 13s 
activity found by Creutz et al. and may therefore be assigned to Kr®?. 

It can thus indirectly be concluded that the isomeric state of Kr?® has a half-life of 55 s and 
decays with the emission of conversion electrons and a y-ray of energy 127 KeV. Kr®!™ has 
the half-life 13 s and decays by emission of conversion electrons and a y-ray of energy 187 keV. 

GoLDHABER and SunyAR (51G5) have classified the isomeric transitions of Kr?® and Kr®! 
as EK 3 transitions. The ground states of these isotopes are known to decay by K-capture. K- 
capture also of the isomeric states can therefore not be excluded, which would change the half-life 
on which this classification is based. It would for this reason be of a great interest to measure the 
intensity of the Auger electrons associated with the decay of the isomeric states in Kr? and Kr®!, 
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Kr®!, Ground state 2.1- 105 y. J. H. Reynoups (50R4) has investigated the isotopic con- 
stitution of Kr produced in the B~-decay of Br isotopes obtained by slow neuton capture in Br. 
In addition to Kr®° and Kr®? the author discovered a small ion peak at mass number 81, which 
was due to a radioactive Kr-isotope. Aluminium absorption measurements showed that the 
decay of the Kr-activity was associated with X-rays of the energy 12.1 + 0.4 KeV consistent 
with the Ka X-rays of Br. It was concluded that the activity was due to Kr® produced in the 
secondary reaction Kr*° (n y) Kr8!, Kr8! was found to decay only by K-capture, with the half 
life (2.1+0.5) 105y. The cross section for the reaction Kr8° (n y) Kr® was calculated to be 
12.6 barns. 


Section 3 
Kr’, Ground State, 34.5 hr 


Earlier Investigations 


1937; A. H. Snett (3781) bombarded Kr with deuterons and found a weak activity with 
half-life 18 hr., which was assigned to Kr? or Kr, 


1940: Creutz et al. (40C1) bombarded Br with protons and obtained a 34. 5 hr activity, which 
should be due to Kr7® or Kr®!, Positrons with upper limit 0.4 MeV were found by means of cloud 
chamber studies. 


1941; KH. Cuancy (41C2) has reported a 33—35 hr activity produced by bombarding Kr 
with deuterons. The activity was assigned to Kr79. 


1946: K. T. Hoacnuanp and N. SuGarman (50H12) have irradiated Kr with pile neutrons, 
and report that the positron spectrum is complex, with the components B*,—0.9 MeV (30 %) 
and 6T,—0.6 MeV (70 %). A y-ray of energy 0.2 MeV was also found. 


1948: Woopwarp et al. (48W6) obtained a 1.4 d. gas activity by bombarding enriched Se’ 
with a-particles. It was thus very probable that this Kr-isotope belonged to the mass number 
79. Kr79 was found to decay by K-capture and emission of positrons and y-rays. The probability 
of K-capture was found to be 50 times larger than that for positron emission. The upper limit 
of the positron spectrum was reported to be 1.0 MeV. Some y-rays in addition to the annihilation 
radiation were also reported, but nothing was stated about the energies. 


1951: I. BerestrROm (51B14) investigated electromagnetically separated Kr79. The positron 
spectrum was found to be simple, with the upper limit 590 KeV. Two y-rays with the energies 
44 and 263 KeV were found. ; 


Present Investigation 


General: The most simple way of producing Kr7® for our purpose is the Kr7® 
(n y) reaction, the cross section of which has been reported to be 0.27 barns (50H12). 
Since the abundance of Kr78 is only 0.34% a high neutron flux is necessary to 
produce an activity of Kr7® strong enough for /-spectrometer investigation after 
electromagnetic separation. About 15 cm? of Kr at atmospheric pressure was irradia- 
ted for one week in the flux 8.101! neutrons/s cm?. in the pile at Harwell. Using air 
transport form England to Sweden it was possible to start the electromagnetic 
separation about 15 hours after the end of the pile irradiation. 

The sample first separated was used for mass determination, running the separator 
with 6 uA Kr-current. The collector plate was cut into strips of the widths 2 (Kr7°) 
and 1 (Kr8) millimeters. Each point in Fig. 7 refers to the activity of such a strip 
measured close to a f-tube, which had a mica window of thickness 2.2 mg/cm’. 
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79 «8980S s 8) 82 83 84 85 
Mass Number 


Fig. 7. Activity spectrum of electromagnetically separated Kr measured 20 hours after the 
end of a pile irradiation of 7 days in the flux 8-101! neutrons/s em?. As can be seen from the 
figure the 34 hr Kr activity definitely belongs to mass-number 79. The large line width in Fig. 7 
as compared with that in Fig. 6 is mostly due to unsatisfying magnet current stabilization. 


Activity 


1 2 3 4 Days 


Fig. 8. Half life of Kr7® measured with a separated sample. 


As can be seen from Fig. 7, no activity in addition to the 4.4 hr Kr85 and the 34 
hr Kr’® is present. After determination of the mass number the sample was used 
for measurements of the half-life, which was found to be 36 +1 hr. (Fig. 8). 

The sample used for 6-spectrometer investigations was obtained after a separation 
for 10 hours with a Kr-current of 10 A. 
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Cou NtS/in. He 


K2 79 
249 KeV Kr 


1000 2000 3000 Gauss-cm 
Fig. 9. B-spectrum of Kr’. Resolution 5 %. The Auger lines are plotted in a larger scale in Fig. 23. 


b-spectrometcor investigations 


The intensity of the separated sample was weak, as expected. The counting rate 
at the peak of the f-spectrum was about 100 counts/min. as compared to the back- 
ground of 15 counts/min. Because of the rather long half-life it was still possible 
to obtain much more unambiguous information on Kr7® than was possible by earlier 
absorption measurements. In the f-spectrum presented in Fig. 9 each point was 
measured for 10 minutes. From Fig. 9 we can at once conclude by inspection that 
the decay of Kr7® is associated with K-capture, 6*-, and y-emission. 


Auger-electrons and K-capture 
The low energy electron lines of energies 10.1 and 12.1 KeV are certainly the Az 
and Ay lines of Br (cf Fig. 23 and Table 12). Wx, for Br is about 0.5. From the 
measurements we obtain the intensity relation 


nH 
K, + K, 


where the GM-window absorption correction a>1. From equation (28) it must 
be concluded that the decay of Kr7® is associated with a strong K-capture. 

The ratio between the transition probabilities for A-capture and /*-emission 
can be estimated by comparing the surfaces under the Auger-lines and the f*-spec- 
trum. First we have to compute the intensity C' of the K- papeure as a function of 
‘the intensity of the Auger-lines. 


LA = 4,- Ar + agAm = Axc + Ay = (0 + Ky + Ke) Wz, (29 a) 


= a> Wr, ~05 (28) 


After dividing this relation by the intensity 6* of the positrons and rearranging 
we obtain 


C A, ay Au 2) it Ky, = Ky 
S|| ae eae = == ag oe 29 b 
B ( B B Wra B ( ) 
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where a,=3.3, and a,=2.0, are absorption correction factors calculated by a method 
discussed at page 228. AZ/B+, Ajr/B*+ and K,+ K,/B* are obtained by comparing 
the surfaces under the electron lines and the positron spectrum. The value C/B + + 
=8+4 obtained from (29b) is somewhat rough because of the uncertainties in 
a, and ds», but it is definitely lower than the value 50, which was reported by 
Woopwarp et al. (48W6). 


ft-spectrum 


Using a helical baffle in the B-spectrometer the B-particles were identified as 
positrons. The f-spectrum in Fig. 9 also shows the typical positron. shape, with 
a lack of B-particles in the low energy region. No negatrons in addition to Auger 
and conversion electrons were found. The Fermi plot of Fig. 10is a straight line from 
the upper limit 590 +10 KeV down to about 100 KeV. 

The deviation from the straight line starts earlier than would be expected if 
the positron spectrum were simple. Pure back-scattering effects should start at 
35-50 KeV (cf B-spectra of Kr®™, Xe!33, and Xe). The deviation found could be 
a low-energy B+ component. Because of the low specific activity of the sample 
we cannot draw any definite conclusions about this question. 

The half-life for positron emission can be calculated from the estimate of C/B* 
(29 b) and the observed half-life Zons, as follows: 


Jobs = Ag+ + Ako + Atco | 


Laue ei rans | 

Lota Det Pre Tro (30) 
Tie see 

Tee 


where Z'ops is the observed total half-life and 73+, Txc and Tr are the partial half- 
lifes for f*-emission, K- and L-capture. Using the experimentally known values 
of Tons and C/f+, and neglecting the influence of Z-capture, we obtain 7';+~300 hr. 
and ; 

log f Ts+ = 5.3 »~, (BY 
(f, cf page 291.) 

This classifies the positron spectrum as being in the allowed group, in accordance 
with the shape of the Fermi plot. The positron transition would then be associated 
with the spin difference 0 or + 1 and no parity change according to the Gamow- 
Teller selection rules. 

No 6*-component with an upper limit > 590 KeV was detectable. The intense high 
energy component of about 1 MeV reported by other investigators (48W6 and 50H12) 
must be due to contaminations. In a private communication N. SuGARMAN has 
reported that he has also produced Kr7® in the Br (d, 2 n)-reaction. By absorption 
measurements it was shown that the positron spectrum was simple, with the upper 
limit 0.7 MeV. The 0.9 MeV component earlier reported by him was probably 
due to the presence of Kr*® (4.4 hr) or Xe! (9.2 hr). In his first experiments, SuGAR- 
MAN produced Kr7® by slow neutron capture in Kr, which may not have been com- 
pletely Xe-free. Concerning the 1.0 MeV component reported by Woopwarp et al. 
(48W6) it is hard to decide what the contamination can be. The 4.4 hr Kr®5 produced 
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Ne Wo= 2,16 (590 KeV) 


Fig. 10. Fermi-plot of Kr79. 


from impurities of Se*? in the enriched Se7® used in the Se? (a n) reaction would 
“not cause too much trouble, because of its shorter half-life. 

As is well known the classification of £-transitions is based on the /7-values. 
According to selection rules it is expected that f-transitions of different forbidden- 
ness will appear in certain regions of f7. The experiments, however, show that 
there are no distinct limits between these regions of /7. This is certainly often due 
to unsatisfactory measurements. The earlier accepted log {7-values for Kr7® were 
for example 7.37 and 6.24 corresponding to 6+-components of energies 0.9 and 0.6 
MeV. The 0.9 MeV component does not belong to Kr7®. The high value of log 
{T for the 0.6 MeV component is due to the fact that K-capture earlier was consi- 
dered to be more intense (48W6). 


Conversion lines and y-rays 


As can be seen from Fig. 9 two conversion lines at 30.2 and 249 KeV are present, 
which most probably are K-lines. If the low energy line were an L-line, the K-line 
would appear at 18.5 KeV and would easily be resolved from the Auger lines. No 
electron line was found at this energy however. If the 30 KeV line is a K-line the 
L-line at 41.9 KeV would be lost in the /*-spectrum, provided the corresponding 
y-ray has a low multipole order. Since we did not find any conversion electrons at 
41.9 KeV which could be resolved from the 6+-background we conclude that the low 
energy y-ray has the energy 44 KeV and cannot be due to an isomeric transition. 
- The L-line of the high energy y-ray cannot be detected with the weak sample 
we used. We conclude that two y-rays of energies 44 and 263 KeV are associated 
with the decay of Kr7°. 


Discussion of the decay scheme of Kr7® 


No unambiguous decay scheme can be given for Kr’® before coincidence measure- 
ments have been performed. As will follow below, however, it seems plausible to 
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Fig. 11. Tentative decay scheme of Kr7°.* 


assume that the positron emission and the main part of the K-capture reach 
the same level from which a 263 KeV y-ray is emitted. The theoretical value 
of O/B+ (EHs+ = 590 KeV, allowed transition) obtained from the curves of FEEN- 
BERG and TricG (50F5) is 10 as compared with the value 8 found by us. The 
intensity ratio K,/B+ was found to be 0.02, which is a plausible value for the 
internal conversion of an “ordinary” y-ray of the energy 263 KeV (emitted after 
the positron emission). 

The intensities of the K, and Kg lines were about the same. The 44 KeV y-ray 
should therefore not be emitted after the 263 KeV y-ray. The levels possible 
for the 35th proton of Br7® according to the j-j theory are fsj2, p32, and prj. 
The ground state of Br7® has the spin 3/2. The excited levels would then be fs,2, 
and pi. The ground state of Kr7® should be a ij or go2* level, but only the 
former spin term can explain the allowed #* transition. The absence of y-rays 
emitted between the two excited states in Br’? would then be explained with 
the fact that the y-transition pij—/f52 is less probable than the transition 
pij2—> ps2 (cf Fig. 11). 


Absorption cross section for pile neutrons in Kr’ 


From the activity spectrum in Fig. 7 it is possible to estimate the relative absorp- 
tion cross sections for pile neutrons in Kr78 and Kr84. The ratio of these cross sec- 
tions can be written: 

OK kx f° + C 


OK kere Bp eater 


where #* + C= total number of disintegrations in.Kr7® (at saturation). 
fb* = positron intensity of Kr79 

C =K-capture ,, rs 

p-=negatron _,, ee na Co ab a) 

k =1isotopic abundance 


- * Note added in proof: The spin 7/2+ of the isomeric state of Kr79 has been suggested by 
GOLDHABER and SUNYAR. 


222 


ARKIV FOR FYSIK. Bd 5 nr 14 


We have earlier shown that C ~8 6+ (Eq. 23). The beta particles of Kr®°and the 
positrons of Kr’® are absorbed to about the same extent in the GM-window, so 
6*/6- is therefore practically equal to the ratio of the activity peaks in Fig. 7, cor- 


on for decay and to saturation irradiation. In this way we have obtained the 
value: 


Sey (32 b): 


OKr*4 


This ratio is about 6.5 times larger than that obtained in the measurements by 
Hoacianp and Sucarman (50H12). In a private communication Dr. SuGARMAN 
has reported that K-capture was not included in the cross section given for Kr78, 
since there was no evidence for K-capture at the time of these measurements. Since 
we found K-capture to be about 8 times more: probable than positron emission 
our cross section measurement agree with that of HoaGLanp and SuGARMAN within 
the limits of error. Assuming that the cross-section 0.096 barns (50H12) of Kr84 
is correct the cross section of Kr78 would be about 2.0 barns. 


Section 4 
Kr*, Metastable state, 113 min 


Harlier investigations 


- 1940: A. LANGSDORF Jr and E. Srark (4112) discovered the isomerism of Kr8*. The 
Kr activity was produced in the decay of Br®? obtained by fission of uranium and thorium, 
or in the Se®? (dp) reaction. The half-life was found to be 113 min. Absorption measurements 
of the conversion electrons indicated a y-ray of energy 49 KeV. Characteristic X-ray absorption 
proved that the y-ray was associated with an isomeric transition in Kr. The authors were of 
the opinion that it would be possible to produce Kr®*™ in an amount sufficient for hyperfine 
structure measurements. 


1941: A. C. Hetmuorz (41H3) investigated a deuteron-bombarded Se sample in a f-spec- 
trograph and found conversion electrons of energies 15, 28.0, 32.7 and 44.3 KeV, which were 
interpreted as the K and JL lines of two y-rays of energies 29 and 46 KeV. The half-lives of all 
lines were of the order of 2 hours, supporting the assumption that they all belong to Kr®™, 
The 46 KeV y-ray was assumed to be responsible for the isomeric transition. 


1941; EB. P. Cuancy (41C2) observed the activity of Kr®*® when Kr was bombarded with 
11 MeV deuterons and Se with 22 MeV particles. 


1945: M. L. WiepENBECK (45W4) obtained an activity with half-life 115 min. when Kr 
was bombarded with 2.5 MeV X-rays. The same activity was produced by bombarding Kr 
with slow neutrons. 


1946: W. Rrzier (46R1) used very pure Kr in an investigation of Kr-activities produced 
by fast neutrons. The 1.9 hr activity was assigned to mass number 83 and was assumed to be 
produced in an (”-n) process. 


1949: J. Koon et al. (49K3) have investigated electomagnetically separated Kr activities 
produced in fission. No activity at mass number 83 was detectable, which was assumed to be 
because of a small fission yield or a bad efficiency of the counter for the low energy y-rays ex- 
pected. 
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1950: I. BerasrRom et al. (50B7) succeeded in producing such a strong electromagnetically 
separated Kr**™-sample that the conversion electrons of a low energy y-ray was measurable 
in the f-spectrometer. It was found that only one y-ray, of energy 32.7 KeV, was associated 
with the decay of Kr®™, 


1951: R. B. Durrrerp and L. M. Lancer (51D2) have studied the f-spectrum of Br’? 
-obtained in fission. The Fermi plot showed that the f-spectrum was simple with upper limit 
940 KeV, and that it has an allowed form, in agreement with the /7' value. The f-transition was 
therefore assumed to be consistent with a transition from the p3/2 ground state of Br** to the 
p1/2 isomeric state of Kr**. The conversion lines of Kr, which should appear in the low energy 
region of the Br®* £-spectrum, were not observed, because of the thick GM window which was 


used. 


1951: I. Berasrrom (51B12) reinvestigated Kr**™ with a very thin GM window in the f- 
spectrometer. L and M conversion lines of a 9.3 KeV y-ray were found, in addition to Auger 
electrons and the conversion lines of a 32 KeV y-ray earlier observed. 


Present investigation 


The low energy y-rays of energies 29 and 46 KeV reported by A.C. HELMHOLZ 
would certainly be very strongly converted. We therefore hoped that it would be 
possible to observe the conversion electrons of Kr®™ in the f-spectrometer, using 
a very thin GM-window. The shape of the low energy conversion lines would also 
be very interesting because of the ideal character of the separated sample. Many 
of the problems which appeared in the Kr®™ investigation are general for low 
energy /-spectrometry. It therefore seems convenient to discuss the measurements 
in the order in which they were made. 


I. First measuremenis 


During the first experiments the fission gases were mixed with Kr in such a quan- 
tity that an ion current of stable Kr of about 20 wA was considered to yield an 
optimum amount of the separated radioactive isotopes. Since the abundance of 
Kr® is 11.5% the ion current bombarding the collector plate at mass number 
83 was in this case about 2uA. It was impossible to use higher ion currents 
because of sputtering effects in the thin (150 ~g/em2) Al foil used as collector. The 
uranium oxide container was bombarded with slow neutrons for about 5 hours. 
Immediately after a separation time of 2 hours the activity at mass number 83 
was investigated in the f-spectrometer. 


b-spectrometer results 


No activity of Kr**™ was detectable when a conventional 6-tube with a 4 mg/cm? 
mica window was used. 

As Fig. 12. shows, two conversion lines of very low energies were found in the 
B-spectrometer. The cut off of the GM-window was about 9 KeV. It was therefore 
not possible to detect conversion lines having lower energies. The two conversion 
lines found have energies in agreement with the K and L+M conversion lines 
of a 32.7 KeV y-ray. The half-lives of the lines were found to be 103 and 108 Min. 
respectively. Because of lack of intensity it was not possible to exclude completely 
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Fig. 12. Conversion lines of Kr®*™ measured with a GM-window cut-off of 9 KeV. Filled 

circles refer to a measurement with 0.15 mg Al/em* as backing. The shaded part is due to a 

larger contribution of back-scattered electrons when 2.5 mg Al/cm? is used. Resolution 5 %. 
(I = magnet current.) 


the existence of the conversion lines of the 46 KeV y-ray reported by A. C. Hetm- 
Hotz (41H3). If this y-ray at all belongs to Kr**™, however, the intensity of the 
strongest conversion line appeared to be less than 0. 04 of the intensity of the K-line 
found by us. Since the low energy lines seemed to be weakest on the photographs 
obtained in the experiments of HELMHOLz, we suggested (50B8) that the 46 KeV 
y-ray might be due to Br®*. In a private communication, however, HELMHOLZ 
‘suggested that the 46 KeV y-ray found by him might be due to a contamination 
of Br8°, which is also produced when Se is bombarded with deuterons. 

Our first measurements thus indicated that Kr®*™ decays by the emission of only 
one y-ray. This 32.7 KeVy-ray is probably the same as the 29 KeV y-ray reported 
by Hetmuorz. The energy discrepancy was, however, somewhat too large to be 
explained by the maximum error expected in our measurements. A possible source 
of serious error would be a non linearity of the magnetic field as a function of the 
coil current in the f-spectrometer at very low energies. By using a still thinner 


225 


I. BERGSTROM, The isomers of krypton and xenon 


(@M-window we were later able to detect the Auger lines of Kr. Their position showed 
that the spectrometer factor was valid at energies still lower than those of the con- 
version lines of Kr®*™, (Cf Table 10). 


Il. Later measurements 


As we mentioned above the main reason for remeasuring Kr®* was to study the 
Auger lines. A GM-window of nylon with cut off at about 5.0 KeV was prepared. 
Even with this window the Auger lines were still expected to be absorbed to some 
extent. It therefore also seemed desirable, to increase the Kr*™-activity. 

At this stage, measurements by 8. THULIN (50T4) on the saturation effect of electro- 
magnetically separated gases collected on thin metal foils showed that the high 
Kr ion current earlier used was very detrimental. The amount of stable Kr was 
therefore decreased to such an extent that the ion current at mass number 83 was 
only about 0,2 wA. To keep the collector plate at a low temperature it was also 
watercooled. In this way it was possible to increase the activity of Kr®* by a factor 
20, using the same neutron flux as in the first experiments. 


The Auger lines 


As can be seen from Fig. 13 four new electron lines appear in the low energy 
region. The 10.3 and 12.1 KeV lines are certainly the Auger lines 47 and Ay of Kr 
expected at the energies 10.8 and 12.3 KeV respectively. The f-spectrometer was 
earlier calibrated with the F-line of thorium B. The energies of the Auger lines 
have been calculated assuming that the calibration factor does not change for very 
low energies. Later experiments with other isotopes (Z=54) showed that the Auger 
lines appeared at the expected positions in these cases also. (cf Table 12). The 
magnetic field is therefore a linear function of the coil current even at very low 
energies. 

The deviation in energy between the measurements by HeLtmHo.z and those pre- 
sented here may therefore be due to the thick samples which Helmholz had to 
use, because of the poor transmission of the semicircular f-spectrograph. 


Conversion lines 


The new low energy lines at 7.3 and 9.0 KeV are most probably the L and M+ N 
conversion lines of a 9.3 KeV y-ray. The lines at 17.7 and 30.6 KeV are the K and 
[+ M lines of a 32.5 KeV y-ray which were also observed in earlier experiments. 
The half-lives of all conversion lines were the same. From measurements on the L + M 
conversion line in the f-spectrometer the value 115 min. was obtained for the half- 
life (cf Fig. 14). Because of the strong sample used in the later experiments, we 
can now definitely conclude that the 46 KeV y-ray found by Hrtmuotz does not 
belong to Kr8*™, If any other conversion line with an energy less than 50 KeV 


is present, the intensity must be less than about 0.001 of the Z+M conversion 
line of the 32 KeV y-ray. 


Correction for GM-window absorption 


The absorption of electrons in the GM-window can be estimated from the weight 
of the window. It was not advisable, however, to destroy the very thin window. 
We have tried to use the Fermi-plot of Co® (Al-backing of thickness 150 ug/em?) 
to estimate the absorption correction. 
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Fig. 13. Conversion lines of Kr8?™ measured with a GM-vindow cut-off of ~ 5.0 KeV and 0.15 


mg Al/cm? as backing. Resolution 5 %. 
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Fig. 14. Half-life of Kr®*™ measured in the B-spectrometer at the L+M conversion line of the 
32 KeV y-ray. 
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Correction Factor 
for G-M Window 
5 absorption 


Fig 15. Fermi plot of Co® in the low energy Fig. 16. Correction factor for absorption 
region. Shaded part is due to back scattered of electrons in the GM-window with a 
electrons. cut off (as defined in this work) of 5 KeV. 


The full line of Fig. 15 shows the low energy region of the Co® Fermi plot using the 
thin GM-window (cut off =5 KeV). The broken line is extrapolated from the lhnear 
part of the Fermi plot. The deviation of the full line from the broken line is mostly 
due to back-scattered electrons. The dotted line is obtained by a linear extrapola- 
tion of the “back-scattering part’’ of the Fermi plot. We now assume that all points 
situated on the steep part of the Fermi plot would be situated on the dotted line 
if GM-window absorption was not present. In this way we have obtained the absorp- 
tion correction curve of Fig. 16. 

This method seems to be very uncertain because of two reasons. 

1. We do not know if the Fermi plot of Co® really is a straight line down to the 
lowest energies. 

2. The energy distribution of the back scattered electrons is not known. 


For lack of any other simple method, however, let us see what the result will 
be. From the following observations we conclude that our assumption above is 
roughly justified: 

i. In the first and the later experiments the thickness of the GM-window was 
quite different (cut off =9 and 5 KeV respectively). The absorption correction 
factors for the K and L + M conversion lines were 1.9, 1.2, and 1.07, 1.0 in the two 
cases respectively. This gives K/(L-+M)=0.39 and 0.35 in the two different meas- 
urements. 

2. From the corrected intensities of the Auger lines and the K-conversion lines of 


Kr* (cf Fig. 18), it is possible to estimate the conversion probality of K, X-rays. 
We then obtain 


Wra= = =05+0.1. (33) 


This value is in agreement with the value 0.49 measured by Auger, and with the 
theoretical value 0.44 found from Fig. 4. 


. 
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Fig. 17. Level scheme of Kr®3. 


3. As will be pointed out below, the two y-rays of Kr®8™ are emitted in cascade. 
The corrected intensities of the conversion lines are in agreement with the re- 
quirements of the decay scheme. 


Decay scheme and intensity considerations. 


Since Kr* is a stable nucleus and all the electron lines have the same half-lives, 
the 9.3 and 32.5 KeV y-rays must be emitted in cascade. Using the absorption 
correction factors recently discussed we obtain the intensity relations below. 


ry | 
—=3+ 
Rom }t! (34 a) 
kK, | 
_ = 0,35 + 0. 
i M, 794003 (34 b) 
Le uN, 
8 +02 
eT, ee (34 ¢) 


Relations (34 a) and (34 b) indicate that the 32.5 KeV y-ray is responsible for the 
isomeric transition. The theoretical conversion coefficients for the K and L shells 
are approximate at low energies. The Z and M lines are not resolved. This fact 
might make the above conclusion somewhat uncertain. 8. THULIN (51T5), however, 
has found a 28 KeV y-ray in f-spectrometer studies of electromagnetically sepa- 
rated Kr®8, For this y-ray, which is definitely not due to an isomeric transition, 

K 
L+M , 
that the 32.5 KeV y-ray of Kr? is responsible for the isomeric transition. 

The 32 KeV y-ray* should be completely converted because of the low energy 
and the high multipole order, which must follow from the small ratio K/Z+ M. But 
also the 9.3 KeV ray* should be strongly converted, because of the very low energy. 
Total conversion of both y-rays would give the intensity ratio 1 in relation (34 c), 


—8. The results of THuLin can therefore be considered as a strong argument 


* Of. the curves of Friicax, Physikalische Zeitschrift 42, 227 (1941). 
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since the y-rays are assumed to be emitted in cascade. The experimental value 
is not too far from 1. Since there are no reasons to doubt cascade emission of the 
y-rays we can also conclude that relation (34 c) justifies the absorption correction 
factors used. 


Discussion of spin and parity 


If the half-life relations (9) and (10) are used it must be concluded that the iso- 
meric transition has the transition order A4=4. In Table 4 the alternatives a, }, 
and ¢ are consistent with A=4. 


Table 4. 


Different decay possibilities of the isomeric state. Alternatives a, b and ¢ are 
consistent with the transition order A = 4 (Eqs. 9 and 10). Alternative d is suggested 
by GotpHaBEeR and SunyaR (51G5). 


nn 


ie a b c d 
energy KeV 

Spin difference |I,-I,|* | 3 | 3 4 3 
32 Parity change no no | no yes 

: Transition order + + 4 
Radiation M3 M3 E4 E3 

| 

Spin difference | I-I, | 1 1 0 1 
9.3 Parity change no yes yes no 

: Transition order 2 1 1 
Radiation M1 El El Ml 
; Spin difference |I,I,| | + 4 4 4 
Ey pothesron! Pare change | tay no yes yes yes 

cross over tran- ee 

se Transition order A 4 5 5 

pel Radiation | #4 M4 M4 M4 


The spin of the ground state of Kr®* is 9/2 (49K2). According to the j-j theory 

the spin of the isomeric state would then be 1/2. The level from which the 9.3 KeV 
y-ray is emitted would thus have the spin 7/2 (a and 6) or 9/2 (c). Delayed coinci- 
dence measurements might possibly decide between these alternatives. For alter- 
native (a) the half-life for the 9.3 KeV level would be about 1 s but for alternatives 
(6) and (c) the half-life would be about 10-8 s.* (6) and (c) seem unprobable, since 
low energy y-rays are very rarely found to be due to electric dipole transitions. 
If we now accept alternative (a) we should notice that the crossover transition 
would be observable since M 3 and E 4 transitions would have the same probability 
according to the old theory. In our measurements, however, we found that the 
cross over transition has a probability which is less than 10~ of that for the isomeric 
transition. The old theories cannot therefore give a satisfying explanation to the 


decay of Kr®™, provided we do not classify the 9.3 KeV transition as being of the 
type E 1. 


* This conclusion is based on half-life relations (9) and (10). 


230 


ARKIV FOR FYsIK. Bd 5 nr 14 


According to the j-j theory the spin of the lowest levels in Kr®? should be goj2 and 
pij2. P-spectrometer measurements on the decay of Br? (51D1) are consistent 
with the assumption that the isomeric state in Kr®? would have the spin 1 /2. 
This fact and the spin 9/2 (49K2) of the ground state of Kr®? is in good agreement 
with the j-j theory. In order to explain the appearence of the 9.3 KeV y-ray, however, 
it is necessary to postulate a 7/2- or 9/2 level between the levels goj2 and pi/2. These 
7/2- and 9/2- levels cannot at all be explained by the j-7 theory in its extreme for- 
mulation (see Fig. 2). It should also be noticed that alternative (a) is in contradic- 
tion to the j-j theory since the ground state and the isomeric state must have diffe- 
rent parities. According to GoLDHABER and Sunyar (51G5) E 4 and M 4 transi- 
tions have the same probabilities, which also makes alternative (c) impossible, 
since we did not observe the cross over transition. 

It might now be concluded that the 9.3 KeV level is a 7/2- level, and that the 
isomeric transition is of the type M 3 (b). This conclusion is based on the validity 
of the half-life formulas (9) and (10). According to GoLpHABER and Sunyar (Eq. 
14), however, the isomeric transition in Kr8* would be of the type M 3 or E 3. Since 
our experimental value for K/(L+M) seemed to fit the experimental K/L curve 
(51G5) for E 3 transitions, GoLDHABER and SunyaR concluded that the isomeric 
transition in Kr® is of the type E 3. This conclusion is not quite unambiguous since 
we have not been able to resolve the L and M electrons. The value K/L can 
be considerably higher than the value K/(Z+ M) For this reason it would 
be of great interest to resolve the Z and M lines. The alternative (d) suggested by 
GOLDHABER and SunyaR (51G5) requires a 7/2 + level. The suggestion of a 7/2 + 
level also seems to be the most probable since it can explain the decay of several 
other isomers (51G5). 

It is interesting to compare the isomerism of Kr®* and Tc®® (51M7) Both the 
isomers decay with the emission of two y-rays in cascade. In the decay of the 6 
hr Tc®®™ y-rays of the energies 2.0 and 140.3 KeV are emitted. The ground state 
of Tc is 9/2 as in the case of Kr®*. I. W. Minetics et al. (51M6) assumed that the 
y-rays of Tc9®™ were due to the transitions p1/2>7/2 + (E 3) and 7/2 + > goj2 (M1). 
The cross over transition ~1/2— go would thus be of the type M 4 and according to 
Kq. (13) have a probability which is about 0.01 of that for the transition p1j2>7/2 +. 
In the experiments of MiHELicH et al. the cross over transition was also detected 
and the intensity was in good agreement with that expected from Kq. (13). If 
we use Eq. (13) to estimate the intensity of the cross over transition in Kr®™ we 
find that it would only be about 10~° of that of the isomeric transition, because 
of the low y-energy. This may be the reason that we have not been able to detect 
the cross over transition. 


Section 5 
Kr® 

Two activities of Kr®> with half-lives 4.4 hr and 9.4 y were known at the time 
when our measurements started (July 1949). As the mass assignments were certain, 
one of the activities must be due to the decay of a metastable state. The 4.4 hr 
activity was known to be associated with B-decay (Zmax = 1.0 MeV) and y-emission 


(0.17 and 0.37 MeV). In the decay of the 9.4 y activity only f-particles were ob- 
served (Emax = 0.74 MeV). Secri and Hetmuouz (4987) suggested, on the bases 
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of energy considerations, that the shorter activity should be due to decay of the 
upper state of Kr®. 

‘All earlier measurements were performed with the rather rough absorption method. 
It was hoped that the more accurate results, which were to be expected from p- 
spectrometer investigations, would clarify the problem. 


Kr®, Isomeric state, 4.36 hr 
Earlier investigations 


1937: A. H. SNELL (3781) obtained a negatron activity of the half-life 4.5 hours, when Kr was 
bombarded with neutrons The activity was assigned to Kr®® or Kr’. 


1941: E. P. Crancy (4102) produced a 4.0 hr Kr activity by bombarding Kr with 11 MeV 
deuterons. Since a trial to produce the same activity in a Se (a, n) reaction failed, it was wrongly 
concluded that the 4.0 hr activity belongs to Kr®’. Kr®> was assumed to have a fairly short or 
long half-life. 


1943: H. J. Born and W. SrE~tMANnN-EGGEBERT (43B3) observed a 4.6 hr Kr isotope produced 
in the fission of U. An activity with the same half-life was obtained in the reactions Sr(na) 
and Rb(np). All three activities showed the same upper limit of 0.8 MeV for the f-particles 
emitted. It was therefore concluded that the 4.6 hr activity belongs to Kr®*. In a later work 
(43B3) the authors have reported an upper limit of 0.85 MeV, as a result of more accurate absorp- 
tion measurements. 


1946: W. RimzLER (46R1) obtained a 4.6 hr Kr-activity, when Kr was bombarded with slow 
or fast neutrons. 


1948: L. L. Woopwarp et al. (48W6) have bombarded several enriched Se-isotopes with 
a-particles. The 4.4 hr activity appeared in the Se** (a )-reaction which assigns the activity 
to Kr®, 


1949: J. Koou et al. (49K3) have investigated electromagnetically separated Kr isotopes ob- 
tained by the fission of U. Because of the very pure sample it was possible to obtain the accurate 
value 4.36 hr for the half-life of Kr®°. By absorption measurements the upper limit for the f- 
particles emitted was found to be 0.75 MeV. 


1950: E. J. Hoacianp and N. Sucarman (50H12) have reported two y-rays or energies 
0.17 and 0.37 MeV associated with the decay of the 4.4 hr Kr® activity, which was produced 


in the fission of U or in a Kr (n y) reaction. The upper limit 1.0 MeV of the f-spectrum was 
obtained by absorption measurements. 


1950: I. Berastr6m and 8. TaHutrn (50B8) have investigated the B-spectrum of electromagne- 
tically separated Kr*®-samples. It was definitely shown by f-spectrometer studies that the 4.4 
hr Kr*>-activity is due to the isomeric state. 


Present Investigation 


General: The 4.4 hr Kr§°-activity used in our experiments has been obtained by 
the fission of U or by slow neutron capture in Kr. The cross section of the reaction 
Kr*4 (n y) Kr® is 0.096 barns, and the abundance of Kr84 is 57%. A sufficiently 
strong Kr*-activity would therefore be expected if Kr were irradiated with pile 
neutrons, provided the transport of the sample from a pile could be arranged suffi- 
ciently quickly. In our investigation on Kr7® we also obtained the 4.4 hr activity 
of Kr*5, Figure 7 shows the activity spectrum of Kr 20 hours after the end of the 
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Fig. 18. 6-spectrum of Kr®>, Resolution 5 %. Correction: The ordinate is P, not P/He. (Cf page 407). 


pile irradiation. By an electromagnetic separation under optimum conditions it 
would perhaps be possible to increase the activity by a factor 20. The Kr®°-activity 
which we obtain by irradiating U with slow neutrons in our small cyclotron is of 
the same order. In the case of Kr® it is, however, more convenient to use the latter 
method. 

The f-activity of samples used for /-spectrometer investigations were of the 
order 10-2 Rd. The counting rate at the maximum of the f-continuum was then 
about 800 counts/min. 

Fig. 18 shows the f-spectrum of Kr®> measured with the resolution 5%. Three 
electron lines fall inside the spectrum. Later it proved necessary to measure the 
conversion lines with high precision. Figure 19 shows the K and L + M lines of a 305 
KeV y-ray measured with the resolution 0.5%. A search for more energetic y-rays 
was performed with a Na [I scintillation spectrometer. 


f-spectrum 


The Fermi plot of the #-spectrum is a straight line from the upper hmit 
down to about 35 KeV where the back-scattered electrons appear. (Fig. 20.) In 
an earlier measurement (50B9) we obtained the upper limit 817 KeV for the f- 
spectrum of Kr®>. This was, however, not in good agreement with the decay scheme 
suggested by us (50B8), and an investigation on the 10 y Kr®-activity by ZELDES 
et al. (50Z1). We have therefore repeated the measurements of the /-spectrum several 
times. A mean value 830+10 KeV for the upper limit, was obtained, using the 
energy of the accurately known K,- och K,-lines for calibration. 
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Fig. 19. K and LZ + M conversion lines of the isomeric y-ray of Kr®*. Resolution 0.5 %. 


Kr" 


W-2.67 (855 Kev) 


1 15 20 el 28 30 
Fig. 20. Fermi plot of the B-spectrum of Kr8>, Correction: The upper limit is 830 not 855 KeV. 


For a calculation of the comparative half-life of the f-spectrum we must know 
the decay scheme of Kr®>, Let us for the moment accept the decay scheme presented 
in figure 26. The half-life 4.4 hr (Fig. 21), which we observe is the total half-life of 


the metastable state. The corresponding decay constant Aops thus includes several 
decay probabilities. 
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Fig. 21. Half life of Kr**™ measured with a separated sample. 


e-2 1 
Aovs = Agri + Ayo + Ac-2g = Ag-1 | 1 4 i+ 

Ag-1 Ole (1 Ns Ly + | 

2 
Ley =T es : | 
L's-1 = Tops [1 + en l+- ( Fi i i m,) where Tops = 4.4 hr (35 a 
aK ar as 
A--2/Ag-1 = 0.087 + 0.008 is obtained by comparing the surfaces under the isomeric 
conversion lines AK, + ZL, and the f-spectrum. ae =; is obtained in the 
2 


measurement presented in figure 19. ax, the K-conversion coefficient of the 305 
KeV y-ray, is 0.85 for’E 5 radiation and 0.49 for M4 radiation. (49R3) 
In this way we obtain 


Tea = 1.24: Tors = 5.5 hr for #5 radiation | 
¢ (35 b) 

Tp-1 = 1.18- Tops = 5.2 br for M4 radiation | 

log f Te-1 = 5.2 (36) 


This classifies the -transition in the allowed group, in agreement with the shape 
of the Fermi plot. According to the G-T selection rules the f-transition occurs 
‘with a spin change of 0 or 1 unit and no parity change. 


Electron lines and y-rays 


The low energy electron line at 10.8 KeV (Fig. 18) is certainly due to Auger 
electrons. It should be noticed that the 4, and Ay groups are not resolved, which 
will be of some importance when discussing the isomeric transition. The other two 
electron lines at 134 and 285 KeV in figure 18 are the K + L lines corresponding 
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to y-rays of energies 149 + 2 KeV and 300+5 KeV. The energies of the y-rays 
obtained in a measurement of the conversion lines with the resolving power 0.5% 
were 149.5-+0.1 and 305.0+0.2 KeV respectively. All electron lines showed the 
same half-life of about 4.5 hr. By comparison of the surfaces of the electron 
lines in Fig. 19, we find K/(L + M)=7+1 for the 305 KeV y-ray. 

A search for more energetic y-rays with the scintillation spectrometer was unsuc- 
cessful, as can be seen from figures 22. We therefore conclude that if there are any 
more energitic y-rays at all the intensity of the photoelectrons must be less than 0.001 
of the photoelectron intensity of the 149 KeV y-ray. 


Multipole order of the y-rays 
1. BE, = 149 KeV 
As will be seen below coincidence measurements showed that the 149 KeV y-ray 
is emitted immediately after the B-emission (see Table 5). The internal conversion 
coefficient can thus be calculated from the total internal conversion probability 
X, which is the ratio of the surfaces under the K, + Z, lines and the f-continuum. 
Neglecting the contribution of M conversion electrons we obtain: 


pK le eee - ree! 
Bp K,+h+y “1s 


ae (: y. a) (37) 


x 


where X = 0.043 + 0.004, as is found by comparing the surfaces under the conver- 
sion lines of the 149 KeV y-ray and the f-continuum. 

L,/K,= 0.1, theoretical value (40H2). 

This gives «x = 0.041 + 0.004. 

From the tables of Ross et al. we find that the experimentally obtained value 
0.041 is in agreement with that for M 1 (0.037) radiation, which would mean 
that the y-ray is emitted with a spin change of 1 unit, and change in parity. (Cf 
ax —0.165 for K2 radiation). 


2) E, = 305 KeV. 


The internal conversion coefficient of the 305 KeV y-ray has not been measured in 
our investigation.* As will be shown in the following this y-ray is due to an isomeric 
transition in Kr. The y-transition probability which we have to compare with the 
theories is obtained in the following way (cf Fig. 26): 


* Note added in proof: By comparison of the intensities of the photo electrons in Fig. 22 
and the conversion electrons in Fig. 18 it should be possible to determine the ratio of the K 
internal conversion coefficients. Since a, for the 149 KeV y-ray is known, it would be. 


possible to calculate a, for the isomeric y-ray. Preliminary results indicates that the isomeric 


decay is of the M4-type (Asrrém, Warsrra, THULIN and Brrestrém, to be published in 
Arkiv fér Fysik). 
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Fig. 22. Photoelectron lines of Kr®® measured with the Na I scintillation spectrometer. 
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Fig. 23. The shape of the Auger electrons 47, and Aj, of Kr7, Kr®™ and Kr®™, The fact that 

85M sypports the assumption that the two y-rays emitted in 

djacent values of Z. Consequently one of the y-rays should 
be isomeric. 


only one peak is observed for Kr 
the decay of Kr®* must belong to a 
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Aobs — Ag-1 ai Ay2 = Ae-2 


he-2 Ap-1 ( je) | 
>= ——! a g -—~} obs —— 1 + a 38 a 
F dys ops Ap : (1 = 2) : r [: Aobs Ap-1 ( ) 


In Eq. (35b) we find Ag-1/Aops = 0.81 for E 5 radiation and 0.85 for M 4 radia- 
tion. Ac-2/Ag-1 = 0.087 and (Ly + M,)/K,=0.14. Inserting these values in Eq. 
(38a) we obtain. 


Ay = Aovs: 9.07; T, = 63 hr for #5 radiation 


(38 b) 
Ay = dors 0.12; T, = 37 br for M4 radiation. 


Using one of the half-life formulae (9) or (10) we find that the isomeric transition 
in Kr®5 would be associated with the transition order 1 =5. According to the classi- 
fication of isomers by GoLpHABER and Sunyar (51G5) the isomeric transition 
in Kr® is of the M 4 type. (Cf note page 352). 


Coincidence measurements and decay scheme 


Since the f-spectrum is simple only two decay-schemes can be discussed: 
1. Both the y-rays may be emitted from levels in Rb**. 
2. One of the y-rays may be emitted from a level in Kr®> and the other y-ray from 
a level in Rb®. 

Both the cases (1) and (2) require an isomeric transition. If case (1) were valid 
both the y-rays must be emitted in cascade. The 305 KeV y-ray must then be 
due to an isomeric transition, since the intensity of the conversion electrons is 
about twice as large as that of the conversion electrons of the 149KeV y-ray (cf 
Fig. 18). If case (2) were valid the 4.4 hr activity must be due to the decay of an 
isomeric state in Kr®5, which would decay both by y- and f-emission. 

In order to decide which of the y-rays is responsible for the isomeric transition 
coincidence measurements were performed in the f-spectrometer. Behind the 
B-spectrometer sample a small f-counter was placed. Coincidences were measured 
between the focused electron lines and the f-particles counted at the sample. 

As can be seen from Table 5 there is a pronounced coincidence effect when the 
K, line is focused. The coincidence effect at the K, line, however, is only of the same 
order as the back ground measured between the K, and K, lines. It must thus 
be concluded that the 305 KeV y-ray is responsible for an isomeric transition. 


Table 5 


Coincidence measurements 


Electrons e Energy Coincidences Time : c 
Focused KeV Total number min. Coine. /min. 
Ayt+Ay 10.6 30 30 1.0 

Ky 134 129 40 3.9 

oo me 15 32 0.5 
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No isomeric state is known in Rb*, Two Kr®-activities of the half-lives 4.4 hr 
and 9.4 y are known. The 305 KeV y-ray is therefore most probably associated 
with an isomeric transition in Kr, This conclusion is supported by the fact that 
we have observed only one Auger line. In the case of Kr79 and Kr®3 the Auger 
lines Az, and Ay were just resolved (see Fig. 23). This is, however, not the case for 
Kr®>, measured under identical conditions as the other isotopes. If we assume that 
one of the y-rays belongs to Kr and the other to Rb, two pair of Auger lines with 
the energies H4,—10.8 and E4,,=12.5 (Kr) and H4,= 11.4 and E4,,= 13.0 (Rb) 
KeV would be observed, provided the resolution is sufficiently good. If the lines 
A; and Ay of one of these pairs were just resolved the overlapping of the second 
pair would give a single broad line. The fact that only one Auger peak is ob- 
served thus supports the assumption of an isomeric state in Kr. 

Tn an old 4.4 hr Kr® sample we also found a weak (15 counts/min, close to a f-tube) 
long-lived activity, indicating that part of the 4.4 hr activity decays to a long- 
lived ground state of Kr®., 

The decay scheme in Fig. 26 (page 244) is based on the conclusions above. The 
isomeric state in Kr®> decays partly by the emission of a 305 KeV y-ray to the 
longlived groundstate of Kr®> and partly by the emission of f-particles with the 
upper limit 830 KeV leading to an exited level (149 KeV) in Rb®. 


Branching ratio of the isomeric state 


The branching ratio for the decay of the isomeric state is 


Ay2 + Ae-2 he-2 1 

ie 39 
act Wee ( ae uA (39) 
Ea ladanae te 
Ke 


From this intensity equation we thus find that the branching ratio is (cf. Eq 35 a) 


= (0.24 for EK 5 radiation 
=0.18 for M 4 radiation 


It is interesting to compare our values of the branching ratio with a measurement 
of the fission yield of the 9.4 y Kr®> performed by H. G. THopE. (Reports on Pro- 
gress in Physics XII, p. 18, 1948-1949.) In a mass spectrometer analysis of fission 
gases Thode found that the fission yield of the 9.4 y Kr® was only 25 % of that 
expected from the fission yield curve for mass number 85. Thode explained this 
discrepancy by the fact that there are two activities of Kr**, which he assumed to 
decay independently according to the mechanism: 


Kr®° 
15% 7 \ 4.4 hr 


\ 
Br®> Rb® 


Bs 7 
25 % N J YAY 
Kr® 


In the discussion of the spin and parities below, however, we will find that the 
eround state and the isomeric state of Kr®° should have the spins 9/2 and 1/2 respec- 
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tively. The ground state of Br8® should be a p3/2 level according to the I-) bee 
the spin 3/2 of Br?9 and Br8!), From this point of view the 6-transition Br es 

(AI=8) would have a very. small probability compared to the f-transition Br’°—> 
-> Kr85™ (AI=1). The results of THopr should therefore be presented as below: 


Kren 
100% 7 | SID. 
‘a 
Br®* Rb®? 
“ae 
| J 25% 
Kr®* 


This means that the branching ratio of the isomeric state would be 0.33, which 
is larger than our values. 


Discussion of spin and parity 


The spin of the stable Rb®* is 5/2 and the corresponding spin term would be 
fsj2. The experiments have shown that the 149 KeV y-ray is associated with a 
spin difference of 1 unit. The excited state in Rb*> would then have the spin 3/2 
or 7/2. Since the f-transition from the metastable state in Kr*® to the exited state 
in Br®5 is associated with a spin difference of 0 or 1 unit, several spin values would 
be possible for the isomeric state. The isomeric y-transition should, however, occur 
with a spin change of 4 units. All spin alternatives which give the ground state or 
the isomeric state of Kr®° a spin larger than 11/2 or less than 0 can be excluded. 
Three spin combinations still remain as can be seen from figure 26. One of these 
possibilities (c) suggests the spin 11/2 for the ground state of Kr’>. This spin value 
can be considered as improbable, since there is no experimental evidence for such 
a high spin value for the low neutron number 49 or Kr®®. The two remaining 
alternatives (a and b) in figure 26 suggest the spins 1/2 or 9/2 for the ground state and 
the isomeric state of Kr®>, The experiments indicate different parities between 
the two states (M4-transition). The two levels pi)2 and go are close and available 
for the 49th odd neutron in Kr®® according to the j-7 nuclear theory. In the case 
of Kr’> we find that the predictions of the j-7 theory and the experiments are in 
excellent agreement. According to the same theory the level f7/2 is definitely situated 
lower than fs. The levels f52 and ps3, however, should be closely situated. 
From this point of view, spin relations (a) seems to be the most probable. It 
should then be noticed that the ground state of Kr8® would be 9/2, which is also 
the experimentally found value for the stable nucleus Kr®*. 

We have earlier pointed out that the 830 KeV f-transition occurs with no change 
in parity and with a spin change of 0 or 1 unit. A complete spin and parity scheme 
is suggested in figure 26. : 

From figure 26 it is evident that the measurement on the 4.4 hr activity predicts 
a spin change of two units, and parity change, for a 6-transition between the ground 
states of Kr’? and Rb*®, The upper limit of the f-spectrum of the 9.4 y activity 
would be 675 KeV and (W%,-1) /7=0.4 x 10°, According to SHULL and FEENBERG 
(4986) the 6-spectrum of the 9.4 y activity would then be first forbidden and show 
the typical first forbidden-shape (50B8). A f-spectrometer investigation of the 


longlived Kr®> would therefore be extraordinarily interesting and was therefore 
immediately planned. 
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Kr®, Ground state, 9.4 y 
Earlier investigations 


1945; Hoacuanp and Sugarman (45H4) discovered a long-lived Kr isotope produced in the 
fission of U. From Al-absorption measurements it was concluded that B-particles with the upper 
limit 0.74 MeV were emitted. No y-rays were found. The long-lived activity was also produced 
in a Kr (n y)-reaction. 


1947: H. G. Tuopr (47T1) concluded in a mass spectrometer investigation that the long- 
lived Kr-activity should be assigned to mass number 85. By comparing the currents at mass 
number 85 and some stable Kr-isotopes at different times the half-life 9.4 y was calculated 
for Kr®5, 


1950: I. BercstoORM and 8. THuxtn (50B8) found a very long-lived activity in an electromag 
netically separated sample of Kr.*> (The failure to observe the 9.4 y Kr®> in the experiments of 
J. Koon et al. (49K3) was probably due to weak activity.) The decay-scheme of the 4.4 hr Kr85- 
activity based on the first B-spectrometer investigations suggested a forbidden shape for f-spec- 
trum of the 9.4 y Kr®, the upper limit of which was predicted to be 666 KeV. These conclusions 
were verified by measuring a 9.4 y Kr®> sample, obtained after electromagnetic separation of 
pile-irradiated Kr. 


1950: H. ZuLpzEs et al. (50Z1) have independently measured the f-spectrum of the long- 
lived Kr®>, with a strong sample obtained by the fission of U. The shape of the B-spectrum was 
‘in excellent agreement with the expected forbidden form. The upper limit 695 +5KeV was 
reported. In addition a very weak y-ray of energy 540 KeV in coincidence with 150 KeV f-par- 
ticles was observed. 


Present Investigation 


Introduction: On the bases of the measurements on 4.4 hr Kr®> we suggested the 
decay scheme in figure 26, from which the properties of the long lived Kr®> can also 
be predicted. The decay of Kr®* thus represents a closed system and is a very 
interesting case because of the following reason: 

1. Accurate determinations of the upper limit Hi and Ege for the f-spectra 
and the energies of H,; and EH,2 of the y-rays would make possible an accurate 
check of the method of determining the upper limit of f-spectra. From the decay 
scheme of 4.4 hr Kr®> (figure 26) we expect that: 


Eip2 = Ep =i Eyim Eye. (40) 


2. If the f.-spectrum should show the predicted forbidden shape, the conclusion 
that the isomeric transition is of the M4 type would be much more strongly sup- 
ported. The f,-transition would then be associated with a spin difference of 2 units, 
and parity change (Fig. 26) which means that the y.-transition must occur with a 
spin difference of 4 units, and parity change. This is however, the very require- 
ments for M 4 radiation. The suggestion that the spin terms of the isomeric state 
and the ground state of Kr®® are pyje and go would then be much more certain. 
The agreement between the experiments and the predicted spin levels from the 
4-7 nuclear theory would also be very satisfactory. 


Experimental: In an old separated Kr®° sample used for B-spectrometer investiga- 
tions on the 4.4 hr activity we found a very weak longlived activity. Close to a 
B-counter (mica window, 4 mg/cm?) the activity was 15 counts/min. It would for 


241 


I. BERGSTROM, The isomers of krypton and xenon 


1000 2000 3000 Gauss-cm 


Fig. 24. B-spectrum of Kr**, Resolution 5 %. Correction: The ordinate should be counts/min, I. 
(I = magnet current cf page 407.) 


this reason not be possible to produce the 9.4 y Kr®> activity in sufficient strength 
for a f-spectrometer investigation by slow neutron irradiation of U in the smaller 
cyclotron of our Institute. Pile irradiation of Kr would be more successful. The 
cross section for the reaction Kr*4 (ny) 9.4 y Kr®® is only 0.06 barns. Nevertheless, 
a usable activity could be expected because of the abundance 57% of Kr84 
and the high slow neutron flux 3 x 101! available in the Harwell-pile. 30 cc Kr at 
350 mm pressure was irradiated in the pile for three months. 


f-spectrum 


The f-activity of the separated 9.4 y Kr®> sample was aboutl0~-* Rd corre- 
sponding to an amount of about 1 mg irradiated Kr. The counting rate at the 
maximum of the 6-spectrum was around 60 counts/min. (background 15 counts/min.). 
The sample used was thus rather weak, but by repeated measurements it was still 
possible to obtain satisfying accuracy. In the f-spectrum presented in figure 24 
each point is the mean value of three different measurements. In each measure- 
ment on the 4.4 hr Kr and the 9.2 hr Xe!8> we know that the back-scattering effect 
starts at about 50 KeV. Our measurement therefore began at 50 KeV. At this 
energy we know that the electron intensity counted is practically undistorted. 

Figure 25 shows the conventional Fermi plot of the 9.4 y Kr85. As can be seen 
the plot has the characteristic shape expected for a f-transition with AJ—2 and 
parity change. According to the theory (4986) the conventional Fermi plot should 


be a straight line in the upper part after correction with the factor we where G= 


(W,—W?*) + W2—1, provided Z is small. W and W, are the relativistic energies of 
the f-particles and the upper limit respectively. If Wy <2 the corrected Fermi plot 
should be straight even for low energies. In the case of the 9.4 y Kr8> the measure- 
ments show (Fig. 25) that the G-factor makes a proper correction in the whole 
energy region measured (50-670 KeV). W ) must be known to apply the G-factor. 
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Fig. 25. Fermi plot of Kr®. 


We have used the value W,=2.30, predicted from our earlier measurements on 
the 4.4 hr Kr8>. The upper limit obtained from the intersection of the corrected 
Fermi plot with the W-axis is W)=2.30 (666 KeV). The agreement with the 
predictions seemed to be very satisfying. 5 

At this time ZELDES et al. (50Z1) published their measurements on 9.4 y Kr8* 
and reported the upper limit 695 + 5 KeV. These investigators used a strong sample 
produced by fission (pile neutrons). The discrepancy of 30 KeV between the upper 
limits corresponds to an Ho difference of about 3 % between the two measurements, 
and is larger than might be expected. A real discrepancy might be due to a 
30 KeV y-ray, associated with the decay of the 4.4 hr Kr®°™. Such a y-ray would 
completely change the decay scheme suggested by us and the good agreement with 
the nuclear shell theory would be lost. There was, moreover, no indication of 
the existence of a 30 KeV y-ray in our measurements. It was therefore considered 
advisable to increase the accuracy of the measurements on 4.4 hr Kr®>, since the 
measurements of ZELDES et al. seemed to be accurate. The new results on 4.4 hr 
Kr®> have been discussed in the previous section. The indirectly determined upper 
limit of 9.4 y Kr®* according to relation (40) was 675 KeV. Within the experi- 
mental errors this is in agreement with the value 666 KeV measured by us. 
Since there still is a discrepancy in the measurements of ZELDES et al. and those 
performed by us, the f-spectrum of the 9.4 y Kr®> should be remeasured. 


y-rays 


A search with the scintillation spectrometer for the weak 540 KeV. y-ray re- 
ported by ZELpEs et al. was unsuccessful. ZELDES et al., however, reported that the 
540 KeV y-ray was only found in 0.65 % of all disintegrations. The failure in ob- 
serving this y-ray in our experiments is therefore probably due to our weak sample. 
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Fig. 26. Level scheme of Kr®® including the weak 150 KeV f-ray and 540 KeV y-ray reported 
by Zeldes et al. (50Z1). Correction: f,-energy should be 830 KeV. 


(105 6 disintegrations/min:) Log f7' for the 150 KeV #-spectrum would be of the 
order 10 and the £-transition still more forbidden than the 695 KeV transition. 
Since an attempt to observe the 540 KeV y-ray with the scintillation spectrometer 
(cf Fig. 22) in a 4.4 hr Kr®® sample (10° disintegrations/min.) also failed, we 
conclude that a f-transition from the isomeric level in Kr®* to a 540 KeV level in 
Br®> must also be strongly forbidden. 


Summary 


f-spectrometer investigations on the 4.4 hr Kr®> activity suggested a decay scheme 
from which the properties of the 9.4 y Kr®® activity were predicted. The agreement 
between these predictions and the experiments was good. The 4.4 hr activity 
is due to the decay of an isomeric state in Kr8°. The long-lived Kr*® activity is due 
to a f-transition between the ground states of Kr8® and Br8®, The decay scheme 
presented in Fig. 26 seems to be very well established. 


Part II 


The Isomers of Xenon 


Section 1 
Tables of nuclear data concerning the isomers of Xe 


Twentyone isotopes of Xe were known at the beginning of 1951. Of these nine 
are stable. The total number of activities is seventeen, however, due to the existence 
of several isomers. We have investigated all radioactive isotopes of Xe in the mass 
number region 125-135. According to the j-j theory all these isotopes should have 
isomeric states. 
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Fig. 27. Mass spectrum of Xe photographed to scale on a fluorescent screen. Xe current about 4uA. 
The lightest spots are due to over-sensitive parts of the screen. 


Table 6 


Nuclear data of the isotopes of xenon 


Half-life Bee Radiation energy 
s sorption type 
Tsotope Class (Percent P of 
abun- sp lcbte radiation = 
sia) section B y 
(barns) 

| 

Xel?4 stable (0.095) 
54, 96, 106, 188, 
mole A | 18.0 hr K,y 243, 460 (8) 
Xel25m not known 
Xer26 stable (0.088) pretence 
o 57, 1 > ae > 

Xel27 A 34d K,y 365 (s) 
xXel27m A 75s cy 96 or 125, 175 (s) 
Xel*s stable (1.917) 
Xet29 stable (26.24) 
Xei29m A 8.0 d Ui bares) 195, 6 (s), 30? 
Xets0 stable (4.053) 
Xeist stable (21.24) 
Xeisim A 12.0 d iB Many) 163, 9 (s) 
Xeis2 stable (26.93) 
Xets3 A 5,2 7d 0.2 ByY 345 (s) 81 (s), 380 (weak) 
Xenssm A 2.35 d Te As 232, 8 (s) 
Xels4 stable (10.52) | 
Xet85 A 9.2 hr 0.2 By 905 (s) 250 (s), 610 (weak) 
Xeissm A 15.3 min. LAT oy: 520 
Xe136 stable (8.93) 
Xe18? A 3.9 min. | 0.15 B- 4 000 (abs.) 
Xess A 17 min. Po 
Xels9 A 41s 
Xelt0 A 16s a 
Xelfl A 38 p- 
Xel42 not known 
Xei43 A IG! 
Xel44 A ls 
Xei46 D 0.85 s 
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Fig. 27 shows the mass spectrum of Xe photographed in the same way as the 
mass spectrum of Kr. 

In the Table 6 we have presented some of the physical data about Xe which 
are of interest for our investigation. The abundances of the Xe isotopes have 
been measured by M. Lounspury et al. (47L3). The absorption neutron cross section 
of Xel32 has been measured by B. D. Kern and A. H. Snexx (50N3) and that of 
Xel34 by A. TurKEVvICH et al. (50N3). For further explanation of Table 6 we refer 
to Table 3. 


Section 2 
Xel25_-> J125_+ Tel25, 

Several earlier investigations concern the neutron irradiation of Xe, but nowhere 
is any activity reported, which can be assigned to Xe!2°, Crancy (4102) bombarded 
Te with a-particles and obtained a 3 hr-activity, which was provisionally assigned 
to Xel25, As will be seen from the following this activity is probably not due to 
Xel25, AnpERSON and Poot (50A3) discovered in 1950 a 20 hr Xe activity which 
was assigned to Xe!25, Xel24 has the very small isotope abundance 0.094 %. It would 
therefore be hard to prove the existence of Xe!25 by neutron irradiation without 
the high neutron flux available in a pile. We have confirmed the results of ANDERSON 
and Poot by studying electromagnetically separated Xe!2° obtained by pile irradia- 
tion of Xe. From our investigation it is concluded that this Xe??* activity is most 
probably due to the decay of the ground state. The possibility cannot be excluded 
that the 3 hr activity reported by Clancy (41C2) is due to the decay of an isomeric 
state in Xe!25, We have not, however, found any indications of such an activity. It 
is probable that an isomeric state in Xe!?> would have a very short half-life (ef Xe’). 

The genetic relationship between 18 hr Xe!?5 and 56 d [!*° was proved in our mea- 
surements. Xel*> decays by K-capture to several excited levels in 132°, which also 
decays by K-capture. 


Xe!l*5, Ground state, 18 hr 
Earlier investigations 


1950: D. L. ANDERSON and L. M. Poot (50A3) have irradiated enriched Te?22 with a-particles 
and obtained a 20 hr Xe-activity, which was assigned to Xe“, By absorption measurements 
the authors found the Ka X-rays of I and a weak 0.6 MeV y-ray, indicating that Xe15 decays 
mainly by K-capture. 


1951; I. Berastr6m (51B13) produced the Xe'®>-activity by irradiating Xe with pile neutrons. 
B-spectrometer investigations on the electromagnetically separated Xe125 sample showed a 
great number of conversion lines. In an old sample it was also possible to study the decay of 
the daughter isotope I}%5, 


Present investigation 


Introduction: The search for Xe!25 was stimulated by the results of ANDERSON 
and Poon (50A3). At the time when their investigation on Xel25 was published 
we were investigating Xe!2? produced by pile irradiation of Xe. The Xe gas was 
in this case irradiated in a lead glass container. Because of the strong activity of 
the glass the sample could not be sent to Sweden immediately after the end of the 
irradiation. An attempt to find the Xe!25 activity in this sample was unsuccessful 
because of the rather short half-life of this isotope. A 15 em? quartz container was 
then filled with Xe at atmospheric pressure and irradiated in the flux 8.10" neutrons/s. 
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Fig. 28. Activity spectrum of electromagnetically separated Xe measured about 19 hours after 

the end of a pile irradiation for seven days in the flux 8-101! neutrons/s. em?. The large 

line width in Fig. 28 as compared with that in Fig. 27 is mostly due to unsatisfying stabiliza- 
tion of the magnet current. 
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Fig. 29. Half-life of separated Xe™. 
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Table 7 


y-rays in the decay of Xe1* 
ee .__ 


Energy of Corresponding | Relative inten- 
electron lines | Interpretation y-ray energy sity of 
KeV KeV electron lines 
20.7 K,+Ay, | 100 
26.2 Ay 16 
_ fAz 32 
C4E-S | 54.0 68 
49.5 Ly, 54.7 16 
63 Ky 96 A 
13 K; 106 1 
107 T+L, 0.4 
153 Ky, 187 24 
183 I, 188 5.2 
208 K; : 243 7.2 
238 Ls 243 ~1 
Scintillation spectrometer 460 Weak 


cm? for one week (50% slow neutrons). Because of weak activity of the quartz 
it was possible to send the sample to Sweden immediately after the irradiation was 
stopped. The electromagnetic separation was started about 12 hours after the end 
of the neutron irradiation. 

Fig. 28 shows the activity spectrum of Xe after a separation time of one hour at 
a total Xe current of 6 wA. Five activity peaks are present at the mass numbers 
125, 129, 131, 133, and 135. Here we are only going to discuss Xe!25, while the 
other activities will be treated in the following sections. The half-life of the activity 
at mass-number 125 was found to be 18. 0+ 0.4 hours. (Fig. 29). After a separation 
time of 3 hours with a Xe-current of 15 wA, the activity at mass-number 125 was 
sufficient for 6-spectrometer investigations. The e~-activity of Xe!2° was then about 
3.10-% Rd, corresponding to-about 0.2 mg irradiated Xe. 


Spectrometer investigations 


The separated sample of Xe!*> was investigated with the f-spectrometer and the 
Nal scintillation spectrometer. In addition to Auger and conversion electrons no 
positive or negative B-particles were found. The Auger electron intensity indicated 
strong K-capture. Positron emission would also be possible, but the intensity is 
expected to be low because of the rather high atomic number. No y-ray due to anni- 
hilation radiation was detectable with the scintillation spectrometer. We therefore 
conclude that Xe!®5 decays predominantly by K-capture to several excited states 
in [°, Fig. 30 shows the B-spectrum of Xe!25, In Table 7 the experimental results 


are summarized. Fig. 31 shows the y-spectrum obtained with the scintillation 
spectrometer. 


Auger electrons and K-capture 


In the case of Xe!° it is not possible to decide from the energy of the Auger lines 
in which element these are liberated, since a very strong K-conversion line over- 
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Fig. 30. B-spectrum of Xel5. Resolution 5 %. Correction: In Fig. 30 and Table 7 the L lines 


should be 2+ lines. 
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Fig. 31. Photoelectron 


lines of Xe!25 measured with the Nal scintillation spectrometer. 
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18 hr Xel25 


56d ]!25 


Fig. 32. y-ray scheme of Xe?*®, 


laps the Auger line A; of energy Ex—2E,. The second Auger line Ay with the 
energy Ex—E,— Ey is, however, resolved. From experiments on Xe!*!™ and Xe!8% 
we know the ratio Az/Aw of the intensities of the Ay and Ay Auger lines. In the 
first case the Auger lines belong to Xe and in the second case to Cs. In both cases 
we obtained A;/A~2.0. Approximately the same ratio would therefore be expected 
for the Auger lines of I. Using this value we have calculated the intensities of the 
A,;, and K, lines listed in Table 7. 
From Fig. 30 the intensity relation below is obtained: 


uA 4 
EK 0.44 > Wea = 0.16. (41) 


Concerning the value of Wx, see Xe"™, (page 266). In the case of Xe1”> the Auger 


lines have such a high energy that they are practically not absorbed in the GM-window. 
From the intensity relations above we can definitely conclude that a great number 
of K-shell vacancies must have been produced by K-capture (cf. page 208). 


Conversion lines and y-rays 


As can be seen from Fig. 30 and Table 7 there are no difficulties in assigning 
the conversion lines to the proper y-energies. In the case of the low intensity 
conversion lines K,+K, and L,+L3, however, the halfwidths definitely shows 
that they are double. Because of the weak intensities it was not possible to 
obtain accurate information about these lines. The half-life was of the same 
order as that for the other conversion lines. In a separate investigation the K, 
and K, lines were just resolved. As a result of the 6-spectrometer investigation 
we have found that y-rays of the following energies are associated with the decay 
of Xel25; Hy = 54, 96, 106, 187 and 243 KeV. . 

In the scintillation spectrometer these y-rays were also detectable. A small peak 
at. 110 KeV indicates the presence of the 96 and 106 KeV y-rays. The assymetry 
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of the 190 KeV photo line is probably due to the 243 KeV y-ray. In addition we 
also found a very weak y-ray at 460 KeV, the conversion electrons of which would 
be impossible to detect with the f-spectrometer. 


Decay scheme 


As is well known it is hard to construct decay schemes only on the basis of 
y-energies, even if these are very accurately measured. Coincidence and intensity 
measurements must be performed in order to obtain unambiguous level schemes. 
The accuracy of the energies of the y-rays measured with the f-spectrometer is in 
our case about 1%. In the scintillation spectrometer we estimate the maximum 
error in the energy determination to be about 5%. The level scheme of Fig. 32 
is based only on these energy determinations, which are not very accurate. The 
level scheme should consequently not be considered as quite unambiguous. 

It should be noticed, however, that the energies of the 54 and 187 KeV y-rays 
taken together are equal to the energy of the 243 KeV y-ray. The intensity of the 
conversion lines of the former y-rays support the suggestion that they are emitted 
in cascade. Within the limits of error the sum of the energies of the 96, 106 and 
243 KeV y-rays are equal to the energy of the 460 KeV y-ray. 


2 


1125, 56 d. (Te!?™™ 58 d.) 
Earlier investigations 


1946: A. F. Rerp and A. A. Krston (46R2) discovered a 56 d, I-activity, when Te was bom- 
barded with 14.5 MeV deuterons. By absorption measurements the Ka X-rays of Te was found, 
indicating the presence of K-capture. In addition electrons of the energy 0.1 MeV were found. 
The ratio of the intensities of the soft electrons and K-capture was reported to be 1/40. No 
y-rays were detectable. The new I-isotope was assumed to be [1° As a consequence of this 
mass assignment the isomeric transition in Te!2® would occur through f-decay and subsequent 
K-capture. 


1947; L. E. GLENDENIN and R. R. Epwarps (47G3) have investigated the 56 d I-isotope 
obtained by deuteron bombardment of Te. They concluded that this isotope decays by pure 
K-capture, since no radiation other than Ka and La X-rays were detectable. The authors showed 
that the mass number 129 as assigned by Reid and Keston was very improbable. According 
to GLENDELIN and Epwarps the 56 d IJ-isotope should be assigned to [)”, 


1948; G. FRIEDLANDER et al. (48F1) investigated the decay of Te!5. 120 KeV electrons 
and X-rays were found. The authors also investigated the I'?° sample used by Rerp and Keston 
and concluded that the absorption curves of I125 and Te125 within the limits of error showed the 
same upper limit, indicating a genetic relationship between the two isotopes. 


1949: R. D. Hitt, G. SHarrr-GoLpHABER and G. FRIEDLANDER (49H7) investigated 'Te1° 
with a semicircular B-spectrograph. Conversion lines corresponding to a y-ray of energy 109 
KeV were found. In addition a weak conversion line of energy 30.4 KeV was observed. 


1949: K. Stmapaun and W. Forsiine (4988) observed a 30.5 KeV conversion line in a Te1?* 
sample, in addition to the K and L lines of a 110 KeV y-ray. The soft line was assumed to be 
an L line of a 35 KeV y-ray. 


1949: R. D. Hu (49H6) used enriched Te isotopes in an investigation of long-lived Te- 
isomers. In addition to conversion lines of a 109.7 KeV y-ray the L and M lines of a 35.4 KeV 
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Fig. 33. B-spectrum of I1*5, Resolution 5 % 


y-ray were observed. It could therefore be concluded that the isomeric state of Te’® decays 
by emission of two y-rays of the energies 109.7 and 35.4 KeV. 


1951: I. Berastrém (51B13) proved the genetic relationship between the 18 hr. Xe!® and 
the 56 d. JI25 using an old electromagnetically separated sample of Xe». 


[25, investigated with an old Xe!*°-sample 


Since we have shown that Xe!25 decays by K-capture it should be posssible 
to observe the radiation of I!?> in an old Xe!”> sample. Fig. 33 shows the 6-spectrum 
of the Xe!25 sample one month after electromagnetic separation. In addition to the 
Auger lines Ay; and Ay at energies 22.2 and 26.0 KeV characteristic of Te, we ob- 
serve two conversion lines, at 30.5 and 35 KeV. These conversion lines are certainly 
identical with the LZ and M lines of a 35.4 KeV y-ray also observed by R. D. Hitn 
(49H6) in a sample of Te’. No other conversion electrons were detectable. We 
must therefore conclude that K-capture in I!*° to the isomeric state of Te!25 is more 
forbidden than to the 35.4 KeV level. 

In the following discussion it is shown that, for reasons of intensity, K-capture 
to the ground state of Te!25 should be more forbidden than to the 35.5 KeV level. 
However, the main purpose for the discussion below is to show how the intensity 
of the Auger electrons can give information about a decay scheme. 

1. Let us first assume that all K-capture transitions lead to the 35 KeV level. 
The A-shell vacancies in I? would then be produced both by K-capture and K- 


internal conversion. Neglecting L capture the expected Auger electron intensity 
(XA) would then be 


2A=Axct Ay= Wra(yt+K+L+M)+ We.K (42) 
Eq. (24) can also be written. 
oo. Leads ( XA Ry 
Lim (. a ) (Li M)Wn. Cee 
aK 
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Fig. 34. Decay scheme of I!25, The spin of the ground state of I! is probably °/2. 


where 
XA i 
ei ae 1.3 (from our es 
W xa = 0.16 (see Xe) 
and 
ax ~ 10 according to FRIEDLANDER et al. (50F6). We observe that an error of 50% 
in ax will only introduce an error of about 5 % in the intensity ratio ae ant OF 


the conversion lines of the 35 KeV y-ray we thus obtain the intensity ratio: 
K/(L+ M) = 3.4.* (43 b) 


In the decay of Xe!?> K/(L+M) for the 55 KeV y-ray wag 4.3. The value 3.4 
which is somewhat too low because of the neglection of L-capture, therefore 
seems to be rather plausible.* This justifies the assumption that most K-capture 
transitions lead to the 35 KeV state. 

2. Let us now assume that the number of K-capture transitions to the ground 
state and the 35 KeV level are equal. In this case the intensity of the Auger electrons 
will be: 


LA=Axct+ A,=2WrealytK+L+M)+ K Wea. (44) 
Thus K 1 ( SA 2) Es 
Lewd iio (L + M)Wra 

— +3 

aK 

and we obtain 
a Sagas ie (45 b) 
TR) kaa 


* Note added in proof: In a recent work by FrirpLANDER and Orr (Phys. Rev. 84, 484, 
1951) it is found that the ratio of L, to K-capture is about 0.3. If L-capture is accounted 
for in Eq. 42 and 43 a we obtain K/(L+M)=4.4+1.0. This value seems to be rather, plausible, 
since 8. Tuuttn has found that K/(L+M) for the 40 KeV y-ray (dgj9 — 8}/9) in Xel#m is 


4,2 + 0.6. (To be published in Arkiv for Fysik.) Cf. also Eq. 53. 
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According to the j-j theory the 35 KeV y-ray should be emitted between the 
states dg. and sy (see Fig. 34) and the radiation be of the type M1 orM1+E2. 
This is also in agreement with measurements by G. FrreEDLANDER et al. (50F6). 
The value of K/(L + M) obtained above is too low to be responsible for a y-transition 
with a low multipole order. We therefore conclude that the assumption of 50% 
K-capture to the ground-state is wrong. K-capture transition to the ground 
state is thus more forbidden than to the 35 KeV level.* 

The spins 3/2 and 11/2 are predicted by the j-) theory for the excited states in 
Tel25, According to the same theory the spin of the ground state of I!?° can be 
5/2 or 7/2. The fact that K-capture to the isomeric state in Te1** is more forbidden 
than to the lower level makes the spin 5/2 for the ground state of 1?> more probable 
than 7/2. The decay scheme of I'*° is presented in Fig. 34. From this decay scheme 
it is also evident that K-capture to the ground state should be more unprobable than 
to the 35 KeV level, since the spin difference is one unit higher in the first than in 
the second case.* 


Section 3 
Xel27 


The isomerism of Xe!2? was discovered in 1940 by E. C. Creutz et al. (40C1). 
Associated with the decay of this isotope are activities of half-lives 34 d and 75 s, 
of which the latter was assigned to the isomeric transition. P. AxEL (50A4) recently 
pointed out that the isomeric transition in Xe!’ is the only example of an incorrect 
prediction of the j-7 theory in the second island of isomers, since the y-energy 
and half-life correspond to the transition order A = 4, while the predicted value is 
A=bd. K-capture from the isomeric state would be an explanation of this discrepancy. 
In our investigation on 34 d Xe!27, we have not found any indications that this 
activity is associated with a metastable state. We therefore conclude that the as- 


sumption of Creutz et al. that the 75 s activity should be due to the isomeric tran- 
sition in Xe??? is correct. 


Xel27, Ground State 
Earlier investigations 

1940: E. C. Creutz et al. (40C1) discovered a 34 +2 d. activity, when I was bombarded 
with protons. This activity was assigned to Xe’, since I'2? is the only stable I-isotope. X -rays, 
electrons and probably some y-rays were found in the decay of Xe!27, The ranges of the electrons 
in Al were found to be 350 and 35 mg/cm? respectively. The latter group was considered to con- 


sist of secondaries. Critical X-ray absorption measurements gave an inconclusive result, as the 
energy 40-45 KeV was found. 


1942: R. Overstrerr et al. (4201) produced Xe!? in a I (d, 2n)-reaction. 
1944; M. Camac (44C4) has investigated Xe??? obtained in a Xe(n y)-reaction. 


1949: R. W. Frxx et al. (49F2) have investigated neutron deficient Cs-isotopes and identi- 
fied Xe!’ as a daughter activity of the 5.5 hr (s127, 


1950; D. L. ANDERSON and M. L. Poor (50A3) have bombarded enriched Te!24 with a-particles 
and obtained a 32 + 2d activity, which they assigned to Xe?2’, 


1951: I. Berastrém (51B15) used electromagnetically separated Xe!? produced in a pile 
irradiation of Xe. f-spectrometer investigations showed that the electron group of range 35 mg 


* Note added in proof; FrreDLANDER et al (Phys. Rev. 84, 484, 1951) 
published an investigation on I!%5, which confirms our conclusions, 
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Al/cm? found by Creutz et al. was due to the conversion electrons of several y-rays. The strong 
electron group of range 350 mg Al/cm? was not present at all in the separated sample. It was 
definitely shown that Xe12? decys by K-capture. 


Present investigation 


Introduction: In experimental physics it very often happens that important re- 
sults are obtained at a moment when they are not at all expected. There have also 
been occasions when a mistake or wrong conclusion has been very useful in stimula- 
ting further work. Our investigation on Xe!2? was such a case. 

The xenon gas which we used for our investigation on Xe!2? was pile irradiated, 
in order that a predicted long-lived activity of Xe1® might be investigated.. In our 
first study of Xe! we concluded that the 5.3 d Xe183 was due to the decay of an 
isomeric state. The ground state was assumed to have a very long half-life (50B9). 
While the pile irradiation was going on, the decay scheme previously suggested for 
Xe1%3 was proved to be partly wrong. New investigations (50K5 and 51B12) showed 
that the decay scheme of Xe!*3 must be changed in such a way that the predicted 
long-lived activity could not exist. At the same time, however, P. Axe (50A4) 
pointed out an irregularity in the isomerism of Xe!27, We then hoped to be able 
to study the long-lived Xe!?’-activity, which because of the long irradiation time, 
should almost have reached saturation. As will be seen from the following this 
irradiation was very successful. Though our purpose first was a trial to find a 
postulated /-transition in Xel%, the activity of Xe!’ also proved to be sufficient 
for f-spectrometer investigations. Inconsistency in these measurements led to the 
discovery of a new isomer (Xe!°™), 


Inconsistency in the first measurements. Discovery of Xe!2™ 


The irradiated Xe was first separated on a broad collector plate in order that 
all Xe activities should hit the plate. After a separation time of 1 hour with 5 uA 
Xe, dark spots on the collector plate indicated the position of the stable Xe 
isotopes. The activity at mass number 127 was very weak. A standard sample 
holder for f-spectrometer investigations was fixed at mass number 127. The Xe 
current was then increased to 25uA. A separation time of 28 hours was required 
to obtain an activity sufficient for B-spectrometer investigations. Before these 
investigations were started we made an Al-absorption measurement. The range 
of the electrons present was found to be 35 mg/cm?, corresponding to an energy of 
about 110 KeV. This electron group is certainly the same as that which Creutz 
et al. (40C1) considered to be due to secondaries. The electron group of range 350 
mg Al/cm?, which was also reported by these workers, was not found at all by us 
and was probably due to contaminations. 


f-spectrum 


The f-spectrum of the sample first separated is presented in Fig. 35. In addi- 
tion to strong Auger lines, conversion lines of energies 92, 136, 164, and 194 KeV 
were found. The first two lines are most probably K lines, the L lines of which 
are superimposed by other conversion lines. The last two lines are consistent with 
the K and L conversion lines of a 199 KeV y-ray. We should notice the value of the 
ratio K/(L + M)=3.0, which indicates the presence of isomerism. The most plausible 
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Fig. 35. B-spectrum of Xe??? contaminated with Xe1*°™ which at the time of this measurement 
was not yet discovered. Resolution 5 %. 
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Fig. 36. 164 KeV line in Fig. 35 resolved into two lines corresponding to the y-ray energies 
196.6 and 202.6 KeV by using the double-focusing spectrometer with 1 % resolution. 


deduction from these results was that the 34 d. activity was due to the decay of 
an isomeric state in Xe!2?, The 75 s. activity would be in equilibrium with the 34 d. 
activity and decay by K-capture to excited states in Xe!27, The second conversion 
line corresponds to a y-ray of energy 172 KeV, rather close to the energy 175 KeV 
of the y-ray found in the 75 s activity by Creutz et al. If this were the case, Xe127 
might no longer be an exception to the j-7 nuclear shell model since the half-life 
of the isomeric transition would be much larger than 75s. For this reason the first 
measurement seemed to be very satisfying. After some weeks, however, the K/L 
ratio increased considerably, indicating that the K and ZL lines must be double. 
The half-lives of each of the component lines must therefore be rather different. 
The conversion lines in Fig. 35 were measured with 5% resolution. The sample 
was therefore measured in the double-focusing -spectrometer, with 1 % resolution. 
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Fig. 37. Activity spectrum of electromagnetically separated Xe measured 14 days after the end 
of a pile irradiation for 4 months in the flux 3-10" neutrons/cm?-+s. The line width in Fig. 37 
is almost double that in Fig. 27, which is mostly due to unsatisfying magnet current stabilization. 


As can be seen the 164 KeV line in Fig. 35 is now resolved in two lines corresponding 
to the y-ray energies 196.6 + 0.4 and 202.6 0.4 KeV. Unfortunately the intensity 
was too weak to measure the K/L ratio accurately. In any case one of the lines must 
be due to an isomeric transition, because of the low K/L ratio for the unresolved lines 
at the beginning of the experiments. The half-life of the isomeric transition must 
also be shorter than 34 days. The assignment of the 75s and 34 d activities to Xe127 
seemed to be unambigous. The only possibility of.explaining this incosistency 
was that one of the neighbouring isotopes, Xe!25 or Xe!#°, had an isomer with a 
half-life of the order of 1 week, and that.due to some unknown effect the sample 
holder at mass number 127 had been contaminated by some new activity of Xe!?> or 
Xe!2°, For this reason we made a new separation in which the Xe-current ran at 
5 uA for 1 hour. The activity spectrum obtained is shown in Fig. 37. As can be seen 
there is an activity peak at mass number 129, due to the decay of a radioactive 
-jsotope not known before. We also see that Xe!" is much stronger than Xe’, 
Though the resolution is not especially good we find that the activities are com- 
pletely resolved. The question still remined how the contamination of Xe!® at mass 
number 127 had been so large. For this reason we made a new separation with a 
five times larger ion current. It then appeared that the distance from mass number 
136 to 127 increased by about 4 mm, because of increased space charge effects in 
the ion beams. This means a change in distance comparable with the distance 6.5 
mm between two adjacent mass-numbers. In the case of the separated sample used 


257 


I, BERGSTROM, The isomers of krypton and xenon 


Counts. 
Ayt+Kl 
236 KeV 127 
300 i Ka Xe 
| 166 KeV 
i I 
200 } {} 
K3 s 
137 KeV 
| 2. ; | 
26,8 KeV ° 
100 “is ian 4 
° K2 
| y noKev ¢ \ 196 KeV 
esi Lt : | a; 
f \ 518 KeV KK Leia 
ae Nee we, ge ad Ly Gauss-cm 


500 1000 1500 2000 


Fig. 38. f-spectrum of Xe!’?, Resolution 5 %. Correction: In Fig. 38 and Table 8 the L-lines 
should be L + M-lines. 


for B-spectrometer investigations the sampleholder was fixed at a position which was 
estimated from the spots of a Xe current of 5uA. (Xel%* was kept at a fixed posi- 
tion during the separation.) In the separation for the first 6-spectrometer investiga- 
tion, however, an ion current of 25—30 uA was used, which explains the in- 
consistency in the first measurements. In fact, it was in this experiment that we 
first became aware of the serious space charge effect when high ion currents were 
used. A new Xe!2? sample was obtained by fixing the sampleholder at the collector 
plate in the position where no contamination of Xe!2° was expected. This sample 
was used for a new f-spectrometer investigation of Xe?’. 


Later measurement on Xe??? 


The Xe!2? sample obtained in the activity spectrum in Fig. 37 was used for a 
half-life determination. Xe!?? was found to decay with the half-life 25 days. (Fig. 
40.) This value is not very accurate because of the weak intensity. The results 
of the f-spectrometer and scintillation spectrometer measurements are presented 
in Table 8 and Figs. 38, 39, and 41. 


K-capture and Auger electrons 


The low energy electron lines of energies 24.1 and 27.8 Kev should be the Auger 
lines Ay and Ay. Just as in the case of Xe!5, we find that the intensity ratio of 
those lines which apparently are Auger lines, is abnormally high. The intensity 
ratio 2.0 is expected (see discussion of Xe125) and here we obtain the ratio 3.0. The 

~ reason is the same as for Xe!*5, If we assume that the Az line is superimposed by a 
K conversion. line we should find the corresponding ZL line at about 52 KeV. As can 
be seen from Fig. 38 a and 39 b weak conversion line is present at this energy, thus 
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Fig. 39. a) Auger electrons A; and Ay, of Xe'’’. The 4, line has superimposed upon it a weak 


K 1 conversion line. b) A separate measurement of the weak L 1 conversion line corresponding 
to the K 1 line. Correction: Al and A 2 in Fig. 39a should be A; + Ky and Ay, respectively. 
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Fig. 40. Half-life of separated Xe1?’. 
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Fig. 41. Photo electron lines of Xe?’ measured with the Nal scintillation spectrometer. 
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Table & 
y-rays in the decay of Xe!’ 


a 


Relative inten- | 
Energy of , / 
electron lines Interpretation y-ray energy sity of elec- Remarks 
(KeV) tron lines 
SS eS ee eee 
Ka Ay, | 100 Lens spectrom. 
a Ay 33 » 
Ay, 66 » 
K, 57 34 » 
51.8 I, 57 5.5 » 
112 Ks 145 21 » 
137 Ks, 170 41 » 
166 K, 199 84 » 
196 Ly 201 18 
169.4 Ky, 202.6 Double foc. spec- 
trometer 
365 Scint. spectrom. 


supporting the assumption that the Az line is superimposed by a K conversion line. 
Assuming that Az/Ay = 2.0 (cf. Eqs. 48 and 52) we have calculated the intensities 
for the K, and Az lines. (See Table 8.) 

From the intensities of the Auger lines 4; and Ay and the K conversion lines 
(XK) we find the intensity ratio 


x A 
: —— = 0. a= 0.16. 46 
\ SK 0.59 > Wx (46) 
Since the AK, and K, lines have super-imposed on them the Z, and JL, lines the 
intensity ratio above is expected to be somewhat higher (about 0.65). We can 
therefore definitely conclude that the decay of Xe??? is associated with strong 
K-capture. 


Internal conversion lines: 


The abnormally high intensity ratio Az/Aa= 3 indicates the presence of a con- 
version line superimposed on the Ay line. This fact and the weak conversion line 
at 52 KeV (cf. Fig. 39b) are consistent with the presence of a y-ray of energy 
57 KeV. This may explain why Creutz et al. (40Cl) did not succeed in measuring 
the energy of the X-rays. Their value 40-45 KeV lies between the energy values 
for the Ka X-rays and the soft y-ray found by us. The last two electron lines in 
the conversion electron spectrum are consistent with the K and ZL lines of a y-Tay 
of energy 200 KeV. The conversion lines at 112 and 137 KeV are most probably 
due to K lines corresponding to the energies 145 and 170 KeV. The I line should 
coincide with the K, line. The K, line might be due to an L line corresponding to 
the K, line. This is, however, not probable for two reasons: 

1) The intensity ratio K/(LZ+M) would then be 0.5 which is about 4 times less 
than expected for 1=5 (cf. Xe!2™, Xel41m, and Xel33m), 

2) The conversion line now interpreted as the L, line would then be a K line. 
We have not, however, observed a corresponding L line. 
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Fig. 42. Tentative decay scheme of Xe!27, 


y-spectrum: 


The y-spectrum of Xe12? was investigated with the scintillation spectrometer. The 
y-rays of energies 145, 170 and 200 KeV are not resolved. In addition we found a 365 
_ KeV y-ray, the conversion electrons of which were not detectable with the 6-spectro- 
meter. 

Decay scheme 


As in the case of Xe12> we cannot give an unambiguous decay scheme based only on 
our energy determinations. The level scheme of Fig. 42 should therefore in this case 
also be considered not to be quite unambiguous. Within the experimental errors, 
however, we find that all observed y-rays fit into the level scheme suggested. The 
decay scheme of Xe!??™ is based on the measurements of Creutz et al. (40Cl) and 
suggestions about the levels by GoLDHABER and SunyaR (51G5).* 


Section 4 
Xel°, Metastable State, 8.0 d 


Introduction: In the preceding section we have pointed out how some incon- 
sistencies in the measurements on 34 d Xe!27 led to the discovery of Xe!#®°. When 
Xe was sent to be irradiated in the pile for the first time, we had some hope of finding 
the “‘missing’’ Xe!29™, At that time our investigation on Xe? (50 B9) had definitely 
proved the existence of an isomeric state in Xe!**. Our /-spectrometer investigations 
on electromagnetically separated Xe1* confirmed the investigation of Brost et al. 
(49B5), who suggested a metastable state in Xel!, Xel?? and Xel*> were earlier 
- known to have isomeric states. According to the 7-7 theory all isotopes of Xe with 
odd mass number equal to or less than 135 should have isomers. The fact that 
Xel29m had not been observed earlier might be due to a very short half-life or soft 


* Note added in proof: The similarities in the decay schemes of Xe!*5 and Xe1®? are striking. 
It seems hard, however, to assign spins and parities to those levels, which we have tentatively 
suggested. Since all the y-rays have low energies, the low lying levels in Xe!5 and Xel2? 
should be: ds)95 97/2 s/o, 81/2 and hy1/2- An unambiguous level assignment of these two 


isotopes would therefore be extremely interesting from the point of view of the j-7 theory. 
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Fig. 43. Conversion lines of the isomeric y-ray of Xe1**. Resolution 5 %,. The tail in the low 
energy region is due to back scattered electrons in the thick Al-foil (65 mg/cm?) which had to 
be used as collector foil because of the intense current of stable Xe1** during the separation. 
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Fig. 44. Half-life of separated Xe129™, 


conversion electrons. It was also possible that the properties of an isomer of Xe}29 
were similar to those of some other Xe-isomer. The experiments showed that the 
half-life of Xe1*° is 8.0 days (Fig. 44) and that the energy of the isomeric transition 
is 195.6 KeV. Since the energy of the isomeric transition in Xe!" is 163 KeV and 
the half-hfe 12 d it would be hard to conclude anything definitely by irradiating 
Xe with slow neutrons without mass separation. In Fig. 37 we observe that the 
B-activities of Xel%8, Xel!™ and Xe!2*™ are of the same order. The observed ap- 
parent half-life would then be something between 12 and 5.3 days. W. Riezier 
(46R1), observed the half-life 9.5 days, when Xe was irradiated with neutrons. 
This half-life was larger than would be expected if the activity were due only to 
the 5.3 d Xe. He therefore concluded that the activity found by him might be due 
to some unknown radioactivity of Xe, which was in fact the case. 

Because of the saturation effect in the collector plate it was not possible to obtain 
a strong Xe'*™ activity after the electromagnetic separation, although the specific 
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Fig. 45. Possible modes of decay for I?* and Xe¥™, Correction: The f-energy should be 
120 not 150 KeV. 


activity was not too low. The collected activity of Xe!27 increased linearily with 
the time, but in the case of Xe1#® and Xe!4! the activity deviated strongly from a 
linear increase even after a separation time of only 30 min. Because of the strong 
currents of the stable Xe!?® and Xe!%! it was not possible to use the very thin 
Al foils of thickness 150 pg/em? used in most other experiments. The activity was 
collected on Al of the thickness 65 mg/cm. The e~-activity of the separated Xe129 
- sample was about 0.3. 1073 Rd. 


Conversion electrons and y-rays 


The conversion lines of Xe!2°™ (Fig. 43) have the energies 160 and 190 KeV 
and are certainly due to a y-ray of energy 195 KeV. The intensity ratio K/(L + M) 
was found to be 2.1.* (Preliminary results of this investigation were published in 
Nature (51B15).) As can be seen from the low energy tail of the K-conversion line 
the back-scattering effect in the thick collector foil is appreciable. The more accurate 
energy value 195.6 KeV was obtained in a measurement with the double focusing 
spectrometer (Fig. 36). It was not possible to detect conversion electrons of any 
other y-ray than the isomeric. A search for y-rays with the scintillation spectrometer 
was also unsuccessful. The half-life of Xe!2°™ was measured with that part of the 
separated sample (used to obtain the activity spectrum of Fig. 37) which corresponded 
to mass number 129. The half-life was found to be 8.0+0.2 d. (Fig. 44). 


Discussion of the isomeric decay 


The spin of the ground state of Xe12° is 1/2. (8. 1/2). According to the j-7 theory 
the isomeric state should be a /iij2 state. An isomeric transition might than be 
_of type E 5. The isomeric transition in Xe1*!™, however, is known to be an M 4 
transition in agreement with the predictions of the 7-7 theory. From this point of 
view it seems inconsistent that the intensity ratio K/(Z + M) for Xel#°™ and Xe13!™ 
are so close (2.1 and 1.7 respectively). This inconsistency can be removed if we postulate 
the existence of a low energy y-ray in the decay of Xe!?°™, which we have not been 
able to observe. If the postulated y-ray should have an energy of about 30 KeV 


* Note added in proof: The intensity ratio M/L for Xe™ should have a value between 
those of Xe13!™ and Xe", Using M/L = 0.32, we obtain K/L = 2.75 + 0.20. 
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the K-conversion electrons cannot be ejected and the L-conversion electrons would 
be hard to resolve from the Auger electrons, which may be the reason why it 1s so 
difficult to detect them. An X-ray or y-ray of energy of about 30 KeV has also 
been observed in the decay of the very long lived I'#°. (50N3). In addition electrons 
of the energy ~ 120 KeV are reported to be associated with the decay of this isotope. 
It can of course not be excluded that these electrons are the K conversion electrons 
of the isomeric transition in Xe2°™ in equilibrium with I }°, 

GoLpHABER and Sunyar (51G5) have suggested that the isomeric transition in 
Xel29™ should be of the type M4 according to their empirical classification. This 
assignment is also in agreement with the theory of Weisskopf (Eq. 11). 

On the basis of the discussion above we have drawn the decay scheme of Fig. 
45 which however is not yet proved experimentally.* Reinvestigation of the decay 
of I#2® would probably eliminate the uncertainties. 


Section 5 
Xel%lm, Metastable State, 12.0 d 


As is well known I!*" is of very great importance as a radioactive tracer isotope 
for medical use. An unambigous decay scheme of this isotope is necessary for an 
accurate calculation of the absolute dosage from measurements of the f- or y-activity. 
Though a great number of papers have been published dealing with the decay 
scheme of I!*1, there are still some inconsistencies. I!*1 decays to several excited 
states in Xe!31, One of the levels is metastable with the half-life 12.0 d. Our work 
concerns only the isomeric transition. The whole decay scheme of ['* is, however, 
dependent on the position of the metastable level. In this section we will find 
that the results of our investigation on Xe!*!™ proved that several decay schemes 
suggested for I4*! were wrong. It was also possible to predict a weak /-component 
in the decay of I!*!, the existence of which was later confirmed. We present below 
a summary of those papers about [!*! and Xe!*!™ which are of interest for the study 
of the isomeric decay in Xe!}, 


Earlier Investigations 


1943: W. Rinzuer (46R1) observed a 9.0 d. activity when Xe was bombarded with slow or 


fast neutrons. This activity was certainly due to a mixture of the 12.0 d Xe1*1, 8.0 d Xe!29 and 
5.3 d Xe33, 


1944: M. Camac (44C4) reported an 11 d Xe-activity obtained by fast neutron bombardment 
of Xe. 


1947; W. J. Arron et al. (47A1) have observed a 14 d Xe activity obtained in fission. 


1948: G, EK. Owen et al. (4802) observed a y-ray of energy 163 KeV in a f-spectrometer in- 
vestigation on I!*1, This y-ray was later shown to be due to the isomeric transition in Xe, 
The authors suggested that two pair of y-rays of energies 284, 163 and 364, 80 KeV respectively 
were emitted in cascade from the same level, since the energy sums are about the same. 


1949: D. A. Linn et al. (49L4) showed that the 163 KeV y-ray can not fit into the decay 
scheme of Owen et al. (4902). Precision measurements proved that the energy of the 364 KeV 


* Note added in proof: Recently Xe™ has been reinvestigated by 8. Tautrn and the 
author (to be published as a letter in Phys. Rev. and as a more detailed paper in Arkiv fér 
Fysik). A y-ray of the energy 40.0 KeV was found in agreement with the predictions. More- 
over, preliminary measurements by Astrém, Wapstra, THULIN and the author indicate that 
the isomeric transition is of the M4-type (cf. footnote page 385). 
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y-ray is equal to the energies of the 80 and 284 KeV y-rays with an accuracy of one part in 4500. 
Intensity relations also supported the assumption that the 80 and 284 KeV -rays are emitted 
in cascade. 


1949: A. R. Brost et al. (49B5) found a 12 d Xe activity in the decay of I231 obtained by 
fission or from the decay of Te™!. A y-ray of approximately 165 KeV and the X-rays of Xe were 
found by absorption measurements. Conversion electrons of energies 130 and 160 KeV were 
also observed. The intensity of the 130 KeV electrons (K) was found to be much stronger than 
that of the 160 KeV electrons (L). An estimate of the total internal conversion coefficient was 


e 
obtained (= = 20}. About 1 per cent of all the f-disintegrations of [1% was found to lead to 


the isomeric state in Xe%1, 


1949: J. M. Cork et al. (49C6) have investigated the conversion electrons of [121 with high 
precision. A level scheme based only on energy considerations was suggested. The 163 KeV 
y-ray was assumed to decay to a level from which the 364 KeV y-ray and the 284 and 80 KeV 
y-rays (in cascade). would reach the ground state of Xe!8!. If this were the case, it would be pos- 
sible to observe the conversion electrons of the latter three y-rays in the decay of the isomeric 
state of Xe!1, 


1950: Lin SHune Cuene and T. D. Kursatoy (50C8) observed an 11.5 d Xe-activity in the 
decay of Cs #1, The intensity ratio of the K and L conversion electrons was estimated to be 4.5. 


1950: I. Brereastrom (50B10) prepared a sample of Xe!™ by electromagnetic separation of 
Xe produced in the decay of I?%1. No electron lines apart from K and L + M conversion lines 
of a 163.9 KeV y-ray, and the Auger lines, were found in a f-spectrometer investigation. It 
was postulated that the isomeric state is reached by a weak 800 KeV f-ray not yet discovered. 
The isomeric decay was found to lead directly to the ground state. 


1950: J. M. CorK (50C7) suggested a new decay scheme of I'*! in which the isomeric y-ray 
would be followed by a 637 KeV y-ray. 


1951: N. F. Verstsr et al. (51V1) have investigated the decay of I'*! with high precision. 
In addition to B- and y-rays earlier known they reported a 724 KeV y-ray and a very weak f- 
component of the energy 807 KeV, the intensity of which was estimated to be 0.56 %. 


1951: J. M. Cork (51C9) suggested another decay scheme of I**! based on the discovery of 
a 723 KeV y-ray. In this scheme the 600 KeV f-ray and the 723 KeV y-ray precede the isomeric 
transition which goes to the ground state of Xe1*. 


1951: H. Zuupus et al. (51Z2) have investigated the low intensity radiations from I**! and 
reported a 720 KeV y-ray and a B-component of energy 810 KeV with an intensity less than 1 %. 


Present investigation 


Experimental: The main part of the experiments were performed with electro- 
magnetically separated Xe1* obtained in the decay of ['*4. In the experiments on 
Xel29, Xel27, and Xel25, we also obtained Xe!*! in the separated pile irradiated sample 
(51B15). The Xe!31™ samples obtained in this way have not been used for precision 
measurements. The strong ion current of the stable Xe!%! very soon limited the 
collected activity because of the gas saturation effect in the collector foil (cf. Xe1?*). 
The strongest separated sample of pile irradiated Xe was about 20 times weaker than 
samples obtained after separation of the Xe activity in equilibrium with 10 mC [?. 

A solution of 10 mC [2% was obtained from Harwell. The I-solution was diluted 
to about 15 ml, introduced into a spherical 500 ml glass container, and frozen. 
After evacuation some stable Xe was introduced and the frozen solution was then 
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melted. After seven days the glass container with the iodine solution was shaken 
for some hours and then again frozen (~—80°C). It was found that the main part 
of the radioactive Xe!*!, appeared in the gas phase. . The glass container was then 
directly connected to the ion source of the separator. The total Xe current during 
the separation was about 1 uA (cf. 25 uA in the case of the neutronirradiated 
sample). After a separation time of 5 hours the e~ activity was about 10-2 Rd. 
A small part of this sample was used to determine the half-life, which was found 
to be 12.0+0.3 d. (Fig. 56.) 


Auger electrons 


Xel3Im affords a convenient possibility of studying the Auger effect. Fig. 49 
shows the A; and Ay lines. By comparing the surfaces under the Auger lines and 
the K conversion line we obtain 


Wra = ze = 0.16 + 0.02. 7 (47) 


In order to obtain the ratio of the intensities of the Az and Ay lines we should 
compare the peaks of the lines. The surface ratio would include contribution from 
the Ay electrons. In this way we obtain from Fig. 49. 

At 


— ~ 
7, = 0-51 £0.04. (48) 


Conversion lines 


The Xe1#!™ sample was first measured in the lens spectrometer with 5 % resolution 
(Fig. 46). No electron lines other than the K and L + M conversion lines of a 163 
KeV y-ray and the Auger lines were found. It is desirable to know the intensity 
ratio of the K and LZ conversion lines accurately. In the lens spectrometer, however, 
we can only obtain an accurate value of K/(Z+M). This value is not affected by 
any GM window absorption, since the cut-off was about 8 KeV. A more accurate 
value of the isomeric y-energy and the intensity ratio M/Z was obtained by measuring 
a strong Xel!™ sample in the doublefocusing f-spectrometer with the resolution 
of 5% (Fig. 47). The energy of the isomeric y-ray is 163.9+0.3 KeV. The cut-off 
of the thick mica window used in this case was not exactly known. From the intensity 
Kgs. below we conclude that the intensity ratio L/M is not very much influenced 


by GM window absorption. Using the two spectrometers we obtained the following 
intensity ratios: 


K 
a es 1.70 + 0.04 (49 a) Lens spectrometer 
K 
Lim 1° (49 b) Double foc. spectrometer 
M 
Ta 0.34 + 0.02 (49 c) » » 
ae 
‘come 2.28 + 0.10 (49 d) 
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1000 1500 Gauss-cm 
Fig. 46. Conversion lines of the isomeric y-ray in Xe%4™, Shaded part is due to the back scat- 
tered electrons when an Al foil of thickness 2.5 mg/em? was used. Filled circles refer to a measure- 


ment with an Al-collector foil of thickness 0.15 mg/em?. As can be seen from the figure no back- 
scattered electrons are detectable in this case. 


Potentiometer 
Readings 


4900 5000 5100 5200 


Fig. 47. L and M conversion lines of the isomeric y-ray of Xe"! measured with 0.5 % resolution 
in the double-focusing B-spectrometer. 
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From Eq. (49) we observe that A/(L + M) is 12% too low when measured in the 
double-focusing f-spectrometer with a thick GM-window. Since the Z and M 
conversion lines are much closer it is expected that the influence of GM absorption 
on L/M will be much less. The rather larger error in L/ M includes the uncertainties 
of absorption. In any case a relatively large error in L/M will not influence very 
much the calculated K/L. 

In the works of Brost et al. (49B5) and CHene and Kursartov (50C8) a rather 
large K/(L + M) ratio was reported. This seemed to be in contradiction with the 
fact that the activities investigated undoubtedly were due to an isomeric transition 
in Xel%m, The intensity ratio K/L calculated from our measurements is more 
satisfactorily from this point of view. 


y-rays 

We conclude from our f-spectrometer investigation that in the energy region 7— 
400 KeV no y-ray other than that accompanying the isomeric transition is associated 
with the decay of Xel8!™, Very weak y-rays may of course exist but if this is the 
case the intensity of the conversion electrons must be less than 0.0005 of the K 
conversion electrons of the isomeric y-ray. In order to make quite certain that 
no hard y-rays are associated with the decay of Xe!*, a separated sample was meas- 
ured with the scintillation spectrometer. As can be seen from figure 48 no other 
y-ray is present. The Ka X-rays of Xe shows a very strong peak. It should be pointed 
out that the photoelectron intensity of a harder y-ray would be of the same order 
or larger than that of the isomeric y-ray. The y-rays would be emitted in cascade, 
which means that the sum of the conversion electron intensity and the y-ray 
intensity must be the same in each case. The internal conversion coefficient of the 
isomeric y-ray (M 4 radiation) is 34. The intensity of a harder y-ray could thus 
be about 34 times larger than the intensity of the isomeric y-ray. The decrease in 
photoelectron intensity of the harder y-ray should thus be compensated by a much 
larger y-ray intensity. 

It can therefore be definitely concluded that Xe!*!™ decays by the emission of 
only one y-ray, of the energy 169.9 KeV, reaching the ground state. 


The isomeric branch in the decay scheme of [31 


We can now compare the results obtained in our investigation on Xel!™ with 
some of the decay schemes suggested for [1%1, 

1. Since we have not observed any conversion electrons of the 80, 284 and 364 
KeV y-rays in the decay of Xe!5!™ (163 KeV) the decay scheme of [)*" first suggested 
by Cork et al. (49C6) cannot be correct. 

2. The fact that no hard y-ray is associated with the decay of Xe!!™ makes 
the second level alternative suggested by Cork (5007) impossible. 

3. It seemed hard to place the 163 KeV y-ray in any decay scheme earlier sug- 
gested. Our measurements showed that the isomeric transition definitely goes 
directly to the ground state. It would therefore be possible (50B10) that the isomeric 
state is reached by a very weak 800 KeV f-component, provided the decay scheme 
is of the type suggested by Mrrzcrr and Deurscu (48M2) or that by Kern and 
MircHELL (49K4). Such an assumption is also justified from the predictions of 
the nuclear shell theory. The spin term of the isomeric state of Xe!31 should be 
iia and the ground state of I! should be hz or ds. A f-transition 972 Or ds5)2 
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Fig. 48. Photo electron lines of separated Xe1!#1 measured with the scintillation spectrometer.* 


Counts / AL 
yk 245 KeV 


100 A 


*. 450 500 550 .600 650 Gauss cm 
Fig. 49. Auger electrons A; and A jy, of Xe81™, 


> haij2 would be associated with parity change and AJ =2 or 3. Such a f-transition 
would be highly forbidden. If we suppose that the ground state is g7/2, the 6-transition 
would be first forbidden and the conventional Fermi plot. would show the charac- 
teristic S-shape. The intensity for this f-transition can be calculated from the 
empirical formula of SHULL and FEENBERG (4986) 


(W2 — 1) f Ts-~ 10”. 


Since the total half-life of [11 is 8 d we would expect the intensity 0.25% for 
the 800 KeV f-component. This seemed to be in agreement with the results of Brosi 
et al. (49B5) who reported that about 1% of all £-disintegrations lead to the isomeric 
state. If the ground state of I!*! is d;/, the f-transition would certainly be still 


* Note added in proof: Knowing the fluorescence yield of Xe, it is possible to measure 
a, for the isomeric y-ray by comparing the intensities of the y-peak and the X-ray peak in 


Fig. 48. Later measurements by Astrom, Wapstra, THULIN and the author have shown that 
ax = 36, meaning that the isomeric transition in Xe? definitely is of the M4 type. 
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5 10 15 20 Days 
Fig. 50. Half-life of separated Xe¥#1™. 


more forbidden and the intensity weaker. The consideration above justified the 
postulation of a weak 800 KeV B-component in a preliminary note about the work 
on Xe!31™ (50B10). ‘ 

Later the existence of the 800 KeV component was confirmed by two groups of 
workers independently. ZELDES et al. (51Z2) reported the energy 810 KeV and an 
intensity less than 1%. VeErstver et al. (51V1) found the energy 807 KeV and the 
intensity 0.56%. These new investigations strongly support the assumption that 
the isomeric state of Xe! is reached by a 800 KeV /-ray and that the decay scheme 
of DrutscH and MretzGER and Kern and MITcHELL is on the whole correct. From 
this point of view the third decay scheme of Cork et al. seems very improbable since 
they have placed the weak isomeric y-ray in the intense 600 KeV f-branch. The 
extremely weak 177 KeV y-ray found only by them is placed in the high intensity 
y-branch. This makes the last level scheme for I'*! proposed by Cork et al. (51C9) 
quite impossible. 

At present we must conclude that a completely unambiguous decay scheme for 
I'31 has not yet been given.* Coincidence measurements and presicion measure- 
ments of the high energy y-rays might clarify the problem. A plausible assumption 
seemed to be that the decay scheme of KERN et al. is correct and that the new 720 
KeV y-ray were due to a cross-over transition. S. THutrn (51T6) has recently 
shown that this is not the case. The isomeric branch, however, seems to be well 
established, which was the main purpose of our work. 


Discussion of spin and parity 


The spin of the ground state of Xe!" is certainly 3/2, as has been shown recently 
by the measurements of J. Koc and E. Rasmussen (50K7). The j-7 theory suggests 
the spin 11/2 for the isomeric state in Xe, The isomeric transition should thus 
occur between the states hi12 and ds, and the radiation should be of the type 
M4.** This is in good agreement with the half-life calculation of Weisskopf. Eqs. 


* Note added in proof: Very recently KrTELtE et al (Phys. Rev. 84, 585) have published 


an investigation on I'*!, which seems to be an important contribution to the solution of all 
problems associated with the decay of I, 
** Cf. footnote page 385. 
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(9) and (10) both suggest the transition order A = 5. Since the experimental value 
for K/L lies between the theoretical curves for E 5 and M 4 radiations one might 
expect a mixture of these radiations’ GoLDHABER and Sunyar have however em- 
phasized that radiation assignments based on approximate K/L calculations may 
be ambiguous. The isomeric transition in Xe1*! is in agreement with M 4 radiation, 
according to the empirical classification of GoLpHaBER and Sunyar. (51G5). The 
isomeric level is therefore most probably a hi1/2 level. The experimental fact that 
no other y-rays are found in the decay of Xe!®™ is therefore very satisfying. 


Section 6 
K e133 


A 5.3 d Xe activity was very early discovered amongst the fission products. By 
producing the activity in different reactions it was assigned to mass number 133. 
In a f-spectrometer study of an electromagnetically separated 5.3 d Xe? sample 
BERGSTROM and THULIN (50B10) found conversion lines corresponding to an isomeric 
transition in Xe!**, The half-life for the isomeric y-transition was later found to 
be 2.3 days. The 5.3 d activity is thus due to the decay of the ground state of Xe13, 


Xel33, Ground State, 5.271 d 


Earlier investigations 

1939: A. LanesporrF Jr (39L1) discovered a noble gas of half life 5.5 d in the fission of thorium. 

1940: KH. Smart and C. 8. Wu (4082) reported a 5 d Xe activity in the chain Sb (10 min) 
—> Te (60 min) ~ I (22hr) > Xe (5d). 

1940: C. 8. Wu (40W2) assigned the 5 d Xe to mass number 133 by producing the activity 
in the reactions Cs!** (np) and Ba1*® (na). 

1941; K.P. CLancy (41C2) produced the 5. 4 d Xe#8* by irradiating Xe with 11 MeV deuterons. 
22 MeV a-particles were used to produce the same activity in a Te (a n) reaction. 

1943: H. J. Born and W. SEELMANN-EGGEBERT (43B2) estimated the upper limit of the 
6-particles emitted from Xe1** to be 0.2-0.3 MeV. By absorption measurements a y-ray of energy 
83 KeV was also found. 

1943; W. RrezLER (43R1) produced the Xe1* activity by bombarding Xe with slow and fast 
neutrons. The long half-life 9 d which he obtained is certainly due to contamination by 8.0 
d Xe29 and 12.0 d X31, which were not known at this time. 

1944: M. Camac (44C4) has reported the Xe1**-activity obtained in Xe (n y) and Cs (n p)- 
reactions. 

1945: C. 8. Wu and E. Srart (45W5) made a systematic investigation of the chain Sb! 
—> Tel33 —> [133 — XKel33 — Cg183, The upper limit for the f-spectrum of Xe1*5 was found to 
be 260 KeV by Al absorption measurements. 

1949: 8. Tuutin, I. Berestr6m and A. Heperan (49T3) have determined by electromagnetic 
separation the mass numbers of the Xe isotopes produced in fission. A weak activity at mass 
number 133 showed the K and L conversion lines of a y-ray of energy 83 KeV. The upper limit 
of the f-spectrum was estimated to be 315 KeV. 

1949: J. Macnamara et al. (49M4) have made a very accurate determination of the half-life 
of Xe!83 using the mass spectrometer method. The half-life 5.271 + 0.002 d was reported. 

1950: N. Etro (50E2) has reported the half-life 5.3 d. 40 KeV X-rays and f-particles with 
she upper limit 0.34 MeV were found in the decay of Xe, 
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Fig. 51. B-spectrum of Xe!33 measured with 5% resolution. Correction: The ordinate is 
P not P/He (cf. page 407). 


1950: D. W. ENGELKEIMER and N. Sugarman (50E1) have investigated Xe!5? and found a 
y-ray of energy 83 KeV and 31 KeV X-rays. 


1950: I. Bergstrom and S. THuLtIn (50B9) reinvestigated Xe1** with an electromagnetically 
separated sample. In addition to the f-spectrum and the y-ray earlier known, it was definitely 
stated that a 232 KeV y-ray discovered in their first experiments (49T3) was due to an isomeric 
transition in Xe!%3, The conversion lines of the isomeric y-ray were very weak and it could 
only be stated that the half-life was of the same order as the half-life for the 6-continuum. 
If the half-lives were exactly the same the 5.3 d activity should be due to the decay of the iso- 
meric state in Xe. The ground state would have a long half-life and low energy. Later work 
by KETELLE et al. (50K5) and Berestr6m (51B12) showed that the isomeric y-ray has the half- 
life 2.3 d. The 5.3 d activity is therefore definitely due to the decay of the ground state. 


1951: Kere.e et al. have privately communicated that they have found an extremely weak 
y-ray at the energy 380 KeV in the decay of Xe1%°. In their measurement a Na 1 scintillation 
spectrometer was used. 


Present Investigation 


The 5.3 d Xe1** used in our experiments has been produced by the fission of U 
or by pile irradiation of Xe. The samples obtained when pile irradiated Xe-gas 
was separated were much stronger, mainly because the pile sample could be irradiated 
to saturation. For investigation of the 5.3 d activity, the separated sample obtained 
after neutron irradiation of uranium in the cyclotron was sufficiently strong. In 
several cases the 5.3 d Xe83 and 9.2 hr Xe!5 were obtained in the same irradiation. 
Xe is produced in the decay of the 6.7 hr [35 and Xe13 in the decay of the 22 
hr ['%8, After an irradiation time of about 10 hours the fission gases were extracted 
from the U-solution (about 7 hours after the end of the irradiation) and then sepa- 
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Fig. 52. Fermi plot of Xe13, Correction: Upper limit of the f-spectrum is 347 not 346 KeV. 


rated. In this way a strong Xe! sample was obtained. Some days after the end 
of the irradiation a new gas extraction was made and used for the separation of Xe%3, 


B-spectrometer measurements 


The f-activity of the sample used for f-spectrometer investigations with 5 % 
resolving power was of the order 5 x 10-3 Rd. This activity may seem to be rather 
weak, but since there is a very strongly converted 81 KeV y-ray associated with 
the decay of Xe1** it was not advisable to use much stronger samples. The counting 
rate at the maximum of the f-spectrum was about 200 counts/min. and at the 
strong K-conversion line 2400 counts/min. As can be seen from figure 50, six electron 
lines are superimposed on a f-spectrum. 


f-spectrum 


Because of the electron lines it is not possible to measure the f-spectrum over 
the whole region. The conventional Fermi plot (Fig. 52) is a straight line from 60 KeV 
down to the upper limit 347 + 4 KeV. The deviation at lower energy is mostly due 
to the tail of the strong K and L conversion lines. The f-spectrum of 5.3.d Xe is 
thus simple and has an allowed form, which is in agreement with the value of f7'3- 


log f Tg- = 5.65. (50) 
The f-spectrum of 5.3 d Xe1** thus belongs to the allowed group. 


Auger electrons 


The electron lines at 24.7 and 29.8 KeV (Fig. 51) are undoubtedly due to the Auger 
electrons A; and Ay of Cs. Since the cut-off of the GM-window used was only 
5 KeV it should have been possible to obtain a rather accurate value of Wx, for 
Cs. The back-scattering tail of the strong K-conversion line, however, makes such 
a determination uncertain. By comparing surfaces we can only obtain a lower limit 


for Wx, 
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Fig. 53. Photoelectrons of Xe!** measured with the Na I scintillation spectrometer. 


XA 
== Ali 51 
Wra SK 0.12 (51) 
Cf Eq. (47). 
As has been pointed out a knowledge of the intensity ratio Az/Ay is very impor- 
tant. We obtain in this case: 
Ay 


Ah ie O08 (52) 
Am 


In the following it will be seen that the Ky line is due to an isomeric transition. 
The data given above are therefore not strictly valid for Cs. Since the intensity of 
the Kz line, however, was only 1/32 of the intensity of the K, line, we are justified 
in considering the result as valid for Cs (Z=55). 


Conversion lines and y-rays 


The conversion lines at 44.8 and 75.8 KeV are the K and Z + M lines of an 81 
KeV y-ray. The intensity ratio of these conversion lines was 


Ky 
——— = 4/90 + 0.15. 
Leah 4.90 + 0.15 | (53) 
The internal conversion coefficient ag can be calculated as shown below: 
xX* = Ky me Ky eR, a ak 
p K,+f,+ M,+y ag (1+ 2) 41 
Ky 
a (54) 
eet } 
[I,+M 
(is z) 


* X has here not exactly the some meaning as was defined at page 323. 
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Table 9 


Coincidence measurements 
co er te et a Na 


Electrons Energy Coincidences Time Coincidences 
focused KeV Total number min. per minute 
K, 44.8 1 502 21 71.5 
52.0 13 8 1.6 
Ly 75.9 327 32 10.2 
128 60 42 1.4 
172 133 98 1.4 
KG 196 133 107 1.2 
215 119 94 1.3 


By comparing the surfaces under the K-line and the f-spectrum, we obtain 
X = 0.54 + 0.03. This gives ax = 1.51 + 0.15. The conversion coefficient obtained 
by extrapolation of the curves of Ross et al. is 1.4 for M 1 and 2.6 for E 2 radia- 
tion. Our value of the internal conversion coefficient thus indicates that the 81 KeV 
y-ray is associated with M 1 radiation. This is also in agreement with the j-j theory, 
since the transition in question should occur between the levels d5/2 and g7zj (cf. 
Fig. 56). 

The very weak conversion lines at 196 and 227 KeV are certainly the K and 
L + M conversion lines of a 232 KeV y-ray. The intensity ratio K,/(L, + M,)=2.2 
indicated the presence of an isomeric transition. No isomeric state was earlier known 
either in Xe!3 or in Cs83, 

The separated sample of Xe1%* was investigated with the scintillation spectrometer 
but no y-rays in addition to the 81 KeV y-ray were detectable (see Fig. 52). If 
any hard y-ray is present the photoelectron intensity must be less than 0.001 of 
the photoelectron intensity of the 81 KeV y-ray. The 380 KeV y-ray, which KerELLe 
et al. (private communication) have found in the decay of Xe1%*, must thus be ex- 
tremely weak. 


Coincidence measurements 


The conversion lines K,, L,, and K, were focused into the usual 6-spectrometer 
GM-tube. Close behind the sample another small 6-tube was placed. The window 
of this tube was so thick (4 mg mica/em?) that practically no K, and L, conversion 
lines were counted. Coincidences were measured between the /-particles and the 
focused lines. The coincidence results are presented in Table 9 above. 

The coincidence effect of the K, and ZL, conversion lines is very strong. As 
the counted intensity of the K, line is about 1/8 of the L, line we would expect 
about 1.3 coincidences per minute if the 345 KeV f-particles are spontaneously 
- followed by the 232 KeV y-ray. When the K,j line was focused we observed only 
the coincidence back ground. We therefore conclude that the 232 KeV y-ray is 
not in coincidence with the f-spectrum. 


Decay scheme 


Three different possibilities for the decay scheme of 5.3 d Xe!*3 can now be con- 
sidered, For all the alternatives it is important to know the half-life of the isomeric 
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Fig. 54. Half-life of separated Xe!%3 and Xe1%™, The half-life of Xe'’* measured with a con- 
ventional GM arrangement. The half-life of Xe!%°™ was determined by measuring the K con- 
version line of the isomeric y-ray with the resolution of 1% in the double-focusing spectrometer. 


conversion lines. The half-lives of the B-spectrum and the K, and JL, lines were found 
to be 5.4 days (see fig. 54). It was very hard to obtain an accurate value of the 
half-life of the Ky line because of the weak intensity. The back ground of the. 
f-spectrum was also rather large. In our first experiments we could thus only state 
that the half-life of the K, line was of the same order as the half-life for the B- 
spectrum. The three alternatives for the isomeric transition are: 


1. The isomeric state belongs to Cs!° and has a half-life shorter than 5.3 days. 
The isomeric activity would then be in equilibrium with the 5.3 d activity. We 
would then be able to estimate the K conversion coefficient, which would be of the 
order 0.025. In the tables of Rosx et al. we find that the f-transition in this case 
would not have been isomeric. A very short half-life and small multipole order 
is not consistent with the rather small A/(Z+M). A f-component with low 
energy and intensity might explain an isomeric state in Cs®*. However, the 
fact that no isomeric activity has been observed by irradiation of Cs supports the 
conclusion that there is no isomeric state in Cs1%3, 


2. The isomeric state belongs to Xe13: 


a) The isomeric y-ray is not emitted in. the decay of 5.3 d Xe!?: According 
to our measurements the half-life of the isomeric state should then be rather 


close to 5.3 days. The 5.3 d activity would then be due to the decay of the ground 
state. F 


b) The isomeric y-ray may be emitted in the decay of the 5.3 d Xe183:; The decay 
scheme of 5.3 d Xe? would then be similar to that of 4.4 hr Kr85, The isomeric 
state would decay by f- and y-emission. The ground state would have a very long 
half-life (~ 3000 y) and a low energy, which would be the reason why it was not 


observed by us. In our first experiments we considered this alternative to be the 
most plausible (for a detailed discussion see Ref. 50B10). 
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In later experiments by KErreze et al. (50K5) and by us (51B12) it was definitely 
shown that the half-life of the isomeric transition is not 5.3 days but 2.3 days, which 
rules out alternative 2 b. We can therefore unambiguously conclude that the ground 
state of Xe1*3 decays with the half-life 5.3 d by emission of 345 KeV f-particles 
to the 81 KeV level in Cs}83, 


Xel33, Isomeric State, 2.3 d 


Harlier measurements 


1949: 8. Tuurn et al. (49T3) discovered a weak K-conversion line of a 232 KeV y-ray in an 
electromagnetically separated sample of Xe1%3, 


1950: | Berastr6m and S. THutr (50B9) showed that the 232 KeV y-ray found in the separa- 
ted Xe1*? sample was due to an isomeric transition in Xe. The half-life of the K conversion 
line was found to be of the same order as the B-spectrum of Xe1*’, A tentative decay scheme was 
constructed on the bases of the observed data. 


1950: B. H. Kerexxe et al. (50K5) confirmed the suggestion (50B91) that the 232 KeV y-ray 
of Xe1%* was due to an isomeric transition. Using a strong sample they could, however, conclude 
that the half-life of the isomeric transition was of the order of 2 days. This fact made the decay 
scheme of Xe1*? suggested by BERGSTROM and THULIN impossible. 


1951: J. Bergstrom (51B12) investigated a strong separated Xe!*3 sample produced by neutron 
irradiation of Xe. The conversion lines of Xe1%* were measured with the resolution 1%. The 
half life of the isomeric transition was found to be 2.35 days. 


Present Investigation 


General: In the preceding section and in the references we have discussed the 
discovery of the isomeric state of Xe18°. As we first did not observe any difference 
in the half-lives of the conversion lines of the 81 and 232 KeV y-rays, we concluded 
that the 5.3 d activity was due to the decay of the isomeric state. When KETELLE 
et al. (50K5) published their results on Xe!*°™ and it was evident that the half- 
life was shorter than 5.3 d we were just investigating Xe!#°™, 15 cm® Xe at a 
pressure of 500 mm Hg had been irradiated in the flux 8 x 10" neutrons/em~? s 
for one week. This Xe sample was also suitable for an accurate investigation of 
Xe133m, 


f-spectrometer measurements 


As can be seen from figure 28 the Xe? activity obtained in this irradiation was 
very strong. The f-activity of a separated Xe! sample was now about 20 times 
larger than in the earlier B-spectrometer investigation (Fig. 51). It was therefore 
possible to measure the conversion lines of the isomeric y-ray with a resolution of 
1 per cent in the double-focusing B-spectrometer. Fig. 55 shows the results obtained. 
The y-energy of the isomeric transition is 232.8+0.3 KeV. The f-tube used in 
the spectrometer (mica window 3.8 mg/cm?) had a very reproducible counting rate. 
Because of the low background of the f-spectrum of the 5.3 d Xe1** it was possible 
to get a rather accurate value for the half-life of Xe1*°" by repeated measurements 
of the intensity of the K conversion line. (Fig. 54). 

The following intensity relations were obtained. 
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Fig. 55. Conversion lines of the isomeric y-ray in Xe’, measured with 1 % resolution. 


hic oke 


HERS Ae 2.32 + 0.15 Lens spectrometer (55 a) 

eee = 2.20 Double focusing spectrometer (55 b) 
L+M 

- = 0.30 + 0.04 » » » (55 ¢) 

; = 2.9+ 0.2 (55 d) 


Intensity equation (55 a) refers to a measurement with the lens spectrometer and a 
very thin GM-window (cut off =6 KeV) Equations (55 b) and (55 c) refer to measure- 
ments in the double-focusing f-spectrometer with a thick GM-window. As can be 
seen K/(LZ + M) is not influenced very much by GM-window absorption in the thick 
window. The absorption correction for L/M is therefore negligible. K/L is calculated 
from Eqs (55 a) and (55 c). 

From the half-life relation (9) or (10) it must be concluded that the isomeric 
transition is associated with the transition order .4—=5. The experimental and theo- 
retical value of K/L then suggest a mixture of E 5 and M 4 radiations. From the 
half-life formula of Wrisskopr and the empirical isomer classification of GoLDHABER 
and Sunyar it is, however, evident that the isomeric transition in Xe! is of the 
M 4 type. 


Decay scheme of Xe}8 


The spin of the ground state of Cs! is 7/2. The 81 KeV y-ray in Cs? is associated 
with a spin difference of 1 unit and parity change. (M 1-transition c. Eq. 54.) The 
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Fig. 56. Decay scheme of Xe1*3, Alternative A shows the most probable spin terms. Correction: 
The f-energy is 347 not 344 KeV. 


spin of the 81 KeV level is thus 5/2 or 9/2. The f-transition from the ground state 
of Xe183 to the 81 KeV level occurs with no parity change and a spin difference 
of 0 or 1 unit. The ground state of Xe!8* would thus be able to have one of the fol- 
lowing spins: 3/2, 5/2, 7/2, 9/2, 11/2. The spins 5/2 and 7/2 can be ruled out since 
the spin of the isomeric state would then be 13/2 or larger. From our measure- 
ments we cannot decide whether the 81 KeV excited level in Cs!8* has the spin 
5/2 or 9/2. The spin 9/2 for the ground state of Xe? (alternative c) is not very 
probable since there is no empirical evidence for the spin 9/2 in this nucleon number 
region. The ground state and the isomeric state of Xe!*? might thus have the spins 
3/2 or 11/2. According to the 9-7 theory the spin 9/2 is not allowed for the 55th odd 
proton in Cs!33, If this is correct we observe that the spin of the ground state of 
Xe!83 would be 3/2 and the spin of the isomeric state 11/2, in good agreement with 
the spin possibilities for the 79th odd neutron in Xe1*? according to the j-7-theory. 
We therefore consider alternative (a) in the decay scheme of figure 56 to be the 
most probable.* 


Note on the half-life of Xe! 


The half-life of Xe133 has been measured with high precision by J. MACNAMARA 
et al. (49M4). The ion current at mass number 133 was at different times compared 
with the ion currents of the stable isotopes of Xe. The half-life 5.271+ 0.002 d 
which was obtained in this way is one of the most accurate that has ever been reported. 
The authors also pointed out that the mass spectrometer method of measuring half- 
lives eliminates all difficulties of contamination of other isotopes. However, Xe!*? 
has an isomeric state which was not known at that time. From the data given in 
the paper by J. Macnamara et al. and our measurements we find that the half- 
life of Xe133 should be somewhat larger than 5.271 d. To take full advantage of the 
accuracy of the mass spectrometer method, the half-life of Xe1** should be remeasured 
at a time when the contribution of Xe1*°™ is negligible. 


* Note added in proof: It should be possible to determine the type of isomeric y-transi- 
tion in the same way as suggested for Kr®*™ in the footnote page 352. 
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Section 7 
XK els5 


Very soon after the discovery of fission it became evident that two Xe-activities 
of half-lives 9.2 hr and 10-15 min could be assigned to mass number 135. The 
short activity seemed to be due to the isomeric transition, in which a y-ray of energy 
520 KeV is emitted. Our work concerns the 9.2 hr activity of the ground state. 
In most cases the isomeric activity and the 9.2 hr activity are discussed in the same 
papers. The references below therefore concern both the activities. 


Xe!%5, Ground State, 9.2 hr 


Earlier Investigations 
1940: E. Secré and C. S. Wu (4082) discovered a 9.4 hr Xe-activity in the fission products. 


1940: C. S. Wu (40W2) obtained the 9.4 hr Xe-activity when Ba was bombarded with 
neutrons. The activity was considered to be due to the reaction Ba1*8 (na) Xe1%. 


1940: R. V. Dopson and R. D. Fowxer (40D1) confirmed the result of Segré and Wu regar- 
ding the 9.4 hr Xe activity obtained in fission. 


1940: Hans GorrE (40G1) investigated the radioactive Xe isotope produced in the decay of 
6.6 hr 1235, 


1941; E. P. Cuancy (41C2) irradiated Xe with deutrons and Te with a-particles and obtained 
in both cases a 9.6 hr activity, which was assigned to Xe1*5, 


1943: W. RimzLER (46R1) bombarded Xe with slow and fast neutrons and obtained in both 
cases a 9.4 hr activity. 


1943: H. J. Born and W. SEELMANN-EGGEBERT (43B3) measured the upper limit of the 
B-spectrum of Xe!*® by the absorption method, and found the upper limit 0.90 MeV. 


1945: C. 8. Wu and E. Smart (45W5) discussed the 9.4 hr Xe-activity in an extensive paper. 
1945: L. WrnsBEerG (45W3) reported a y-ray of energy 0.25 MeV (abs) in the decay of Xe15, 


1947: W. C. Pracock et al. (47P3) performed the first B-spectrometer measurements on Xe1*> 
and reported the upper limit 0.93 MeV for the f-spectrum and 0.247 MeV for the y-ray. 


1949: 8. Tuuttn, I. Brrastrém and A. Heparan (49T3) investigated the B-spectrum of elec- 
tromagnetically separated Xe1*> produced in the fission of U. The upper limit of the B-spectrum 
was found to be 930 KeV and the y-ray energy 250 KeV. No other y-rays were detectable. 


1949: N. SuGaRMAN (4985) investigated the very long-lived Cs'*-activity produced in the 


decay of a 36 C. Xe'* sample. The extremely strong 9.2 hr Xe1%5 was produced by fission in 
the Los Alamos homogenous pile. 


1950: A. 8S. Newton (50N2) et al. reported the half-life 9.2 hr and a y-ray energy of 0.26 MeV 
(abs.) for Xe!85, 


1950; L. E. GLENDELIN and R. P. Mrrcaur (50G4) investigated Xe!55, and report the half-life 
9.3 hr. 


1950: KE. J. Hoaguanp and N. Sugarman (50H10) measured the upper limit of Xe1> using 
the absorption method, and reported the energy 1.0 MeV. 
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Fig. 57. a) B-spectrum of Xe, b) conversion lines of the 250 KeV y-ray of Xe185, Correction: 
The ordinate is P not P/H@ (cf. page 407). 


1951: H. Benrens (51B16) has recently reported y-rays of energies 53, 148, 190 and 261 
KeY found in the decay of Xe!*>, The measurements, which were performed with a cloud cham- 
ber, indicated that the 190 KeV y-ray was due to a cross-over transition from a level from which 
the 53 and 148 KeV y-rays were emitted in cascade. The B-spectrum of Xe1*5 would consequently 
be complex. 


Present Investigation 


General: The 9.2 hr (Fig. 58) Xe18° was obtained by separating fission gas or pile 
irradiated Xe. As can be seen from figure 28, the pile activity was not very strong. 
The separated fission samples, however, were very strong. The technique of separa- 
tion has been discussed in connection with Xe1%3, 


f-spectrum 


Figure 57 shows the f-spectrum of Xe!8> measured with 5% resolving power. 
The conventional Fermi plot of Xe! in figure 59 is straight from the upper limit 
910 +10 KeV down to about 50 KeV. The f-spectrum is thus simple and has an 
allowed shape in agreement with the value 


log f Ts- = 5.38 (56) 


which classifies the B-spectrum in the allowed group. 


y-rays 
Tn addition to the Auger lines 4; and Ay we have only observed the K and L + M 
- conversion lines of a y-ray of energy 250 KeV. If there are any more y-rays the inten- 
sity of the conversion electrons must be considerably less than the intensity of the 
K-conversion line of the 250 KeV y-ray. In the cloud chamber investigation of 
H. Besrens (51B16) only about 120 tracks were usable for energy analysis. It 
seems hard to draw conclusions about the existence of 4 different y-rays with such 
poor statistical material. From our f-spectrometer measurements on separated 
Xe135 we must conclude that the y-rays of energies 53, 148, and 190 KeV, which 
were reported by BEHRENS cannot belong to Xe", or do not exist at all. 
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Fig. 60, Photoelectrons of Xe1%5 measured with the Na I scintillation spectrometer. 
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ee B-coincidence measurements were performed in the same way as in the Xe1%3 
investigation. A strong coincidence effect between the K conversion line and the 
B-spectrum supports the only plausible assumption, that the f-transition occurs 
between the ground state of Xe!35 and the 250 KeV excited state in Cs!35. The 
K conversion coefficient of the 250 KeV y-ray can therefore be calculated by 
comparing the surfaces of the K conversion line and the f-spectrum. Knowing 


K ‘ 
X = 0,058 + 0.005 and him > 6.5 we obtain according to Eq. (37) 


ax = 0.054 + 0.005. 


Since the theoretical internal conversion coefficient is 0.058 both for M 1 and E 2 
radiations, it is not possible to decide if the radiation associated with the 250 
KeV y-ray is of the type M1 or E 2. 

Using the scintillation spectrometer we have found a very weak y-ray of energy 
610 KeV in the decay of separated’ Xel8°, The photoelectron intensity of this y- 
ray was only about 1/200 of that of the 250 KeV y-ray. (Fig. 60). 


Decay scheme of Xe*5 


The 910 KeV f-spectrum is definitely emitted from the ground state of Xe35 
to the 250 KeV excited level in Cs!85, In a preliminary investigation 8S. THULIN 
and B. Astrém (51T7) at this:Institute have measured the 15 min Xe, obtained by 
fission. After a short separation the activity of mass number 135 was investigated 
with the scintillation spectrometer. A photo electron line of an energy very close to 
the annihilation radiation was found to decay with a half life of about 15 min. 
Since we have not found any evidence for an isomeric decay in the 9.2 hr activity 
the 15 min. activity should be due to the decay of the isomeric state, and the 9.2 hr 
activity is due to the ground state of Xe1%5, 

The weak 610 KeV y-ray may, because of the fact that no low energy 6-component 
was observable, be emitted between levels in Cs!*> having energies 860 and 250 KeV. 
The 860 KeV level would then be reached by a 50 KeV f-component which we can- 
not detect. Because of the weak intensity of the 610 KeV y-ray however we cannot 
of course exclude the possibility of a weak f-component with the upper limit 550: 
KeV. In the case of Xe}#> it is not possible to find unambiguous spin and parity from 
the results of the measurements. A precision measurement of the isomeric 520 
KeV y-ray would probably not give more information, since K/L is not very de- 
pendent on the multipole order at high y-ray energies. Goldhaber and Sunyar 
have classified the isomeric transition in Xe! as being of the type M 4 occurring 
between the states hi1)2.—dsj2. The decay schemes (cf. page 279) of Xe? and 
Xe!35 are thus identical] except for the energies. It is also interesting to notice that 
in the decay of both isotopes an extremely weak y-ray is found. The similarities in 
the decay schemes of Xe!8™ and Xel™ may be expected, since these isotopes 
only differ by the addition of two neutrons. 


Section 8 


Non existence of an isomeric state in Xel*’ 


According to the nuclear shell theories no isomer is expected for the odd neutron 
number 83 of Xe137, At the time we started our measurements two activities were 
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possibly due to Xe137. One of these activities has the half-life 3.5 min. and emits 
very hard f-particles (~4 MeV). The half-life of the other activity was reported 
to be about 1 hr. If this were correct, one of the activities must be due to an 
isomeric transition, which is not to be expected from the j-j-theory (see Fig. 3). 


Observations of a I hr “Xe’’-activity 


1943: BE. P. Crancy (4102) irradiated Xe with deuterons and observed several activities. 
The 9.6 hr and 5 d activities could be assigned to Xe1** and Xe1*3, An attempt to obtain a 68 
min. activity by irradiation of Te with a-particles failed. Crancy therefore assigned the 68 min. 
activity to Xe187. No daughter activity was observed. 


1943: W. RirzLER bombarded Xe with fast and slow neutrons and observed several activities. 
The 3.8 min. activity was considered to be the same as that which Born and SEELMANN-EGGE- 
BERT (43B2) obtained in fission, and which was assigned by them to Xe1%’, A very weak | hr 
activity was also observed. 


1946: W. Riezier (46R1) repeated the neutron irradiation of Xe, using extremely pure gas. 
It was not possible to find any 60 min. activity. 


1949: S. Tautin, I. Berastr6m and A. HepGRAN (49T3) have definitely proved that the 3.5 
min. activity of Xe belongs to the mass number 137 by electromagnetic separation of the fission 
gas. No 60 min. activity was detectable at mass number 137. 


Conclusion 


The 1 hr activity first observed by CLancy and later by Rrezuer is very probably 
due to Kr®’ produced from a small Kr contamination in the Xe gas used. This 
assumption is supported by the fact that the 1 hr activity disappeared in the later 
experiments of RrezLER and that we have not observed any Xe activity at mass 
number 137 other than the 3.5 min. activity. We therefore conclude that Xe137 
He no isomeric state, in agreement with the requirements of the j-j-nuclear shell 
theory. 


CHAPTER III 


General conclusions 


Section 1] 
Conclusions based on the observation of Auger-electrons 


Auger electrons always accompany K-capture and internal conversion of y-rays. 
In the past Auger electrons have not been very much studied in connection with 
problems in f-spectrometry. In general it is very difficult to detect and study the 
Auger electrons because of their low energies. For relative intensity measurements 
very thin sources must be used. Radioactive samples produced by electromagnetic 
separation are suitable as sources for f-spectrometer measurements of the Auger 
electrons. We have tried to summarize below those cases in our measurements 


in which the appearance of the Auger electrons could be used to obtain information 
about the radioactive decay. 
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Table 10 


Energies of the Auger electrons 
a 


Ay, Ay 
Blement Energy (KeV) Energy (KeV) 

Theor. | Exp. Theor. Exp. 
fa Peegee NOSE 10.2 10.1 Wilsef 11.5 
US dn gee nial 10.8 10.3 10.8 12-3) =| 12.1 
AU Ero aqirs os Se 11.4 13.0 
Meee oes 22.6 22.2 26.4 26.0 
Uh ee nee 23.6 23.6 27.4 26.8 
RG) cscaienope ps 24.4 24.5 28.6 29.1 
Ca vererce seca ts 25.3 25.4 29.7 29.8 


1. Energies of the Auger electrons: In Table 10 we have compared the theoretically 
(Eq. 21) predicted with the experimentally found energies of the Auger-electrons. 

In order to measure the energies of the Auger-electrons with high precision an 
iron-free 6-spectrometer would be required. In general the measured energy of the 
Auger electrons deviates less than 2% from the expected value. The $-spectrometer 
was calibrated with the F-line of ThB. The position of the Auger electrons also 
shows that the calibration factor is valid even at very low energies. 

2. It has been possible to determine Wx, and Az/ Ay for some elements. Wx, 
has been used to draw several conclusions, which will be discussed below. In some 
cases the energies of a conversion line and an Auger line happened to coincide. 
Knowing Az/Ay it was then possible to prove the presence of a y-conversion line 
overlapping the Auger line. The true intensity of the y-conversion line could also 
be calculated. 

3. In the experiments on Kr?® and Kr® a method was used to correct for ab- 
sorption in the GM-window. The method used was not free from uncertainty. In 
the experiments on Kr®> it was possible to calculate Wx, for Kr + Rb using the 
absorption correction factors mentioned above. Since the value for Wx, obtained 


in this way was not very far from the predicted value and from values obtained in 
other experiments, we conclude that the absorption correction used was not too bad. 

4. In the cases of Kr79, Xe!25, Xe12? we found that =f > Wx,, It could therefore 
be concluded unambiguously that the decays of these isotopes are associated with 
strong K-capture (cf. pages 219, 250, 260). 

5. By comparing the surfaces under the Auger lines and the positron spectrum 
of Kr79, it was possible to calculate the intensity ratio (C/B +) of K-capture to 
- positron emission. In order to calculate the f 73+ value for the positron spectrum 
of Kr7°, O/B" must be known. The value obtained in the experiments was compared 
with the calculations of FrenBerc and Trice (50F5). The values were in agreement. 
The theoretical calculations are based on certain assumption about the transition. 
These assumptions must thus be valid for the decay of Kr7*. The intensity of 
the Auger lines could therefore be used to make some conclusions about the decay 
scheme of Ka? 
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Fig. 61. The experimental values of K/L for Kr®5™, Xel29™, Kel31M and Xel33™ as compared 
with the theoretical values of TRALLI and Lowen for magnetic radiation, and those of HEBB 
and Netson for electric radiation, 


6. In the decay of I!25 we found Auger electrons and the Z and M conversion 
lines of a 35.5 KeV y-rays. From the intensity ratio A/(Z + M) it was possible 
to show to which level in Te!25 the K-capture transitions from ]!*5 are most 
probable. 

7. In the decay of Kr8*™ the Az and Ay lines were not resolved. This seemed 
first to be very puzzling since in the cases of Kr7° and Kr®? these lines were resolved, 
using identical experimental conditions. The fact that one of the y-conversion 
lines belongs to Kr and the other to Rb explains this discrepancy. Because of the 
presence of two pairs of A; and A, lines corresponding to neighboroughing atomic 
numbers, it will not be possible to detect more than one line, with 5% resolution. 
The fact that only one Auger peak was observed supported the assumption of 
an isomeric transition. Using high resolution it would be possible to prove the 
existence of an isomeric transition of the Kr®*™ type only by measuring the pairs 
of Auger lines. 

8. For several radioactive isotopes it has only been possible to prove the existence 
of K-capture and y-rays. In a double f-spectrometer the Auger electrons could 
be used to determine the branching ratio of K capture. Coincidences should then 
be measured between the Auger electrons focused in one spectrometer and the dif- 
ferent y-conversion electrons focussed in the other spectrometer. Knowing the 
conversion coefficients for the y-rays it would then be possible to calculate the 
K-capture branching ratio. Such measurements were planned for Xe!25 and Xel27 
but had to be given up because of lack of intensity. 


Our measurements have shown that the presence of Augerelectrons in f-spectra 
can be used to draw several conclusions about radioactive decays. In all cases a 
knowledge of Wx, and Az/Am was very useful. It therefore seems highly desirable 


to measure these constants with the f-spectrometer method in as large a region of 
Z as possible. 


’ 
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Section 2 
M 4 transitions and the theoretical value of K/L 


In the preceding chapter we found that the isomeric states of Kr8°, Xel29, Xel31, 
and Xe!’ are most probably of the M 4 type. If half-life formulas of the type (9) 
or (10) are used in connection with the theoretical calculations for electric (HEBB 
and NELson) and magnetic (TRALLI and Lowen) conversion coefficients, the isomeric 
transitions mentioned above must be classified as E 5+M 4. These transitions 
are consistent with the transition order A=5. In figure 61 we notice that the 
empirical values for K/L are situated just between the theoretical E 5 and M 4 
curves, indicating a mixture of E 5 and M 4 transitions. We must therefore come 
to similar conclusion as GOLDHABER and Sunyar (51G5). If the isomeric transitions 
in Kr®, Xe!29, Xe!3!, and Xe}®3 are of the type M 4, the theoretical calculations 
on K/L by Trai and Lown give to high values (about 40% too high for Z?/H = 15). 
Our K/L values of the Xe isomers, which are rather accurately measured are 
larger than those plotted in the empirical curve of GoLpHABER and SuNYAR. 
If the Xe isomers are of the M4 type it is necessary to revise their empirical 
K/L curve (cf. footnote page 385). 


Section 3 


The question of rotational nuclear levels 


In the following section our experimental results are compared with the predic- 
tions of the 7-7 theory. A serious exception to this theory was the isomerism of 
_Kr®8 which had a very low-lying level which did not fit the theory. It would therefore 
be possible that some other mechanism is responsible for this level. In the past 
some attempts have been made to compare experimentally determined low-lying 
excited nuclear nuclear levels with the energy levels which would arise if the nucleus 
were assumed to be a rigid rotator (43G2). 
The eigenvalues of the nucleus considered as a rigid homogenous rotator with 
spherical symmetry are given in nonrelativistic quantum mechanics by 


iJ (J +1) (58) 


Bis 0.8: M, Aver? 


where 

J =rotational quantum number 
A = mass number 

7) = nuclear radius 

M,= nucleon mass 


In KeV the energy will be | 
Ex = 2.74-10° J (J +1) AWS, (59) 


In 1943 K. M. Guecenneimer (43G2) investigated the experimental material 

then available. Plotting the logarithm of the energy levels versus log A, it was 
possible to determine 7, which was found to be 2.03 x 10718 cm. Since this value of 
79 Was rather good, the rotator model seemed to be able to predict the energy 
of low lying excited nuclear levels. PreiswEeRK (49P4) in 1949 made a new attempt 
to find nuclear levels with energies in agreement with the rotational levels. For 
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e used the value (1.4+0.1) 10-18 em. Preiswerk found a good agreement with 
een levels id Say —1 in the cases of C3, Ne?!, V®2, Co®, Zn®, Br®°, 
Sr87. Rh1°3 and Bi2#, One of the arguments in favour of the rotator model was that 
at that time no nuclear levels were known to have energies less than the rotational 
levels for which J—1. Later Preiswerk (49P5) published a more extensive paper 
on the same subject. : ; ; 

In figure 62 we have plotted log H versus log A for the isotopes investigated by 
us. E is here the level energy. The levels in 25 and I)2? have been marked with 
unfilled points. Though the levels in I!?° and I??? are not fully established we do 
not find any grouping tenendcy such as that which would be required by the 
rotator model. The y-rays emitted from levels in I!?5 and [?? can neither be ex- 
plained by simple transitions between rotational levels of the type below: 


J=1-J=0 
J=2-J=1 
J=3-J=2 (60) 
J=4-J=3 
J=5-J=4 


It should also be pointed out that the low-lying excited state in Kr®* is situated 
far below the value for J/=1*. We must therefore conclude that the 9.3 KeV level 
cannot be a rotational level and that in general the agreement between the experi- 
mental data and the rotational levels seems to be highly questionable. 


Section 4 
Comparison of the experimental results with the predictions of the j-j theory 


The nuclear shell models have been very successful in predicting those regions 
of N and Z for which nuclear isomerism is allowed in odd-even and even-odd nuclei. 
From the experimental material which was available in 1949 it was evident that 
nuclear isomerism appears predominantly in two well defined groups (49N1, 49F4), 
the position of which was in agreement with the predictions of the nuclear shell 
theories. A systematic search for new isomers would therefore be facilitated by 
the use of these predictions. Later investigations also showed that for example 
almost all isotopes of Xe, Te and Sn for which N <81 have isomeric states. 

In our first experiments on Xe! (49T3) we found a very weak conversion line, 
which was probably a K-line of a 232 KeV y-ray. At this time, our technique of 
extracting fission gases of large intensity for electromagnetic separation had not 
been satisfactorily developed. For this reason we were not able to measure the 
intensity of the L-conversion line. It seemed hard to explain the existence of the 
232 KeV y-ray without the assumption of an isomeric transition in Xe1%, After 
the publication of the nuclear shell theories it seemed very probable that Xe! 
should have an isomeric state. This theoretical prediction stimulated the develop- 
ment of the experimental technique. It was thus later possible to measure the K 


* Note added in proof: 8. Jonansson at our Institute (Arkiv fér Fysik, in print) has recently 
found a 13.5 KeV level in Ge’ which is also far below the line for which J = 1 (Fig. 62). 
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Fig. 62. The nuclear levels determined in our investigations as compared with the levels obtained 
when the nucleus is considered as a rigid homogeneous rotator with spherical symmetry. 


and ZL conversion lines with a high resolution, from which it could be definitely 
stated that the 232 KeV y-ray is due to an isomeric transition in Xe, 

In the investigation of Brost et al. (49B5) it was evident that Xe!*! has an isomeric 
state. The ratio of the intensity of the K and L+M conversion electrons was, 
however, reported to be very high. This seemed to be in contradiction with the 
j-j theory, which predicted a spin difference of 4 units and parity change for the 
isomeric transition, from which a rather low ratio K/(L + M) would be expected. 
In the same way the value K/(Z + M)=4.5, reported by CHENG and Kursatow, 
(50C8) seemed to be too high. From this point of view it was very satisfying to find 
that the value K/(Z +M)=1.70 was considerably lower than earlier reported, and 
that the new value agrees with the high spin difference expected from the j-7 theory. 

In the same way a search for Xe!29™ was stimulated by the knowledge that it 
was expected to exist. 

The occurence of the isomers mentioned above is in agreement with the predic- 
tions of the 7-7 theory. It can now be objected that the new isomers found by us 
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are situated within the isomeric islands. A more systematic investigation on isotopes 
outside the isomeric islands would perhaps lead to the discovery of isomeric states 
which are in contradiction with the j-7 theory. Such an investigation is associated 
with great difficulties in the case of Kr and Xe because of the very short-lived activ- 
ities of the isotopes outside the isomeric islands. Our investigation concerns for this 
reason only those isotopes of Kr and Xe which are expected according to the j-) theory. 
Up till now, however, there are no experimental data which indicate the presence of 
isomers which are forbidden according to the 7-7 theory. No even-even stable isotope 
of Kr and Xe investigated by us was found to have isomeric states. In measure- 
ments on the electromagnetically separated isotopes Kr87, Kr8* and Xe™8, 8. THULIN 
has not found any evidence for conversion lines corresponding to an isomeric state. 
Kororp-Hansen and Nrevsen (51K8) have investigated Kr8®, Kr®® and Kr®. No 
isomeric state of these isotopes was found. Xe!%7 has been discussed in section 8 
of the preceding section. 

Several short-lived isomers seemed earlier to be associated with the transition 
order A =4, in contradiction to the j-j theory. Such an isomer is for example Kr*3™, 
The 32 and 9.3 KeV y-rays found in the decay of this isotope are most probably 
due to transitions between levels with the spins 1/2, 7/2 and 9/2. The spin 7/2 
seemed to be in serious contradiction to the 7-7 theory. GoLDHABER and SUNYAR 
(51G5) and Moszkowsk1 (51M6) have shown that this difficulty can be removed 
if it is postulated that 3, 5 or 7 particles in the go/2 shell interact so closely that in 
addition to the expected ggj2 level, there is a closely situated 7/2 level with even 
parity. Since the 7/2+ level would be due to the interaction of several particles 
within the go'2 shell the 7/2+ level would not be expected for the nucleons number 
39, 41 or 49, where there is only one particle or hole in the go2 shell. This require- 
ment is also in agreement with experiment. The decay scheme of Kr®*™ seems to 
be very well established and is in excellent agreement with the j-7 theory. Kr®> 
has 49 neutrons. It is then very satisfying to notice that there is no experimental 
pacer for a 7/2 + level in Kr®® which is required to explain the 9.3 KeV y-ray 
in Kresm, 

y-rays emitted from the low lying levels in Rb®® Cs!83 and Cs!5 are found 
to be associated with M1 radiation, in agreement with the j-j theory. 

In several cases we have used the spin predictions of the j-j theory in order to 
estimate the intensity of K-capture and f-transitions. In the case of Kr8> and [)*" it 
was possible to predict the existence and type of £-transitions, which were later 
confirmed by other workers. 

From our experiments we therefore conclude that the agreement with the predic- 
tions of the j-j theory is surprisingly good. It must not be forgotten that the nuclear 
shell theories are based on the one particle model, which is a rather rough one. 
This simple model, however, seems to be in a rather good agreement with the 
experimental material now available. 


SUMMARY 


1) A systematic investigation on the isomers of krypton and xenon has been 
performed. The following radioactive isotopes have been investigated: Kr79, Kr83m 
Kre5, KrS5m, Aerts [125, Xel27, Xel2om_ Xelsim, Xe}83, Xel33m and Xel35, ‘ 

2) For the B-spectrometer and scintillation spectrometer investigations electro- 
magnetically separated radioactive Kr and Xe have been used. 
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3) Two new isomers of Xel2*™ and Xe!33™ have been discovered. The isomerism 
of Xe'1™ has been established. Kr®*™ proved to decay with the emission of two 
y-rays of quite other energies than those earlier accepted. A consistent decay scheme 
of Kr8°™ has been constructed. In almost all other cases no f-spectrometer investiga- 
tions have been performed earlier because of the great difficulties in preparing gas 
samples convenient for B-spectrometer measurements. 

4) Because of the ideal character of the separated samples it has been possible 
to detect and study very low energy electron lines. Several low energy y-rays not 
earlier known have thus been discovered. The appearance of the low energy Auger 
lines has been used to draw conclusions about the radioactive decay of the isotopes 
investigated. : 

5) The experimental results have been compared with the predictions of the -) 
nuclear shell theory. In the majority of the cases investigated by us a good agreement 
with the theoretical predictions was obtained. 


Nobel Institute of Physics, Stockholm 50, Sweden. 


Abbreviations and symbols frequently used in this work. 


XA Total intensity of Auger electrons. 

Az, Au, Ay... (Intensity of) Auger electrons liberated in the K, L, M,... 
shells. 

Axo (Intensity of) Auger electrons due to K-capture. 

Ze, (Intensity of) Auger electrons due to internal conversion 
of y-rays. 

, At , Am 3 4 

Ay, = as Ay = > Measured intensity of Az, and Ay electrons. 

a Correction factor for absorption of electrons in the Geiger- 
Miller tube. 

C | Intensity of K-capture. 

E; Energy. The index j refers to particles or radiation. Eg 

is for example the energy of a f-ray. 

El, £2, El Radiations and transitions due to electric 21, 22, . . . 2! poles. 

e7 (Intensity of) conversion electrons. 

f A certain function of the f-energy and the atomic number. 


The product / 7, classifies B-transitions in different groups 
of forbiddenness (see 50F5). 

Geiger-Miiller. 

Gamow-Teller. 

Total angular momentum of a nucleus (nuclear spin). 
Difference in nuclear spin. 

Rotational quantum number. 

(Intensity of) K, Z, M... conversion electrons. 

Isotopic abundance. 

Multipole order of electric or magnetic radiation. 
Radiations or transitions due to magnetic 21, 22. . . 2’ poles. 
Counts/min per interval of Ho or I (coil current). 
Nuclear radius. 

1 Rutherford = 10° disintegrations/second. 


AORN AO 
See ae 
= 


~ SS 
sek 
S 
Se 
= 
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Ty2 Half-life. The index 1/2 is not used when there would be 
need of two indices. Z's is for example the half-life due to 
a f-transition. 


Wr Internal conversion probability of Ka X-rays (cf. page 207). 

LW Fluorescence yield. 

W Relativistic energy in units of mc?. : 

Wo Upper limit of a B-spectrum. (relativistic energy in units of 
mc"). 

xX Internal conversion probability of y-Tays (cf. page 207). 

aK Internal conversion coefficient as obtained from the ex- 


periments. (in the tables of Rose et al. ax is the K internal 
conversion coefficient for electric radiation and fx that of 
magnetic radiation. 

pap (Intensity of) negatrons (nuclear origin) and positrons. 


A Transition probability. The index 7 refers to particles or 
radiation. Ag is the transition probability for f-radiation. 
A Transition order = multipole order for electric radiation. 
6 \ Regarding these symbols, cf the paper of BLEULI and 
n J Zinti, H.P. A. 19, 375 (1946). 
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Studies in magneto-hydrodynamies 
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I. Introduction 


Bhe|/ Emi (1) 


strong interactions are possible between the electromagnetic and hydrodynamic 
phenomena which may take place in a fluid of the linear dimension L, the 
density 9, the electric conductivity o and the permeability 4/ My in presence 
of a magnetic field B.1 A motion of the conductor will in general give rise 
to induced electric currents on which mechanical forces are exerted by the 


If 


‘1 Throughout this paper the rationalized MKS-system of units (Strarron (1941)) is used 
in all formulas. Numerical values, however, are sometimes stated in other units. 
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magnetic field. Hence, the state of motion is changed and similarly, the 
original field is changed by the induced currents. These interactions form the 
subject of magneto-hydrodynamics. 

Connections between electromagnetism and hydrodynamics have been found 
earlier in the form of analogies between phenomena described by the same 
mathematical law. These analogies are not considered here. 

Expression (1) may be arrived at as follows. A magnetic field cannot enter 
or leave a conductor instantaneously, since induced currents are set up In a 
sense to oppose the change of the field. This slow penetration of a magnetic 
field into a conductor is known as skin-effect. The time necessary for a field 
to penetrate to a depth ZL is of the order of woL?. Roughly speaking, the 
field moves through the conductor with the velocity 1/uoL. If the medium 
is moving with the velocity v and 


1 
hol 


Vv => 


(2) 


the field is practically compelled to follow the motion, it is ‘frozen in’. The 
phenomenon is analogous to the convection of heat with a streaming gas where 
the temperature field is ‘frozen in’ if the thermal conductivity is low and the 
velocity of the gas is high. 

Expression (2) is a purely kinematic condition for the magnetic field to be 
influenced by the motion. In order that dynamic effects of the field on the 
state of motion be observable the electrodynamic force must have a magnitude 
comparable to that of the inertia forces. In the absence of external forces 
this will happen if the magnetic pressure B?/2 is equal to the dynamic 
pressure 9 v?/2, or 

B 


C=? 
Vue 


(3) 


Combination of (2) and (8) gives (1). 

For the case of mercury under normal laboratory conditions, say L = 10 em, 
B=1000 gauss the value of BLoVu/o is 10. Hence it is not probable 
that magneto-hydrodynamic effects should happen to be observed in the 
laboratory. In the regions of cosmic physies the situation is different. Prob- 
able values of the ratio for the interior of the earth and the sun are 103 and 
10’ respectively. 

Actually the discovery of magneto-hydrodynamics was made in cosmic 
physics. Magnetic phenomena of different types had been observed and needed 
an explanation. For example may be mentioned the general magnetic fields 
of the earth and the sun (Cowxine (1934), Ferraro (1937), ELSASsER (1946), 
Butiarp (1948)) and the sunspot-fields (ALrviN (1942), WaLin (1944, 1946)). 

The first to see and point out clearly the full importance of magneto- 
hydrodynamic effects in cosmic physics was Atrvin. In a number of papers 
distinguished by a great intuition this author brings up to discussion numerous 
interesting ideas with applications to different branches of cosmic physics. 

Most of the literature on magneto-hydrodynamics concerns special problems 
of cosmic physics. Very few works of general character exist, which makes it 
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difficult to review the field. It is hoped that this paper will in some aspects 
cover this deficiency, by giving a more or less systematic treatment of the 
subject. However, earlier works will not be repeated in detail, but will be 
summarized with a short statement. New ideas, generalizations and criticism 
will be given more space. The intention is to make clear some of the phys- 
ical principles of magneto-hydrodynamics and therefore several examples have 
been chosen and solved in detail. For the same reason several approximate 
discussions are included. No astrophysical applications are discussed. 


II. The fundamental equations of magneto-hydrodynamics 


Let us start by writing down the basic equations describing the electro- 
magnetic phenomena in a conducting fluid, at the same time pointing out the 
limits of validity of these equations. 

The dynamics of the medium is assumed to follow the equation 


Ov F Le. a 2 v 
Pe ure ste B pone VAY) Vv) (1) 


where v denotes the velocity, o the density and » the kinematic viscosity of 
the medium, p the pressure, and F the sum of external’ non-magnetic forces. 
The term ixB is the mechanical force exerted by a magnetic field B on a 
volume element of the conductor carrying the current density i. The electric 
force on charges is in all cases to be considered here completely negligible. 

In order that a phenomenon with a characteristic length L be correctly 
described by equation 1 it is necessary that the mean free path of the par- 
ticles of: the fluid be small compared to LZ. This means that in general the 
phenomena in ionized gases of low densities will not be considered. 

The conservation of mass is given by 


a aw (et) 0: (2) 


Les us further assume the medium to be homogeneous and isotropic. Hence 
the viscosity v, the permeability m/m), and the electric conductivity o are 
scalar quantities. which are also assumed constant in space and independent 
of temperature, electric and magnetic fields, etc. One of the necessary con- 
ditions for this is that the mean free path of the electrons be much shorter 
than their radius of gyration in the magnetic field. 

Concerning the order of magnitude of the material velocities let us assume 
it to be small compared to the velocity of light, and thereby omit relativistic 
effects. Finally, let us neglect the displacement and convection currents, be- 
sides the conduction current. This assumption is permissible for phenomena 
of a slow variation with time and is often implied in the condition that the 
velocity be smaller than that of light. It must be observed, however, that in 
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an ionized low-density gas there are many phenomena where the displacement 


current can never be neglected. 
With these assumptions the electro-magnetic phenomena are described by 


the equations 


vxE-—%5 (3) 
VxH=i (4) 
V:B= (5) 
V:D=9 (6) 

B= yw’ uH=wH (7) 
D=c«'s,E=eE (8) 
i=o(E+v~xB) (9) 


Here @ is the space-charge density. Other symbols used are conventional. The 
last equation is the form of Ohm’s law for a medium moving with the veloc- 
ity v. In a system where the medium is at rest the electric field is 


E’=E+vxB 
and 
i= cE’. (10) 


By elimination from (1-9) we obtain the following system in B, v, p, @ 
>- =Vx(vx B)+AV?B (11) 


a 


f) 
eovavi Veet 
@ Me 


= (Vx B)xBrViv+ 3V(V-v)— vp (12) 
where A represents 1/o. In the case of a compressible medium some relation 
between p and @ is added to (11) and (12). 

The solution of a particular magneto-hydrodynamic problem is determined 
by the equations 2, 5, 11 and 12 together with boundary and initial conditions. 
The boundary conditions may be different in character. A type often met 
with is the following. The equations above are valid in a closed region V 
bounded by the surface S. Outside this region is vacuum with a magnetic 
field, wholly or partly resulting from the currents in V, satisfying 


aaa (13) 
Vip = 0. (14) 
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At the surface the normal component of B is continuous and at infinity B 
takes on some prescribed value. Because of neglecting the displacement cur- 
rent B instantaneously follows the value at S in the outer region. 


III. Symmetric form of the fundamental equations 


This section deals with a transformation of the equations for an incom- 
pressible liquid.t_ Though quite formal it will prove to be useful later. Using 
the vector identities 


V x (ax b) = (b-V)a—(a-V)b + a(V-b)—b(V-a) (1) 
(V xe) xe=(e-V)e—V5: (2) 


(II: 11, 12) may be written (if F = 0) 


oN + (vy)V—(V-W)¥—-AVEV = 0 (3) 
Ov (RAIA 
at VV (VV —9vv + (2 + ar (4) 


where V = B/Viuo has the same dimensions as v. Substituting u=v+V 
and w=v—V in (3) and (4) and combining by adding and subtracting we 


obtain 
C4 wey) + VO 2Vu— pVew = 0 (5) 
OM (uv)w iV Oa Vw pve = 0. (6) 


x Gaile ie 
Vs Ui P 


Fig. 1. Definition of the field-vectors u and w. 


1 This transformation was found independently by Exsasser (1950) and was reported 
during the preparation of this paper. 


301 


s. LUNDQUIST, Studies in magneto-hydrodynamics. Chap. IV 


Here 0p D=p+oV?/2 ee sum of hydrostatic and magnetic pressure), 
os (y + a)/2 LaF p= 4)/2. The definition of the vectors u and w is 
shown in figure l. ‘ts pre nee symmetry of this system is remarkable. 

In these variables the total energy per unit volume is 


mea ge eet 3 


Wem oh al ere 


(u? + w?) (7) 


and the difference between kinetic and magnetic energy 


cits ek 
2 2u 2 


Wa= u-w. (8) 


If u and w are perpendicular, there is equipartition of magnetic and kinetic 
energy. 


IV. An integral of the equation of motion induction for 
a perfect conductor 


The last term of (II: 11) is a damping term due to finite conductivity. The 
relative importance of that term diminishes as the linear dimensions of the 
phenomena are increased. Actually it is possible in many applications to neglect 
the damping completely and consider the fluid as a perfect conductor (A = 0). 
For example according to Cowirne (1945) the damping time of the solar mag- 
netic field is of the same order as the age of universe. 

For an ideal conductor (II: 11) becomes 


0 
ap WX (YX B). (1 


If we replace B in this equation by w = Y X Vv we obtain an equation which 
is wellknown in hydrodynamics. Equation 1 means that the flux of B through 


a closed curve moving with the fluid is constant. This may be shown as 
follows. 


The change of flux through a surface S moving with the fluid is due partly 
to the change of B inside S and partly to the change of the surface 


+ |B: cu [ [Greve e]-as+ fa-Zas, (2) 


The last term equals [Bev xds =—fv x B-ds where ds is an element 
of the curve enclosing S. According to Stoke’s theorem 


£ B-dS = NF mee x | vB) -as. (3) 
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Fig. 2. Displacement of a tube of flux. 


The right hand side vanishes owing to (1) and hence the flux is conserved 
during the motion. 

One conclusion that may be drawn from this equation is that two material 
points initially situated on the same vector-line of the magnetic field will 
always be so, or in other words that the field-lines may be regarded as 
material lines. To prove this let us consider two material surfaces S, and S, 
through a point P wholly composed of field-lines, their intersection forming 
the line through P. The flux through each of these surfaces is zero, and this 
property is conserved when the surfaces move with the fluid. Hence their 
intersection will always form the field-line through the displaced position of P. 
This proves the theorem. Several authors have noticed this property. ALFVEN 
(1942) was one of the first, but he did not give a formal proof.t 

Using this result we may derive an expression for the change of B connected 
with an arbitrary displacement of the fluid, given by the vector &. Fig. 2 
shows the displacement of an element of a tube of flux with the density 0), 
the cross-section dS, and the length eB, in the original position. In the 
displaced position the corresponding quantities are o,, dS, and «,B,. The 
conservation of flux implies 


B,:dS, = B,-dS, (4) 
and the conservation of mass 
Qo €9 By d Sy = 0, &, By dS, (5) 
and hence 
E 
De. Oi (6) 
& Lo 


If the displacement § is given as function of the original position, the element 
of a field-line (see fig. 3) is 


1 Most results of this section are analogous to the vorticity theorems in hydrodynamics. 
See e.g. Lams (1945). 
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ws 
A 
/ 


ff 
éBo 6B-5B EBV 


Fig. 3. Displacement of a magnetic field-line. 


€, B, = & By + (& By: V) 5 (7) 
or, eliminating ¢) and ¢ 
B B 
B, = 0 ais ( Ow v) = (8) 
Q1 20 Qo 


This equation is valid for any value of €. The result may also be obtained 
analytically. Writing (1) in the form 


>, + (v-V) B= (B-v)v—B(V-v) (9) 


where we have used (III: 1), and combining with the equation of continuity 
II: 2 we find 


ropa): 2) ot eal 
or 
10) (oe m 


The displacement § (r,t) is defined so that r—& gives the position at time 
= 0 of that particle which at time ¢ is at r. With this definition 


_ a5. 


bi bd 


(12) 


Substituting (12) into (11) we find 


iC) Coo) s8- FIC )1-[C)-E-xpv]e os 
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Hence 
ad (° -. (°. a 
ile ~(-¥) 8) - (4) 
which is integrated to 
B, (® B, (= 
——|—-V eee es geet 5 , i 
Go) \ Gs 50 phone. 5 ue 


Putting € = 0 when B= B, and & =—&, which means that & is the vector 
moving By to B, we obtain (8). 

From the conservation of mass it follows that the ratio o)/0, can be ex- 
pressed in terms of &: 


Go Or E). (16) 


01 Or 


Here O(r + €)/Or is the functional determinant for the transformation from 
coordinates r to r+ &. For an incompressible liquid the equation 8 is simpli- 
fied to 


B, = B, + (By: V)&. (17) 


Since ¢ is constant the length of an element of a field-line is proportional to 
the strength of the field. 


VY. Stationary states 


This section is devoted to the study of some problems of equilibrium. A 
magnetic field due to currents in a fluid will in general exert mechanical 
forces on the conductor, and hence the question arises if there may exist 
magnetic fields in a fluid at rest. Before entering into this problem we give 
a review of different interpretations of the mechanical force exerted by a 
magnetic field, which by using (III: 2) can be given the form 


B2 


F= "(vx B)xB = AU ene (1) 


= le 


Denoting by n and b the principle normal and bi-normal of a magnetic field- 
line, by n and b the respective arc-lengths along these directions, and by R 
the radius of principle curvature of the same curve, we write 


B 0 { B\].. 0 (=) “ 
= — yb. 2 
ks sala" Ob\2u sc 
These are expressions of the magnetic volume-force. In component form (1) 
may be .written 
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F-0B 


Fig. 4.a—c. Interpretations of the electro-dynamic force. 


0 (BB, B? ) 
oo 3 
ih oat uM 2 oa? ( ) 


where (II:5) is used. F is the divergence of a tensor, the magnetic stress- 
tensor, and may be replaced by a system of surface-forces. By integrating 
(3) over a closed volume with the normal (outward) n we obtain the expres- 
sion for the surface-force 
“n 2 
Bn, #. 
iG 2 


(4) 


which is a uniform pressure B?/2 together with a tension B?/« along the 
magnetic field. The different representations of the electro-dynamic force are 
shown in fig. 4. ae 

In the absence of other forces the condition for a magnetic field to be an 
equilibrium field is that the mechanical force exerted by the field be balanced 
by the gradient of pressure 


(Vx B)xB= Vp, (5) 


_ The current and the magnetic field are perpendicular to Yp and hence 
situated in the surfaces of equal pressure. The solution obviously satisfies 


VxB=/B+gBxvVp (6) 


where { and g are functions of space. 
By a vectorial multiplication of (6) by B we find g = «/B? and hence 


_ 


VxB=/B+7,Bx Vp. (7) 


Two special cases may be distinguished. In the first f = 0 which means 
that the current is everywhere perpendicular to the magnetic field. A simple 
field of this type is that due to a straight current. For this case 
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Wey 
a= 79, t Bo) (8) 
Op Aah A? ines 
Or ur Or" (9) 
or 
Bae Bs 
7 lacvaeaere 7 


The circular field-lines behave like elastic strings with the tension B?/ acted 
upon by the sum of magnetic and hydrostatic pressure. 


The second special case is that in which Yp=0. According to (7) the 
current and the magnetic field are parallel. These force-free fields are of a 
certain theoretical interest, since in a low-density gas an increased pressure 
may lead to increased recombination followed by decreased conductivity and 
rapid decay of the field. Furthermore, in a strong magnetic field the con- 
ductivity is a tensor having different values in the direction of, and per- 
pendicular to, the magnetic field. It has been suggested that the ‘cross- 
conductivity’ which decreases when B increases should act a limit for the field 
strengths in cosmic physics. The possibility of magnetic fields with the current 
everywhere parallel to the field shows that the suggestion is not correct. The 
geometry of these fields is complicated. The simplest example of a force-free 
field is the twisted field in a cylinder of infinite length, where the magnetic 
field has an axial component B, ~ J)(ar) and a tangential component 
Dyed, (e7).2 

It may be noted that vector fields of this type have been studied in hydro- 
dynamics earlier by Brtrramr (1889) for the following reason. A stationary 
flow of an incompressible liquid must satisfy 


i p v2 
Weu)y ove =(vxyxvey (2 +5) <0, (11) 
If 
(Vxv)xv=0 (12) 


(plo + v?/2) is constant in all space, ie. Bernoulli’s theorem has the same 
validity as for a flow with vanishing vorticity. Of course there is an analogy 
between the general stationary flow with non-vanishing vorticity and our sta- 
tionary magnetic fields. There is, however, a difference of sign in the pressure- 
term. 3 

If the dimensions of the field are such that the damping can not be neg- 
lected, it is necessary to investigate if the equilibrium state is conserved 
during the decay. It is found! that this is the case for the force-free fields 
with / = const. 


1 A discussion of the force-free fields has been given by Lunpqutsr (1950). 
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There is another very important question in connection with these fields 
which concerns their stability. For studying such problems the method of small 
oscillations is often useful. It seems more powerful, however, to study directly 
the change of potential energy caused by an arbitrary deformation of the field. 
The case of an incompressible liquid is the simplest since it involves only one 
type of potential energy, namely magnetic. This case was studied by LuND- 
quist (1951). A generalization for a compressible fluid is given below. 

First let us demonstrate that all magnetic fields caused by currents outside 
the region considered are stable. Let B, be the original field and b the dis- 
turbance field due to a displacement of the medium. The change of magnetic 


energy 1s 


1 ; 1 ie “ih 1 ij 
— =-— | B: = 7a: 13 
5 | (+ b)?dt 5, | Bide ual on bdt + oes bdt (13) 


The integrals are taken over the disturbed region and dt denotes a volume 
element. Since Y x B, =0 we put B, = V9, and since further Y-b = 0 the 
first integral of the right hand side of (13) becomes 


 [B,-bar= 7° [ b-vedr= [ vipb)ar— | pb-as. (14) 


If the surface integral is divided into integrals over the closed tubes of flux 
of b, each of these integrals is zero, since dS and b are perpendicular, and 
hence (14) vanishes. The change of magnetic energy is given by the last term 
of (13) which is always positive. Hence the field is stable. The result does 
not depend upon any assumptions concerning compressibility. 

In the general case the change of magnetic energy is 


se 1 1 
Wm = 21 | Bian sic 21 [ iar, (15) 
Vi Vo 


where JV, is the deformed volume and JV, the original. Using the expression 
(IV: 8) for B, and observing that @,/0) = dt)/dt, which is given in terms of 
— in ({V: 16), we transform the first integral to an integral over V, 


= 7M 01 2 1 0 | 
oe sad [2th (By) £)*— Bi] dn = xf (—1) Ban + 


ie hee 1 ; ; 
qe ab B,:(B,- V) Edt, te Tabs [(By:V) E] d %. (16) 


This equation gives the change of magnetic energy inside the perfect con- 
ductor. Outside this region we assume vacuum, where the magnetic field is 
determined by the boundary values. There are no principal difficulties in cal- 
culating that part of the energy according to ordinary methods of potential 
theory. It has not been possible to find a simple expression like that for the 
internal energy, however. 
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In a compressible medium the total change of potential energy is the sum 
of magnetic energy and pressure energy. The change of the latter is given 
by the laws of thermodynamics. 

Equation 16 seems to contain terms of the first order in —. If B, is an 
equilibrium field it may be shown that all terms are of the second order. 

An application of this method was made in the paper! referred to above, 
in which was investigated the stability of a twisted magnetic field in a long 
cylinder. This problem is of interest in connection with theories of the earth’s 
permanent magnetic field. The twisting of the field is caused by non-uniform 
rotation. In this investigation was not considered the change of magnetic 
energy outside the cylinder, however. The investigation was limited to cylinders 
with a diameter small compared to the length. A generalization is given in 
the following. 

In an incompressible liquid we assume the existence of a magnetic field of 
the form (in cartesian coordinates) 


B = B, exp (— 77/2 a?)|yy, — ya, 1| (17) 


where 72 = 2? + y?. 
This field is balanced by the pressure. Actually 


0@ = ( B 
p 


ea oy = 2 2 
; 18 
Or Or oe Ml r exp (—1°/a?) (18) 


Assume this field deformed according to 
& = exp (— 72/2?) |sin az, 0, — (%/« 6?) cos az| (19) 


and calculate the change of energy. For the disturbance-field we obtain with 


he = (1/4? + 1/62) 
ee vy 9 
b = (By: V) § = Bo exp ( G, COS & 2,.0;-— BIN oz ——~— COR Xz (20) 


> ab 


k? 72/2) 


and the last integral of (16) becomes 


Bal (* Cet hee a) (21) 


ind Vee a 


where the integration in the z-direction is from z= 0 to z=L=2a/«. The 
mutual energy has been shown! to be equal to 


[Ov-€dr (22) 


where Y-& which for an incompressible liquid is of the second order in & is 
obtained from (IV: 16). To this order 


1 Lunpquist (1951). 
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ep 0 &a OE 23 
Vie 2 ose Ome (23) 
Hence : 
1 BarLyai| 1 : 
1 [ B-bar ree ze (i ' ee 


Introducing ¢ = ya, which is a measure of the degree of twisting of the field, 
s = aa, which is proportional to the ratio between the diameter and the length 
of the field, and t = b/a, the ratio between the radius of the disturbance and 
the radius of the field, we find the total change of energy 


Bo aL 1 
Fu 4 #(1 +e) 


[2 (1 + 282) + 284 + @(1—2878)]. (28) 


This is zero for a value g of the twisting 


 st(1 + 28°) + 2st 
way 2s222—1 


(26) 


For a constant value of (st), % has its least value for small s, that is, for 
long cylinders. The minimum value occurs for st=1 and is equal to V2: 
which is of the same order of magnitude as found earlier for long cylinders 
when neglecting the external energy. For short fields a considerably harder 
twisting is required. The field is stable for all disturbances of this type with 
a value st <1/V2. 

The existence of stable magnetic fields due to currents in a finite volume 
suggests the possibility of magneto-hydrodynamic oscillations in such a body. 
This problem will be considered further in section VII: E. 

Another problem referring to stationary states is the question of what types 
of magnetic fields in a liquid of finite conductivity that may be maintained 
at a constant value by means of induction processes due to the flow of the 
liquid. This problem is discussed in section VI. 

The preceding discussion concerned magnetic fields that did not give any 
dynamic effects. One may also inquire about motions that do not interact 
with a given magnetic field. The condition for this is 


Vx (vx B) =0 (27) 


or 


vxB=V¢9. (28) 


The electric field due to the motion of the liquid is balanced by the field due 
to separated electric charges. The mechanism is the following. The field due 
to motion induction gives rise to a current which is stopped after a very short 


time (of the order of e/c) because of the field caused by charges displaced 
by the current. 
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VI. Kinematic problems 


In this section the influence of a flow of a conducting liquid upon a given 
magnetic field is discussed. The motion is considered as given and hence we 
are not concerned with the forces necessary to maintain it. 

In section IV it was shown that for a perfect conductor it was possible to 
describe the electromagnetic phenomena pictorially as magnetic field-lines 
‘frozen’ into the fluid. In case of a finite but still very high conductivity 
one expects the same to be approximately true, the picture being refined by 
allowing the field-lines to have a small velocity of diffusion relative the 
medium. The question then arises if it is possible to define this slipping ve- 
locity in terms of physical quantities. 

A first attempt to answer it was made by Sweer (1950), but the problem 
seems to be more complicated than one might assume from his paper, so we 
intend to take it up to discussion here. 

In order to define the velocity of a field-line it is necessary to obtain 
means to identify it during its motion. This may be done as follows. An 
arbitrary vector A can be designated by 


A=Va+PvVy. (1) 
Taking A to be the vector potential of the magnetic field 
B=VxA=V6X<Vy. (2) 


Hence the vector lines of B are the curves of intersection of the surfaces 
fB = const., y = const. 

We notice that these functions are not singlevalued in the general case. 
Calculating for instance the magnetic flux linked by a closed field-line of B 
we find 


fA-dsp=$Va-dsz. (3) 


Hence « is not singlevalued if there is a flux linked by a closed path of B. 

Sweet postulated that B and y were to be constant on a field-line during 
its motion. This is always possible, but more generally we prescribe the varia- 
tion of B and y on each field-line by putting 


Pb WE WB = 187.8) (4) 
a = 9 (B; y> t) (5) 


where c is the velocity of a point on a magnetic field-line. This means that at 
each moment we change the labelling of the lines. In SweEet’s case f = g = 0. 
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The variation of the magnetic field in time and space is now described by the 
velocity field c. The vector product of ¢ and B is 


cxB=(c-Vy) VB —(e-VAVY (6) 
which may be written 


0 0 
exB= (574655 +fVy—g9VB. (7) 


OA 
Ot 


Integrating (7) around a closed curve ‘which is assumed to move with the 
velocity ¢ we obtain for the rate of change of the flux through this curve 


{08 —exa)-ee~ f[o(%e-c08t) siey—ove)-ae © 


In general this will be different from zero even if /=g=0, except in the 
special case that the functions are singlevalued. Sweerr takes the curl of (7) 
with f=g=0 

0B 


Ria AG | (9) 


which seems to imply the conservation of flux through a curve moving with 
the field-lines. Though true in general there must exist singular points or 
lines where the flux is not conserved, corresponding to the sinks and sources 
where the lines of B enter into or disappear from the field. 

The main difficulty, however, seems to appear when trying to express ¢ in 
terms of physical quantities. SwEEr integrates (9) and adds an arbitrary 
gradient function, which, however, is already defined by equation 7, since (9) 
was obtained from (7) by differentiating. Not even with the functions / and g 
at our disposal does it seem possible to obtain a convenient formula. 

The problem may be formulated in a different way. According to a gen- 
eralization of (IV:7) the geometrical condition that magnetic field-lines be 
transformed into new field-lines by the velocity-field ¢ is 


pn, = (eB-v)c. (10) 


Here ¢ is a measure of the ratio between the length of the line and the 
strength of the field. Equation 10 may be written 


0B 1 De 
a, VX (exB)= (v-<~2 24) (11) 
From (II: 11) we find 
0B (ieee 
3 te Ae, ee (12) 
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and hence, combining the last two equations, 


vx(uxp—!)—16 (13) 


where U = v—c is the velocity of slipping of the field-lines relative to the 
medium, and % is a function at our disposal. Simple solutions are found when 
the current 18 everywhere perpendicular to the magnetic field i.e. if the field 
is surface-normal. Let us consider for a moment this possibility. A possible 
solution is then given by 
i 
UxB=— (14) 
x= 0. (15) 
Denoting the components of ¢ and v perpendicular to B by c, and v, 


ead Mage 16 
Le eal o B2 ( ) 


The velocity of diffusion is inversely proportional to the conductivity of the 
medium. Its direction is that of the electro-dynamic force. From (V: 2) we 
see that there is a term in U of the form An/R where R is the radius of 
curvature and n the principal normal of the field-line. 

A solution of (13) for a perfect conductor is U=0,x=0. Hence 


He Overt bt, 8 
Ordt <redd 


Vic=Viv= (17) 


implying that ¢o = const., the result obtained in a different way in section IV. 

Equation 16 shows that at a point of the field where the field-strength is 
zero but the current-density is finite the slipping velocity of the field-lines is 
infinite. Hence it is impossible to maintain the field at this point by motion 
induction. This is another formulation of a theorem by Cow.ine (1934), which 
is of considerable interest in connection with theories of the origin of cosmic 
magnetic fields. 

Several authors (Exsasser (1946), Butitarp (1949)) have tried to invent 
mechanisms like that of a self-exciting dynamo, by which mechanical energy 
could be transformed into magnetic energy, in order to explain for example 
the permanent magnetic field of the earth. Cowling’s theorem shows that no 
simple symmetric process of this type is possible. It would be highly desir- 
able to obtain a generalization of this theorem. This question is obviously 
intimately connected with the problem of ‘defining the slipping velocity of the 
magnetic vector-lines for the general case. We end this discussion by the 
remark that the difficulties ary probably connected with those occurring in the 
theory of ordinary differential equations, when passing from two to three 
dimensions. In the former case the existence of closed vector-lines is ensured 
for a solenoidal vector, in the latter not. 
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Let us now turn to another more special application of the problem. What 


magnetic fields may be maintained at a stationary value by means of the 
motion of a conducting fluid? Since for a stationary field 0 A/0¢t is zero 


‘=—yop+vxB (18) 
oO 


or 


vy ada ae wa MOS (19) 


In this case too, the difficulty occurs at the points where B=0. It is 
possible, however, at least theoretically, to have zeros of the field if only the 
current at these points is due to the electrostatic field from the electric 
charges. 

A different approach to the subject has been made by Exsasser (1946). He 
starts from solutions of the vectorial induction equation for a solid conductor 


— =AV?A (20) 


which for a spherical problem are found in form of three independent ortog- 
onal sets of vectors. Expressing A and v in terms of these eigen-solutions of 
(20), he arrives by a method of variation of constants to an infinite set of 
ordinary differentia] equations determining the solution. Studying the matrix 
of this system of equations Etsasser concludes that it should be possible to 
find magnetic fields of a complicated form that may be maintained by motion 
induction. There is a limitation in Elsasser’s method, however, which is not 
mentioned in his paper. Including the total electric field in the time-derivative 
of the magnetic vector potential he further assumes this generalized vector A 
to be solenoidal. This means that his solutions, which satisfy 


V:vxB=0 (21) 


give no induced charges. Though simplifying the problem considerably it seems 
to be an unnecessary limitation. In conclusion we wish to draw the attention 
to some simple examples given by ALFvEN (1950), showing in a qualitative 
manner the kinematic possibility to increase magnetic energy by means of 
liquid motion. 

We end this chapter by working out in detail some examples which we 
hope will throw some light on the processes of motion induction. 

As the first example is studied the influence of a plane flow v(z) in the 
x-direction upon a magnetic field By in the z-direction. In the stationary state 


pies is a current 7(z) in the y-direction giving a magnetic field b(z) par- 
allel to v 


(2-52 22 5B (22) 
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Fig. 5. Induction by a plane flow. The external field is along the z-axis and the induced 
field is parallel to the flow. 


Hence 
b 1 | 
Baers fetds+ 5 J rods (23) 
Let «=<a(z) be the equation of a magnetic field-line, then da/dz=b/B, 
and d?a/dz22 =—v/A.. We study two special cases shown in fig. 5. 


In the first case v = v) for |z|<a/2 and v=0 for |z|>a/2. Here 


The field-line is a parabola for |z|<a/2 and a straight line for |z|>a/2. 
The maximum curvature occurs at z=0 and is equal to v/A. 
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In the second case v = 2/a for |z|<a/2 and v=0 for |z|>a/2. Here 


The field-line is a cubic parabola for |z|<a/2. The maximum curvature is 
v%/24 at |z|=a/2. It may be of interest to compare the kinetic and mag- 
netic energies. By an elementary calculation we find the ratio 


a/2 
b ov Boa? 1 ae wee 
caee = = ; 2 


The last factor is a measure of the efficiency of the induction process (cf. I: 1)). 

It it obvious that the results for A = 0 cannot be obtained as limits of the 
result for finite conductivity, since in a perfect conductor no stationary state 
is obtained, but the magnetic energy will be steadily increasing as long as 


v0. 


Our next question is how this steady state is reached. The complete equa- 
tion II: 11 is to be used, and we have to solve the problem 


0b Ov 
at ae 


2b 
ae (27) 


0 
+ Aa : 


with 6 =0 when ¢=0. For v is taken the rectangular distribution used in 
the first example above. Putting b—be =c where be is given by (24) 


Oc _ ge 
Ot “O02 G3) 
with ¢(z, 0) = cy (2) = — Deo (2). 
By standard methods (see e.g. Courant-HitpErt II p. 156) we find 


l co 
c (z, t) = eene J) exp (~-2¢/4anae 
Bor (29) 


where 
a= (a/2.+2)/2VAt, B=(al2—z2)/2Vat 
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and 


P(x) = es [vas (30) 
0 


is the error integral. 
For z=0 we find « = 8 and c=0 for all values of ¢. At the point z = a/2 
(6 = 0) we find 


Bee Se gw (31) 


where «=a/2VAt. For small values of t, 6 increases-as Vt. The field has 
approximately reached its final value after a time of the order of a?/4 A. 

At last we consider the growth of the field at a point 2 = (k + 4)a (k> 1), 
for which « = (k+1)a,B =k«a. We find 


ae Sh fp MEAs TH SSA DNC EG gy pe oe 
(co) oVa 


The right hand side will be near to 1 when x<1/(2k+ 1), that is, after a 
time t > L?/42 where L = (k+4)a. This shows that the field approaches its 
final value very slowly at large distances. The rate of increase is independent 
of a, the breadth of the stream. For a given vy the final value will of course 
depend on a. 

_ The case of a general two-dimensional flow v interacting with a magnetic 
field B= .Y x A in the same plane as v is described by 


TA tvs a Avid, Su 25188) 


The equation is obtained from (II: 11) by observing that the vector potential 
is perpendicular to B and v and may be treated as a scalar. Denoting by A) 
the value of A for ¢=0 the solution is given by the following power series 
in ¢ which is assumed to be convergent 


fee Fa (34) 
where’ 
Anti = (AV? —V°V) An- (35) 


Let us examine the influence of a converging flow v = (v/a) | x, —y,0| on 
a magnetic field B= (B,/a)|y, —2,0| with circular vector lines due to a 
homogeneous current. For the coefficients in (34) we find 
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2 
oe = aescp ode 


Fig. 6. Induction by a converging flow. Left figure shows original field-lines (dotted) and 
stream-lines. Deformed field is shown to the right. 


By 2 2 
‘Fag gud Ly) 
2 2 
Vege (22= ae i) (36) 
a a a 
v 2 
4, = 4(") Ay ete 
a 
Hence 
2y svat! 2 2%ot 
4-79 (72 sinh “4 Fe a +¥er}. (37) 
a \% a 2 


The vector lines, which in a field of this type are the curves A = const., 
become 
_ 2ut Zot 
wie —“* + ye'* = const. (38) 


The original circular field-lines are deformed into ellipses as shown in fig. 6. 

Our last example deals with the induction from a liquid rotating in a 
homogeneous magnetic field perpendicular to the axis of rotation. This problem 
is of interest in discussing the earth’s magnetic field. The problem of a rotat- 
ing solid sphere has been treated by Hertz (1880) and by THomson (1893). 
The rotating cylinder was discussed by Drspyr (1909). In all these works the 
main interest was centered in the phenomena occuring inside the rotating body, 
the deformation of the current by the induced field, etc. In a recent paper 
Buntarp (1949) has solved the problem of the rotating sphere under general 
assumptions concerning the shape and the direction of the inducing field, also 
including the effect of a stationary conducting shell outside the sphere. Of 
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special interest is the toroidal magnetic field caused by a rotation with the 
axis parallel to the field. In the following some similar problems are discussed 
with the interest concentrated on the induced magnetic field outside the body. 

Let us assume a cylinder of radius a of infinite length rotating with angular 
velocity 2 as a solid body in vacuum. The equation of the problem is ob- 
tained from (33) (cylindrical coordinates are used) 


V24 = 2 a (39) 
Outside the cylinder 
Ar, (40) 
Setting 
A = Re[R(r)e'?| (41) 


we find R, = B,J, (fr) (r<a), R, = B,r+ Bs/r(r >a), where f2?=—iQ/d. 
The continuity of B implies the continuity of R and its first derivative at the 
boundary of the cylinder (r= a) if the permeability of the cylinder = 1. 
Furthermore the term B,;/r corresponds to a dipole component of the outer 
field and the term B,r corresponds to the homogeneous field. Putting B, = B, 
corresponds to assuming a homogeneous field in the direction of the negative 
y-axis. Solving for B,; we find 


B, — 2d, (Ba) 
Bow Bad) (Ba) 


ip (42) 


The real part of this expression gives a dipole component parallel to the ex- 
ternal field, and the imaginary part with negative sign corresponds to a dipole 
component turned at an angle 2/2 in the direction of the rotation. 

For small values of fa 


(Ba)? Qa 
jae en OE 


(43) 


corresponding to a moment rotated at an angle a/2 with the inducing field. 

For large values of Ba we get a moment B,a?/u antiparallel to the in- 
ducing field. For this rapid rotation the field inside the cylinder becomes 
very small, and the current is mainly flowing in a cyindric shell of the thick- 
ness VA/22Q. 

The effect is analogous to the skineffect in a cylindrical wire. Fig. 7 
gives magnitude and direction of the induced moment for different values of 
VQ a2/2. 

The solution of the corresponding problem for a sphere is more complicated.1 
A relatively simple method is the following. Suppose we have a conductive 
sphere with radius a situated in an oscillating homogeneous magnetic field 
given by B =|B, cos Qt, 0,0|. The induced currents will run in circular paths 


1 A complete discussion is found in the paper by BuULLARD. 
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CC. Drectian of rotation 


04 


0 02 a4 06 a8 lo 


Fig. 7. Magnitude and direction of magnetic moment induced by cylinder (solid curve) and 

sphere with radii a rotating with angular velocity 2 in a homogeneous magnetic field per- 

pendicular to the axis of rotation. Unit of moment is for the cylinder Bo a?/4g and for the 
sphere By a*/2 My; 2 = Qa?/ 


in planes perpendicular to the field with a variable difference of phase relative 
to the inducing field. Writing the equation 20 in spherical coordinates one 
finds that the solution may be expressed in terms of spherical harmonics and 
Bessel functions of order half an integer. Taking account of boundary condi- 
tions as in the preceding problem one finds an external dipole field with a 


moment 
Boa* sig * 3 
Sates pe) (44) 


where f? =—72/A. Superposing another oscilllating field of the same ampli- 
tude perpendicular to the former and with a difference in phase of 2/2 we 
obtain the picture of a field rotating with angular velocity 2. The induction 
effects are the same as if the sphere rotated in a field at rest. The real part 
of (44) gives a dipole component parallel to the external field and the imag- 
inary part the rotated dipole. The result is shown in fig. 7. 

In magneto-hydrodynamics we are more interested in a rotation where the 
angular velocity is a function of radius. In order to diminish the analytical 
difficulties we prefer the case of two concentric cylinders with radii a and b 
(6> a) rotating with constant but different angular velocities 2, and Q, re- 
spectively. Denoting the radial functions in the cylinders by R, and R, 
respectively, and outside by R,; we find 


R, = B, J (6, r) (45) 
Ry = By (By) + By Ny (Bq) (46) 
R,; = = + Br (47) 
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where fi =—7i,/A and f3=—1i,/A. Setting B; equal to B, the value of 
eee eemeons field, we find by applying the Ae idition of continuity of B 
as before 


B, C—=D 
Bob? O.F.D Con 
where 
C = J, (Bb) + 4 Ny (Bz 5) : (49) 
D = Bb (Ji (By b) + 4 Ni (B26) (50) 
n= J; (Bo a )/J, (Ba) — BoJi( ee [B, It ( (A; a) ie (51) 
Bz Ni (Ba) a)| By Jt ( (B, 4) — Ny (By a)/ Jy (B; @) 
For small values of 6,a and fb 
B, = =e [2Q, a +, (64 — a*)]. (52) 


Each cylinder gives a separate contribution to the dipole moment, which is 
turned at an angle z/2. The resulting moment may be zero if the cylinders 
are rotating in different directions. 

For p,a > 1, 2b < 1 we find B, ~ — B,a@? and for 6,6 > 1 finally 


B, aS eae Bo b?, 
Concerning the retarding mechanical moment per unit length for the rotat- 


ing single cylinder we find peg INTE for large values of the angular ve- 
locity from (42) 


2 RB a 
mech | magn | uoVQa/A ( 
and hence the mechanical effect required for the rotation 
2, 
Q Mrmech = = VQ A a. (54) 
0 


The order of magnitude of the time necessary to reach the stationary state 
will be L?/A where ZL is the length involved in the problem. 
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VII. Dynamic processes 


We now turn to the important question of the influence of the magnetic 
force upon the dynamics of a conducting fluid. In most cases there are many 
other forces acting on the medium and it is necessary to know which of them 
determine the character of the motion. In the table below is given an ap- 
proximate estimation of the order of magnitude of different forces met with 
in the applications and their ratios to the magnetic force. 


Type of force F Order of magnitude Ratio F'm/F 
Inertia ov/L (V/v) (V L/A) 
Coriolis ovQ v2/QA 
Pressure 0 C2/L V2/C? 
Magnetic ovB? or Bul 1 
Viscous ove/ TL? (V L/VAv) 


Here Q2 is the angular velocity of rotation, C the velocity of sound, 
V= BiVue and ZL is a length characteristic of the phenomenon. The ,non- 
dimensional ratios are analogous to Reynolds’ number in ordinary hydro- 
dynamics. In magneto-hydrodynamics there are many numbers of this kind 
entering in different combinations in different cases. This fact has been noticed 
and discussed by LrHNeERT (1951). From the table we infer that the influence 
of the magnetic field is large for high values of the magnetic field and the 
conductivity and for low values of the density. 


A. Magneto-hydrodynamic waves in an ideal liquid 


For an ideal incompressible liquid in a homogeneous magnetic field By in 
the z-direction we find from (III: 5, 6), assuming no other external forces 


Ou du 
ap Vog, t (weV)UtVO=0 (1) 
Ow Ow 
apt Yoo, ttuv)wtVS=0 (2) 


where Vo = B,/ Vuo and u, w denote the disturbance fields. Two sets of solu- 
tions of this system are 


w=0 (3) 
du du 
Liam Paks (4) 
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and 
u=0 (5) 
Ow . Ow 
aait, Vora, (6) 


A disturbance of the first type (v = b/ Vu 0) is transmitted antiparallel to B, 
with the velocity V) and a disturbance of the second type (Vv =—b/Vu 0) is 
transmitted parallel to the field with the same velocity. The magnetic field 
gives rise to a remarkable anisotropy of the medium, making possible a one- 
dimensional wave-propagation. In both of these solutions there is a local equi- 
partition of magnetic and kinetic energies. This is true for any form and 
amplitude of the disturbance and hence we may have b> B,. 


For each of these simple waves 


. 2 
oD=p+ = const. (7) 


which means that the magnetic pressure is balanced by the pressure of the 
liquid. The force accelerating the liquid is consequently the magnetic tension 
along the field-lines. 

Let us consider the propagation of the wave-front. On one side of the 
surface surface we have B = B,, Vv = 0, p = pp and on the other B = B, = B, + b, 
v=—b/Vuo, p= >p,. The magnetic force on an element of the surface (due 
to a surface current) is according to (V: 4) 


“ 2 A 2 
pa Ce Ne tei eee ies Ree eos (8) 
Ul 2M ll lt 
Since b-n, = 0, ny =— Ny 
n 2 pe 
pie Polo i, Be (9) 
lu ic 


The last term is equal to the pressure difference p,— pp). The first term re- 
presents an acceleration. If the surface moves with the velocity U in the 
direction of the magnetic field, the change of momentum per second is 


By cos a 


b = 0 U cosav. (10) 


Here « is the angle between n, and B,. Using the assumed value of v we 
find U = B,|/Vue. | 

These waves were discovered by ALrvEN (1942, 1946). He has given ex- 
cellent analogies between these magneto-hydrodynamic waves, elastic waves on 
strings, and ordinary electro-magnetic waves. The first analogy is seen to be 
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exact for a simple wave (u=0 or w=0) where the pressure is balanced by 
the magnetic pressure and the only remaining forces are the inertia force and 
the magnetic tension. Also, it is correct for small amplitude disturbances. — A 
detailed discussion of toroidal disturbances, also,considering damping, reflection 
and propagation in an inhomogeneous medium has been given by WALEN 
(1944). The transition between magneto-hydrodynamic waves and _ electro- 
magnetic waves in an ionized gas has been discussed by Astro (1950). 
Concerning the linearity relations we observe that it is possible to super- 
pose different simple waves of the same type (for instance with w = 0) how- 
ever large the amplitude, but it is not possible to superpose waves of different 
types. The pressure term, however, is never additive. Suppose we have a 
simple wave with , 
Bi 
oP, =p, ee (11) 


and another wave of the same type with 
e D, = Py + = = B (12) 


where py is the undisturbed pressure. Superposing the two waves we obtain 
a wave with 


B, + B,)? O,+ © 
Depts "Beat eb Rela Sa (13) 
and hence 
B,-B 
Papen Be : (14) 


Only in a single case it is possible to superpose waves of different types, 
namely when the motion is a plane flow perpendicular to B,. We give a solu- 
tion of the initial-value problem for this case. Putting 


u = | u(z, 2), 0, 0| (15) 
w = | w(z, 2), 0, 0| (16) 
we find 
(w-V)u=(u-v)w=0 (17) 
and hence 
u=u(z+ Vot) (18) 
w=w(z—V,t). - (19) 


Let the initial values of the velocity and the magnetic disturbance field for 
t=0 be v'(z) and b’(z) = V'/Vuo. 
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Fig. 8. In a homogeneous magnetic field By directed along the z-axis an initial plane 
disturbance v, V = blV we @ is split up into two disturbances w=v-+ V and w= v — V travel 
ling in opposite directions with the velocity V) = BlV wo. 


Then we find 
=4[v’ (2+ Vot) +0’ (e—Vot)] +4[V’ (2 + Vo t) —V' (ze— Vp 0] (20) 


(z, t) = 4[v’ Vel) =o @— Voll tal Vri2 Vet) a Vie Vel: (21) 


A graphic solution is given in fig. 8. At the time ¢, there are two separate 
pulses. It should be very interesting and most important for the applications 
to see the solution of a similar problem for a case where non-linear effects 
are acting during the separation. The mathematical difficulties are extremely 
great, however. 

It might also be of some interest to consider the reflection of a plane wave. 
Assume we have a w-wave (u=0) crossing a plane z= 2% separating two 
regions of space with different wave-velocities Vo and Vo’ due to a difference 
in density (see fig. 9). A reflection will occur if x = Vo'/Vo 41. Denoting the 
reflected and the refracted wave by wu’ and w’”’ respectively, we obtain from 
the laws of conservation of energy and momentum 


“~w2=xnu2+ w'? (22) 
“nw =xnu'+w'. (23) 
Hence, 
Li Se , 24 
: Licking @) 
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Fig. 9. Reflection of a plane wave at the boundary between two media with different 
wave-velocities. 


x—l1 
eS ats z 25 
Us — prs ( ) 


which formulae are the same as. for the reflection of light at an insulating 
medium. They imply the continuity of the velocity at the boundary. Since 
the electric field in a perfect conductor is —v xB the tangential component 
of the electric field is continuous. 

A rigid conducting wall corresponds to x = 0. We find the amplitude of the 
refracted wave to be zero and the velocity of the reflected wave to be in a 
direction opposite to that of the incoming wave. The velocity is zero at the 
boundary. 

A free surface corresponds to an infinite value of x. The velocity is doubled 
at the surface. 


B. Waves in a real liquid 


In a real liquid we have to add the damping terms to equations 1 and 2 


Uy OM wou) aioe Maree pad wena ae (26) 
Ot Oz 
Ow Ow 
a, + Yog, + UW Vw—2V8w—PV2u+VG=0. (27) 


In general there are no simple waves proceeding in one direction. For, as- 
suming an initial state where w=0 and Y®=0 we have 0w/dt=f V2u 
and hence a w-wave is generated. Only in case 6 = 0 it is possible to have a 
disturbance proceeding in one direction while diffusing with a coefficient of 
diffusion equal to «. Since 6 =0 means that A= y the magnetic field and 
the velocity field are spreading with the same velocity and hence the dynamic 
balance necessary to propagate the fields is maintained. For fb #0 this is not 
the case and this lack of balance generates a wave in the opposite direction. 
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Let us study the propagation of a plane wave of the same type asin VII: A. 


Assuming its amplitude proportional to exp [¢w(¢+2/U)] we find the charac- 
teristic equation for the wave-velocity 


U4 — U2 (Vo + 2ima) = w? (x2 — 6) = w2 Ay. (28) 


If there As only one type of damping (Av = 0) there are two possible damped 
waves with the complex velocities 


UV (V+ 24 wo] Vi. (29) 
In the general case we find from (28) 
Ut — (2 UT = w? dy. (30) 


If wa <V> there are two waves with a velocity 


U2 = V2 (31) 
and two waves for which 
why 
U2 ae ie 9 (32) 


The latter type represents a strongly damped disturbance, penetrating into the 
liquid to a depth 


ne Vay (33) 


i.e. in this distance it is damped to e7!. 

For the waves in a finite volume of liquid a more complicated form of 
damping is found, the dimensions of the liquid entering in different ways for 
different types of waves. The simplest case seems to be the torsional waves 
in a liquid cylinder with the axis in the direction of the magnetic field. These 
waves which give no external magnetic disturbance have been investigated 
theoretically and experimentally.? 


C. Magneto-hydrodynamic waves in a compressible medium 
Let us study a perfectly conducting fluid immersed in a homogeneous mag- 


netic field B, directed along the z-axis. An arbitrary displacement §& of the 
fluid gives rise to an induced magnetic field, which is found from (IV: 8) 


_ = 2 Ory, 98. 
b = - By + | Bg; (34) 


~1 Lunpeuisr (1949). 
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Assuming the displacement to be small, 
Q1 =v Lert Ve (35) 
Q 
and 
0 
b~—B,(V-&) + By 5° (36) 
to the first order in & This induced field is caused by a current 
0& 
= Vx b= — 7 V(V-E)xBy mew ge (37) 
which gives rise to a mechanical force 
; B 0 B 0g 
i x By = By (v-8) —*(v- v2) 8 — 7p, «(vx 53): (38) 


The last term of the right hand Lage is the only term in an incompressible 
medium, the first two terms are specific for a fluid. 


The pressure gradient is 
VP~—aC?V(V-8) (39) 


where C is the velocity of sound in the medium. 
Hence, we obtain the equation of motion 


as (C2 + Va) (v8) — V3(v-58)2— ax (vx5e) os 


where Vo = B,/V oo is the magneto-hydrodynamic wave velocity in the medium 
and z is a unit vector in the direction of the external field. 


There are two sets of simple solutions to this equation. For a vector & 
satisfying 


V-e=0 (41) | 
Vx§=a (42) 
(40) takes the form | 
Pa Aa 
ae oa (43) 


This is the type of waves discussed in VII: A, which is possible also in an 
incompressible medium. 
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The second set is of the form 
V5 =~ (44) 
Vxe=0. (45) 


From (40) we find that this solution satisfies 


O° p Pp Py 0? y 
Or (+9 (52 f 4 t Caaeain (46) 


This is a pure compression wave, propagated by the pressure of the fluid 
and the magnetic pressure and tension. Owing to the anisotropy of the latter, 
the velocity of propagation is different in different directions. For a plane 
wave the velocity is 


U =+ VO? + V2 sin? « (47) 


where « is the angle between the wave-normal and the external field. From 
an initial pressure-disturbance at a point waves go out in all directions, the 
wave-fronts being ellipsoids of revolution, with the shortest axis in the direc- 
tion of the magnetic field. 

For a general type of motion, satisfying (42) and (44) with p4~0,a40 
the conditions are rather complicated. From (40) the following equations for 
gw and a are derived: 


02 p O22 0? @ yp : da 

Tas ORI sat age) Sat EAM ae ee) 
0? 0? ‘ 0 
gg ~ Vig + V2xV5T ) 


We see that there exists a coupling between the propagation of w and a. It 
is possible to find plane waves of this combined type propagated with a ve- 
locity depending on the direction of propagation. For a description of these 
plane waves the reader is referred to papers by HmRiorson (1950) and VAN DE 
Houtst (1951). 

A simple solution of (46) is seen to be a plane wave with the displacement 
in the «z-direction a function of xz only, the velocity of propagation being 
Ve +2. This velocity is calculated under the assumption of small amplitude. 
Let us see what becomes of this wave at large amplitudes. The complete 
equation of motion is 


C1 8 Ga ue Oa Oa Me 
and the equation of continuity 
do Ov do . 
= 0. 51 
facie le ie (1) 
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From (IV: 8) we find 
B = g By . (52) 


Co 


The local value of the magneto-hydrodynamic wave velocity 
V = B/Vie = VoV el a0 


is assumed to be large compared to Vdp/ do and hence the pressure term in 
(50) is neglected, this in order to make clear the pure electromagnetic effects 
occurring. Under these assumptions (50) and (51) can be written 


=~ tux +2V>—-=0 (53) 


OV Vdavw A 


Ot 2 0x Ox Bie: Sie. 
which are combined to 
9 os + tye ard = 0 | (55) 
a +o)t+(vt a; viv) = 0: 


From these equations we infer that the quantity 2 V + v is transmitted with 
the velocity v+ V in the z-direction and the quantity 2 V—v with the ve- 
locity v—V. The part of the wave with the largest value of v + V moves 
with the largest velocity and it is seen that after a certain time the wave 
will become a shock-wave with a discontinuous front. A few words will be 
said about the propagation of this shock-wave. 

Assume the plane surface of discontinuity moving with the velocity U into 
a medium at rest. In front of the surface the density is 9) and the magnetic 
field By, behind the surface the corresponding values are o and B respectively 
and the velocity of the medium is v in direction of propagation. The con- 
servation of mass implies 


e(U—v) =U. (56) 
For the change of momentum is obtained 


Bt — B 
On Sa guar, (57) 


From these equations we find the velocity U of the front using (52) 


BY 1 v2 2 
m-l+d)- Ble (ah 
HNO Q 2 Leo \e U4. 
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For 9/09 =1 the value Vy is obtained. For small disturbances the velocity 
is equal to the local value V)Vo/0, of the magneto-hydrodynamic wave ve- 
locity behind the front, and for large amplitudes the velocity is still greater 
— of the order of 0 Vy/2 0. 

The propagation of this purely magneto-hydrodynamic shock is not dependent 
on the collisions between the particles of the medium in the same way as an 
ordinary shock, since the propagating force is of electro-magnetic origin, and 
hence it might be of importance in the low-density media of cosmic physics, 
if the concept of conductivity accepted here is applicable. 

The case of plane magneto-hydrodynamic shocks at relativistic velocities has 
been treated in an important paper by Horrmann and TELLER (1950). 


D. Free surface phenomena 


In a recent paper Lennert (1951) describes how the behaviour of a free 
surface of mercury is changed by applying a strong magnetic field perpendic- 
ular to the surface. In a field of the order of 10 gauss all surface-waves 
have disappeared and the surface become quite calm. An attempt to explain 
this phenomenon will be given in this section. 

We start by estimating the change of magnetic energy corresponding to a 
given deformation § of the surface. Let us assume a homogeneous magnetic 
field B, in the z-direction, perpendicular to the surface of the perfectly con- 
ducting liquid. From (V: 16) we find the change of magnetic energy 


T ak ae 0& a 7 
Wm = 5 | ff (52) dzdydz+ Wm (59) 


where the integral is taken over.the whole liquid in its original position and 
Wim denotes the energy of the magnetic disturbance outside the liquid. The 
mutual energy vanishes for the reasons given in section V. All that is needed, 
is a lower limit for the magnetic energy and hence 


RB 0 f\2 
Wm>F | { | (54) dudydz (60) 


where ¢ is the z-component of the displacement vector E. For a given value 
¢, of ¢ at the surface, the integral has its least value if ¢ is a linear func- 
tion of the depth. Hence, 


ee 
Wm > 5 | tdady (61) 

2uh 
where A is the maximum depth of the disturbed region. Let us assume the 


existence of a gravitational field g parallel to By). The deformation of the 
surface is connected with a change of gravitational energy which is 


W, = al Cdady. (62) 
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In the absence of the magnetic field this is the only energy, apart from the 
negligible surface tension. The ratio between magnetic and gravitational en- 
ergy is 
Wm Bo = Vo : (63) 
Wo” mwogh gh 


For mercury with h = 1 cm, B, = 104 gauss the ratio is 10%. Hence an enor- 
mously larger amount of energy is required to deform the surface in the pres- 
ence of the field. The amplitude of a given impulsive disturbance is reduced, 
and this may explain the observed behaviour of the surface. It is true that 
mercury is no ideal conductor but for a rapid disturbance this will be a good 
approximation. 

This discussion suggests the existence of magneto-hydrodynamic surface- 
waves. In the following is given an approximate treatment of this phenom- 
enon. 

Let us suppose the liquid described above to be contained in a vessel of a 
depth h which is small compared to the wavelength of the disturbance. A 
twodimensional disturbance of small amplitude is 


|= (2), 0, £6) (1+ 3) (64) 
The equation of continuity gives 
AEA deh. 
aS + aon 0. (65) 


The variation of the pressure is supposed to be given with sufficient exact- 
ness by 


P= Po + 096g (2) (66) 


le. we neglect the vertical acceleration. Hence, the only component of the 
pressure gradient is in the direction of x 


Op_ at oe, 
C7 Oe a Be (67) 


The magnetic disturbance due to the deformation is obtained from (IV: 8) 


a Bylo 
b= |0, 0, (68) 
The current is 
B Lg B Ore 
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and the mechanical force 


: Bo| 02 é 

Bair a5 ge & | (70) 
Hence the equation of motion is 

ae |B OE 

ae (> - r) Oa? ee 


showing that disturbances of this type are transmitted with a velocity 
VV2+ gh where V, is the velocity of ordinary magneto- hydrodynamic waves. 
The result is similar to that obtained for plane sound-waves in a magnetic 
field. This is not surprising since there exists an analogy between the motion 
of shallow water with a free surface and the motion of a compressible fluid. 

In the case mentioned above, the velocity of the surface-waves is increased 
by a factor 30 in a field of 104 gauss.. Hence, the wavelength will be short 
and the damping probably considerable. Let us estimate the damping of a 
wave with an amplitude proportional to exp (t‘@t + a2). 

From (II: 11) we find 


Assuming the damping to be small 


age A a? Ov 
be tw (1+ aE (73) 
and 
2 2 
i x By - 31 +42) Fa 0, 0| (74) 
le iw)|Ou 
giving 
Oz & pA at) O2€ 
ae -(¥3 + gh+ Ve “ae (75) 
This calculation is valid of 
2 
ol sims (76) 
Vo 


For the case considered here, in mercury of a depth of 1 cm and a field 
of 104 gauss gh < V2 and iw =~ « Vy and hence the damping is negligible for 
wavelengths 


= 75 cm. (77) 


1 CouRANT-FRIEDRICHS (1948). 
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A strong damping is expected for the linear dimensions (10 cm) of the ex- 
periments. 

We notice that the existence of these waves perpendicular to B in an in- 
compressible liquid is dependent on the existence of the free surface, which 
makes it possible for the pressure to play a part in the propagation. In the 
waves considered in VII: A there is a balance between liquid pressure and 
magnetic pressure. This is not the case for the surface-waves. 


E. Magneto-hydrodynamic oscillations in a finite mass of liquid 


In a finite mass of liquid different types of magneto-hydrodynamic eigen- 
oscillations are possible. Simple conditions are found for the case of a liquid 
in a homogeneous external field, when the liquid paths of all magnetic field- 
lines are of the same length. Here it is possible to have standing waves of 
the type described in VII: A with the magnetic pressure balanced by the 
liquid pressure. An example of this type is torsional vibrations of a liquid 
cylinder placed in a homogeneous field parallel to the cylinder axis. The in- 
duced field is zero outside the cylinder. For the lowest mode the length of 
the cylinder corresponds to half a wavelength and the period is accordingly 


Tat Se (78) 


where V) is the magneto-hydrodynamic wave velocity in the cylinder. 

The oscillation of a sphere in a homogeneous field is much more complicated, 
owing to the fact that the magnetic field-lines are of unequal length. To make 
possible synchronous oscillations part of the pressure must be active in ac- 
celerating the liquid. The standing waves are not of the type described in 
VII: A but will be more like the waves of section VII: D. An approximate 
calculation of the period for some of the lowest modes of oscillation has been 
made by ScuwarzscuitD (1949). The analytical difficulties encountered in the 
calculation are considerable even for a small amplitude disturbance. The fol- 
pen discussion is given in order to show the order of magnitude of the 
period. 

Let us assume a deformation of the. sphere of the form (cylindrical co- 
ordinates) 


k 
g=|—"o,be (79) 
This deformation gives rise to an induced magnetic field inside the sphere 
0& 
By a> = |0, 0, k By| (80) 


which is a homogeneous field caused by a surface-current. Outside the sphere 


the disturbance is a pure dipole field. The energy of the internal field is, 
assuming unit permeability 
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Fig. 10. Magneto-hydrodynamic oscillations of a sphere. Original field-lines (solid curves) 
and stream-lines are shown in left figure, deformed state to the right. 


k? Bo 

2 a be ee 
and that of the dipole field 

k2 Bo. 

a oe ee 


where F is the radius of the sphere. 

The mutual energy vanishes, since we assumed the inducing field to be of 
external origin. Let us suppose that the sphere performs a harmonic oscilla- 
tion of this form with the period 7 i.e. we assume that k = ky cos 2at/T. 
The value of the kinetic energy at the moment the liquid particles pass the 
equilibrium position is 


2 2 
to(=) J far= sone (FF (83) 


Equating the kinetic energy to the total magnetic energy found above, we 
obtain the period 


wage, (84) 

V5 Vo 
Though the. actual form of the oscillation will deviate from (79) the order of 
magnitude of the period for this mode of oscillation may be expected to be 
given by (84). 

The interest in this problem is due to certain stars observed to have mag- 
netic fields oscillating with a period of a few days and an amplitude of several 
thousand gauss.! The idealization of the problem to that of small oscillations 
in a sphere in an external field is questionable. Actually the field is caused 
by currents within the star. Furthermore, the observed amplitude is so large 
that the magnetic polarity of the star is reversed periodically. 


1 Bapcock (1951). 
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F. Stationary flow in magnetic field 


Problems involving the stationary flow of a conducting liquid in a magnetic 
field are of a special interest since it is possible to make experimental in- 
vestigations in this field. Furthermore these experiments give some information 
about the influence of a strong magnetic field on the character of a turbulent 
motion of a liquid. ae 

From (II: 11, 12) it is found that the stationary flow of a conducting liquid 
in a homogeneous magnetic field directed along the z-axis for small velocities 
is described by 

OV 


nat td 2b = 85 
Boa tAVi*b=0 (85) 
By OP + yViv—2y (p+) =o. (86) 
fe Oz 0 Ll 
Eliminating b and p we obtain 
O79 a 
JA waa v (87) 


where V, = B,/ Vu o.. The flow is characterized by a number L = VAr/V_ 
with the dimension of length. If Z is small compared to some linear dimen- 
sion characteristic of the flow 02v/0z? will be small. The velocity distribution 
tends to become independent of the z-coordinate. To make this clear let us 
consider the flow between two planes z=/ and z=—l, the velocity in the 
z-direction assumed to be a function of z only.2 The solution of the problem 
which is zero for |z|=/ and has the value 1 for z=0 is 


cosh ; = cosh - 
boa ; (88) 


cosh _ 1 


For large values of //Z the usual parabolic distribution » = 1 — (z/1)? is ob- 
tained, but for large values of 1/Z we have approximately 


v = 1—exp [(z—])/L]. 


The velocity increases from 0 to 1—e* in a distance LZ from the boundaries 
and is approximately constant and equal to 1 in the rest of the space be- 
eer the planes. The distribution for different values of J/Z is shown in 
ag nh de 


* Equation 87 has been given by Leunert (1951). 
* This case has been treated by HarrmANnn (1937). 
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Fig. 11. Deformation of a flow between two planes at a distance 21 caused by a per- 
pendicular field Bo for different values of L = Vo v/o B?. 


A further consequence of the independency of the z-coordinate is that the 
z-component of the velocity will be constant or zero. In the latter case the 
motion takes place in planes perpendicular to the magnetic field. 

Similar effects arise from the rotation of a mass of liquid. The equation of 
motion is, in the absence of external forces 


2vx2= vo! (89) 


where 2 is the constant vectorial rotation. Taking the curl of this equation 
we obtain 


(Q-Vv)v=0. (90) 


This equation shows that the motion takes place in planes perpendicular to 
the axis of rotation. 

These effects have been observed in the laboratory, the hydrodynamic by 
Taytor (1921) and the magneto-hydrodynamic by LEHNER? (1951). 
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For the case of a rotating magnetized liquid sphere it has been shown by 
Ferraro (1937) that in a stationary state all points situated on the same 
magnetic field-line rotate with the same angular velocity.’ 

The mentioned experiments, which are further discussed in section VIII, 
show that a magnetic field may have a stabilizing effect on a laminar flow, 
i.e. the transition to turbulent flow occurs at higher velocities. There are 
several reasons to make this seem plausible. A disturbance in the velocity 
distribution will in general involve a magnetic disturbance and hence an in- 
crease of magnetic energy which may prevent the growth of the disturbance. 
Since the stability of a laminar flow is dependent on the shape of the velocity 
distribution, which is considerably changed by the magnetic field, there is also 
the possibility that the stabilization is due to this effect. The fact that the 
variation of the velocity is confined to a length LZ suggests that the length 
dimension entering in the ordinary Reynolds’ number be replaced by L. Both 
of these suggestions imply an increase of the critical velocity proportional to 
the magnetic field, which seems to be confirmed by Hartmann’s experiments. 
It is highly desirable to obtain more experimental data on this subject. 


G. Magneto-hydrodynamic turbulence 


Because of the large dimensions it seems probable that the normal state of 
motion in cosmic physics should be turbulent, at least according to ordinary 
hydrodynamic points of view. In presence of magnetic fields, the character of 
the motion may be changed. There are two problems of special interest for 
the cosmic applications. The first deals with the distribution of magnetic and 
kinetic energies in a state of homogeneous turbulence, the second concerns the 
character of the turbulence in a strong external magnetic field. 

An approach to the solution of the first problem has been made by Bar- 
CHELOR (1950). It was pointed out by him that the magnetic vector B and 
the vorticity vector w= YX v satisfy equations of the same analytical form 


0B 

9, ~V*%(vxXB)+AV?B (91) 
Ow : 

Be mee A eat ay oe (92) 


Hence the same statistical distribution of these two vectors might be expected — 
if the dynamic influence of the magnetic force is negligible. BATCHELOR studies 
what will happen with a weak magnetic disturbance introduced into a state 
of homogeneous turbulence. The only coupling between v and B is kinematic, 
the magnetic field-lines moving with and diffusing through the liquid. For 
both vectors there is an increase in their mean square value due to turbulent 
stretching of the vector tubes and a decrease due to dissipation, viscous and 
electromagnetic, respectively. In ordinary turbulence these two processes are 


* A simple proof has been given by Wain (1944). 
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approximately in equilibrium for the vorticity vector. Hence if A<¥» one 
might expect an increase of magnetic energy and if A>¥ya decrease. Further- 
more, the bulk of magnetic energy would be concentrated to large wave- 
numbers (small eddies) where the mean square of the vorticity is large. 

In a more recent paper on this subject by CHANDRASEKHAR (1951) a for- 
mally very elegant exposition in terms of invariant-theory is given. The con- 
clusions are about the same as those reached in the former paper. 

What seems hardest to accept in Batchelor’s discussion is the assumed sim- 
ilarity between B and w. Though this similarity may exist in an initial phase 
it certainly is not found when the magnetic energy becomes larger, and the 
coupling is not only kinematic but also dynamic, owing to the effects of the 
electro-dynamic force on the motion. 

Symmetric field-vectors can be used advantageously to describe magneto- 
hydrodynamic turbulence. In the following a formulation of the problem is 
given in terms of these variables. 

Let us consider a state of homogeneous isotropic turbulence. The motion 
is described by (III: 5, 6) which in component-form are 


Ou | Oe 0®@ 


Fre Lehto teed eS (93) 
uw; 8 
ae mgt + oe aV2w—Pp V2u=0 (94) 


where, as conventional, a summation is to be made over equal indices. 
Owing to the complete symmetry of the equations it seems plausible to 
assume equal statistical properties of u and w. Hence we set 


u2 = w? = 328 (95) 


where the bars indicate mean-values with respect to time. This assumption 
implies 


VV av =0 (96) 


Let u, w be the fields at a point r and u’, w’ the values at a point 
r=r+é. 


| Correlation tensors for the velocity-components at the poirfts r and r’ are de- 
fined in the same way as in the ordinary theory of turbulence 


, 2 
U4, Uy = Wi; = Uo Rij (97) 


— SBE 
Uj Wj} = Wi Uj = U0 Sij. (98) 
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Owing to the assumptions of homogeneity the components R;; and S;; are func- 
tions of & and ¢ only. The same is true for all mean-values. Hence 


0/dx; =— 0/0x%,= 0/0 & 


and 
0 ‘ CO Hi 
A AD) 9 SF el (99) 
Multiplying (93) with uj and rearranging we obtain 
,0 4 0 , 0 , , , 
uoa + youre) + = (Pus) — a V2 (wes) — BV? (wie) = 0. (100) 


Adding this equation and the equation obtained from it by reversing primed 
and unprimed quantities as well as 7 and j and averaging with respect to 
time, we find 


7 0 7 ime STE ere 
(145 Uj) — a (Ui WE UG — Uj WE Ui) — 2 a V2? (ui uj) —2 BV? (ui w;) = 0. (101) 


Ot 0 &, 


Multiplying (93) with w; and (94) at the point r’ with u; and adding, we 
obtain in the same way 


7 0 ? TUK ak EIEN 
(15 Wj) — ze (Us WE W; — UG UE Wj) — 2a V2 (us wi) — 2B V2 (uiuj) = 0. (102) 


0 &;, 


Substituting the tensors R;; and S;;, observing that uw is a function of ¢ 
only (101) and (102) take the form 


0 1 a 

we (us Rij) — aes Tijzk —2ausg V2 Rij —2 Bus V2 Si; = 0 (103) 
0 | 0 wr 2 2 

9 OSs) — Fe Peik— 20 Uo V?Si3—2 Bw V2 Rg = 0. (104) 


/ , 
Here Ti;, and T;j, are the tensors 


Te —_ , , z, 
ijk = Uj Uj WE — Uj Uj WE (105) 


Tijk = Ui Wj We — Uj Wj Up. (106) 
The occurrence of these third order correlations is due to the non-linearity of 
the equations. Finally, by contracting (105) and (106) we obtain the propaga- 
tion equations of the correlation functions R and S 
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6) 
a (oR) — 2aus VIR 2Bu V?8 = VT’ (107) 
0 2 2 2 ¢ 2 wr 
where 
Rig= KR (109) 
Sii= 8 (110) 
Ty = Ui Uj (we — wz) (111) 
Ti = UW; (WE — Uz). (112) 


In these equations uj is a function of ¢ and R and S functions of € and ¢ 
owing to the assumption of isotropy. 

The value wR of wR for €=0 gives the mean value of the total energy 
and the corresponding value wS, gives the difference between kinetic and 
magnetic energy. From (111) it is seen that Y-T’ is zero for €=0. Hence 
the local form for = 0 of equations 107 and 108 is 


=— (us Ro) — 2au5(V2.R)y —28(V28)) = 0 (113) 


£08 Sy) — 22.08 (V*Sy—28 (V8 Ry = (VT). (114) 


If there are no losses the first equation expresses the conservation of total 
energy. 

In the applications the energy difference of special interest. To determine 
it we require a knowledge of (V-T”),. At present no possibility is seen how 
to solve this problem. The difficulties occurring here are analogous to those 
occurring in the ordinary theory of turbulence which have there been partly 
overcome by means of dimensional considerations. It is difficult to find a 
similar approach in the magneto-hydrodynamic case. 

Observing that 


” _ Ow _ OU ; —" 115 
(V-T Jo = Hg, Ui wre — te) = Be ws (te co) (115) 

we find 
(V-°T’)) =2v-(V-V)V—2V-(V-V)¥ (116) 


which shows the physical mechanism acting in the propagation of the energy 
difference. The first term of (116) represents the kinetic energy gained by 
the liquid due to the action of the magnetic tension, the second represents 
the increase of magnetic energy due to turbulent extension of the magnetic 
tubes of flux. The work done against the magnetic pressure does not enter 
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owing to the assumption of incompressibility.. This result is consistent with 
that obtained in a different way by CHANDRASEKHAR. ; 

Some problems of turbulence are more easily treated in the spectral form. 
Following the methods of the ordinary theory of turbulence! we set 


uj uk = f pin (k) eB dt (117) 
uj we = | pi(k) bk Bd (118) 
and obtain 
ua Ry = | gii(k) dt (119), 
ua Sy = f pii(k) dt. (120) 


The dynamic equations 107, 108 give 


Of + 2aktp + 2B ky = Vy (121) 
dy 2 2 B Ke 
a, + 2uk ypt2Bkho = ¥,. (122): 


Here Y, and YW, are the transforms of the third order correlations. The func- 
tion g = gi: is related to the spectral function of total energy F (k) and yp = yii 
to the spectral function G(k) of the differential energy, as follows 


F 

? Saas (123), 
G 

Yon ee 


For large wave-numbers (small eddies) we neglect the right hand sides of 
(121, 122) and find 


OF 
9, 1 2a + 2BRG=0 (125): 
0G 
ap + 2ehG + 2Bh KF =0. (126): 


The solution is 


Gp 0 ote eet 
F = Cet Bt — 1 (127) 


et the details of such transformations the reader is referred to AGosTINI and Bass- 
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where C is a constant. It is seen that for >0(vy>A) only magnetic energy 
will remain after a certain time, and if B <0O(v<A) only kinetic energy. The 
distribution of energy will be such as to make the dissipation as small as pos- 
sible in that part of the spectrum where the energy is consumed. This result 
is not inconsistent with BarcuEtor’s. There is a fundamental difference in 
the assumptions, however. In his case only kinetic energy was present in the 
larger eddies, here both types of energy may exist and hence the feeding 
mechanism to the smaller eddies may be different. 

In conclusion we draw the attention to a paper by Swexr (1950), in which 
he studies the kinematic effects of turbulence on a magnetic field, and finds 
that the apparent conductivity of the medium should be decreased by the 
turbulent motion. In the pure hydrodynamic case it is known that the ap- 
parent viscosity is increased by turbulence. Regarding the symmetry of the 
magneto-hydrodynamic equations Sweet’s result sounds plausible. 

The electro-magnetic phenomena caused by turbulent motion of an ionized 
gas of low density have been discussed by Brermann and Scutiirer (1950). 


VIII. Magneto-hydrodynamic experiments 


The experimental investigations of magneto-hydrodynamic phenomena are 
very few. The reasons for this were mentioned in section I. It was shown 
that in order that any remarkable magneto-hydrodynamic effects be observ- 
able it is necessary to have a strong magnetic field within a large volume, 
conditions which are not generally available in a laboratory. 

The first magneto-hydrodynamic experiment was inspired by technical ideas. 
In connection with work on jet-wave rectifiers Hartmann (1937) needed a 
mechanism capable -of pumping mercury, and invented a magneto-hydrodynamic: 
pump. Mercury contained in a closed system was allowed to flow in a pipe 
perpendicular to a magnetic field. An electric current passing through the 
liquid perpendicular to the field as well as to the flow gave rise to a me- 
chanical force resulting in a pressure-difference which kept the liquid flowing. 
The pump had a low efficiency prohibiting its wider applications, but during 
this work HarTMANN was interested in the general properties of the flow of 
mercury in magnetic fields, a subject he called Hg-dynamics. ' | 

A calculation of the velocity-distribution in the presence of a magnetic field 
was made. The pressure-drop was shown to increase linearly with the mag- 
netic field for large values of the latter. For experimental verification of the 
theories an apparatus was constructed, in which the mercury by means of the 
pump was driven in rectangular pipes through magnetic fields of a strength of 
about 104 gauss. Measuring the pressure-drop in the field HARTMANN and 
Lazarus (1937) found a qualitative agreement between theory and experiment 
for laminar flow. They soon discovered that the magnetic field had an in- 
fluence on the transition between laminar and turbulent flow, and made a 
study of this effect. In all cases the transition was delayed by the magnetic 
field. By introducing an apparent magneto-hydrodynamic viscosity HARTMANN 
tried to obtain a qualitative description of the influence of the magnetic field. 
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A new examination of Hartmann’s data made by Leunert (1951) showed 
that the critical velocity for the transition was proportional to the magnetic 
field strength. This is in accordance with the qualitative discussion in section 
VII: F. 

In the same paper Lennert describes the measurement of the torque trans- 
mitted by mercury contained between two non-conducting cylinders rotating 
in a magnetic field parallel to the axis. The radius of the outer cylinder was 
5 em and the magnetic field 104 gauss. If the motion of the mercury is 
laminar no influence of the magnetic field should exist apart from some dis- 
turbing effects from the bottom. For non-laminar motion the influence of the 
field depends upon a changed character of the turbulence. With the outer 
cylinder at rest and the inner rotating the torque was found to decrease when 
applying the magnetic field. It was suggested that the magnetic field had a 
suppressing effect on the turbulence in this type of motion also. Further ex- 
periments are desirable. 

A general description of the immediately visible change in behaviour of 
mercury, caused by a strong magnetic field is found in two interesting papers 
by Lenunert. The calmness of the surface and the disappearance of the 
surface-waves was mentioned in VII: D. The occurrence of local whirls staying 
stable for a long time without spreading out is described, and also other in- 
teresting effects of the same strange type. Generally speaking one gets the 
impression to deal with a medium with quite unusual dynamic properties. 

Hitherto only one single investigation of magneto-hydrodynamic waves has 
been reported.t In this experiment were studied torsional waves in a mercury- 
cylinder with the axis parallel to the magnetic field as shown in fig. 12. The 
motion of the liquid was in horizontal planes perpendicular to the axis and 
hence there were no gravitational effects. The cylinder diameter was 15 cm, 
the height 15 cm and the magnetic field about 104 gauss. The waves were 
excited mechanically by means of a vibrating desk, and the amplitude of the 
disturbance at the surface was recorded by a floating mirror and a beam of 
light. Very low frequencies, less than 1 cycle per second, were used in order 
to keep the damping at a low level. Hence it was not possible to obtain any 
standing wave effects. 

The comparison between observed and calculated values of the velocity and 
damping of the waves showed a small discrepancy, which may be due to 
systematic errors in the method of measuring the surface-amplitude. For ex- 
ample the floating mirror may not have followed éxactly the motion of the 
mercury. Also, the conditions of reflection of the waves at the vibrating disc 
seem to be uncertain. , 

No other experiments are reported up to this date. Since the mathematical 
difficulties seem to prohibit a theoretical treatment of many problems which 
are important for the applications of the subject, it seems to be necessary to 
consider what problems that can be studied experimentally, using the resources 
of modern technics, Let us assume it possible to obtain a magnetic field of 
the strength fifteen thousand gauss in a volume with the linear dimension 


15 cm. The ratio BLoVulo will then be for mercury ~ 2, which is prob- 
ably too low to give anything like pure magneto-hydrodynamic effects. One 


* Lunpaquisr (1949). 
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Fig. 12. Demonstration of magneto-hydrodynamic waves in mercury. (1) floating mirror, 
(2) stainless steel cylinder, (3) scale, (4) vibrating dise for excitation, (5) mercury. Strength 
of the field 10* gauss. Diameter of cylinder 15 cm. 


might be inclined to think an ionized gas to be a suitable medium, since the 
density is low. The conductivity will not.be sufficient, however, The best 
medium seems to be molten sodium, with a value of BL oVulo about 35 times 
better than for mercury. The experimental difficulties will of course be con- 
siderable when using such a medium, but once these difficulties are overcome ~ 
most interesting results may be expected to come out from the experiments. 
So it will be quite possible to investigate several linear phenomena as the 
propagation of the Alfvén-waves, the surface-waves, and the periods of different 
modes of eigen-oscillations. Experiments of this type in molten sodium are 
being planned by LEHNERT.! 

Some of the most puzzling problems of magneto-hydrodynamics, however, 
are due to non-linear effects, which are difficult to understand since we have 
little experience of similar phenomena in other branches of physics. But, in - 
order that non-linear phenomena occur the kinetic energy of the disturbance 
must be comparable to the energy of the magnetic field which means that the 


1 Private communication. 
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velocity of the medium must be of the same order of magnitude as the magneto- 
hydrodynamic wave velocity. For sodium in a field of 10+ gauss the latter is 
30 m/s, and in a weaker field the character of the phenomena will not be 
magneto-hydrodynamic. 

From this it is apparent that great difficulties are involved in doing ex- 
perimental work on these problems. Also, the possibility of a theoretical anal- 
ysis is small. Probably a further progress in this field will depend on a correct 
interpretation of the phenomena observed in cosmic regions which led to the 
discovery of magneto-hydrodynamics. 
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The approximations of molecular theory tested 


on LiH and BeH*! 


By Inca FiscHER 


With 7 figures in the text 


Introduction 


In every quantum-mechanical treatment of molecules approximate wave functions 
must be introduced. The two most common methods of constructing wave functions 
which describe the electronic states of molecules are: the method of Heitler-London- 
Slater-Pauling (HLSP) and the molecular orbital (MO) method. The HLSP method 
is the one most closely associated with the chemical treatment of molecular structure. 
The MO method is more generally connected with the spectroscopical treatment 
and is thus suitable for calculations of the energy of the electronic states. In both 
of these methods the total wave function is approximated by a product of one- 
electron functions. This choice of unperturbed functions is somewhat unsatisfactory, ' 
as the first order perturbation energy is by no means a small fraction of the unper- 
turbed energy. In the calculations reported below, for instance, the perturbation 
energy is 20-30 per cent of the unperturbed energy. Frost et al. [1] have discussed a 
more accurate wave function obtained by multiplying the usual function by a factor 
that depends on the mutual repulsion of any two electrons. However, this factor 
complicates some of the integrals of the energy expression to such an extent that 
the computations become too laborious to carry out. It would appear, therefore, 
that a product of one-electron functions is the only type of wave function that 
will lead to tractable expressions except in the case of extremely simple molecules. 

The aim of the present work is to compare the numerical results obtained by the 
two methods mentioned above when applied rigorously or with further simplifica- 
tions. As is well known, such further simplifications are necessary in the treatment 
of most molecular problems. In most cases it may be difficult to estimate the effect 
of the neglected terms. This effect has been calculated here in a few very simple 
cases to show the order of magnitude of the neglected terms. Some conclusions 
of interest for more complicated molecules may be drawn from these simpler cal- 
culations. : 

The simplifications that will be discussed are: 

1. the neglect of the inner shell; 2. the neglect of the nodes of the 2s atomic orbits 
(AO’s); 3. the choice of screening constants; 4. the choice of internuclear distance. 
Overlap integrals are included in all the computations. Originally, it was also 
my intention to investigate the importance of orthogonality between the valence 


1 A preliminary report has been published in Nature 168 (1951) 1002. 
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orbits of different atoms. However, this subject has been so thoroughly discussed 
recently (WHELAND [2], Lowp1n [3]) that it now seems to be generally accepted 
that it is necessary to include overlap integrals in all calculations apart from the 
roughest estimates. ; 

A question of interest in connection with overlap integrals is, whether maximum 
overlap is equivalent to strongest bonding. This has been suggested by PAULING 
[4] and has been discussed in great detail by Mutiiken [5] and Maccotu [6]. 
The principle of maximum overlap as formulated by Maccott will be applied to the 
molecules treated in the present investigation and compared to the results of the 
energy calculations. 

The different approximations should be studied on molecules of the simplest 
possible form, but still common enough to allow generalizations. I have mainly 
chosen to study lithium hydride, LiH, since this molecule is the simplest that is 
constituted of different nuclei. In order to study the effect of an increasing nuclear 
charge I have also carried out some calculations on another molecule, namely, 
singly-ionized beryllium hydride, BeH+. This molecule is exactly equivalent to 
LiH except for the charge on the heavier of the nuclei. 

Because of its simplicity the lithium hydride molecule has earlier been studied 
theoretically by several authors. Hurcutsson and Musxkart [7] found a fairly good 
agreement between the experimental energy value and a theoretical value calculated 
by application of the HLSP method in its simplest form. Knipp [8] has applied a 
very elaborate wave function to LiH without achieving appreciably better results 
than those of the present treatment. Recently, MuELLER and Eyrine [9] have 
discussed some approximations of molecular orbital calculations and applied these 
approximations to LiH. Their results are compared with the present results in the 
discussion, Part IV of this paper. 

Part I contains the description of the most complete wave function, which has 
been applied to LiH and BeH+. This is an MO wave function including all the 
four electrons. The results computed with this function are assumed to be the most 
reliable ones. The values computed with simpler wave functions have, therefore, | 
been compared with the results of Part I, taken as a standard. These standard values 
are not in complete agreement with experimental values, but it has been assumed that 
such agreement could only be obtained with much more complicated wave functions 
(cf. ref. [8]). Accordingly, the excellent agreement obtained from computations 
with some of the simpler functions has been interpreted as due to mutual compensa- 
tion of the different approximations involved. This is also the interpretation that 
must be placed on the values computed for LiH by Hurcutsson and Musxar [7]. 

In the last paragraph of Part I the orthogonality between inner and outer molecular 
orbits has been studied. 

Part II contains a description of wave functions composed of orbits of the two — 
valence electrons only. These functions have been constructed according to both 
the MO method and the HLSP method. In each case, computations have been 
carried out with 2s AO’s with nodes and without nodes. 

Part LI contains the application to BeH* of the different types of wave functions 
described in Parts I and II, with the exception of the HLSP function in its more 
complicated form, including ionic terms. 

Part IV contains a discussion of the results of Parts I-III and of the simplifica- 
tions mentioned above. Different ways of obtaining a simple estimate of s, p-hybridi- 
zation degrees have also been discussed. 
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I. Caleulations on lithium hydride including all the electrons 


= 


1. Most complete treatment 


These calculations were only carried out by the “linear combination of atomic 
orbitals” (LCAO) approximation of the MO method. The HLSP method is so laborious 
in this case that it did not appear justifiable to carry out the computations by that 
method. 

The following forms of the AO’s were chosen: 


03 Call oy 
v1, (H) = ol a : 


A 


v1, (B) = 1s = |eelecers 


ia DAP b 
ves (B)= 28, ~ |/ [etree 
; 32N ll 
: sa 
Yo» (B) = 27 = )/ 2s, cos Oe" 


where B is the lithium (or beryllium) nucleus; A is a constant to be so chosen that 
the 2s-orbit becomes orthogonal to the 1s-orbit; N is a normalization constant; 
r, 18 the distance from the electron to the hydrogen nucleus, r, the distance to the 
lithium nucleus B. The polar axis is assumed to coincide with the internuclear 
axis. # is the angle between this axis and the radius vector to the electron. Thus, 
the molecular axis is the symmetry axis of the p-orbit. The unit of length is the 
first Bohr radius of the hydrogen atom: a,=0.5292- 10-8 cm; the unit of energy 
adopted below is e?/d), where e is the elementary charge. The energy unit is thus 
twice the energy of the ground state of the hydrogen atom: 1 atomic unit (a.u.) 
=2- 13.6025 =27.205 electron volt (eV). 

The AO’s are those suggested by Morsn, Youne, and Haurwirz [10] and also 
studied by Duncanson and Coutson [11]. These authors calculated different 
screening constants for the 1s-orbit and the inner part of the 2s-orbit. In the present 
case these two constants were taken as equal in order to reduce the work of computa- 
tion without much loss of accuracy. The important point is that the 2s-orbit should 
have a node. SLATER [12] has discussed this point in 1932. MuLLIKEN [5], Morrirr 
and Couxson [13], and others, have drawn the same conclusions in recent publica- 
tions. Wiison [14] has compared different wave functions with nodes describing 
the ground state of the lithium atom. According to his calculations of electron 
distributions it appeared preferable to assign the screening constant of the 1s-orbit 
to the inner part of the 2s-orbit rather than to assume the same screening for the 
outer and inner part of the 2s-orbit as in the eigenfunction of the gt eaeeen atom. 

The MO’s were constructed of these AO’s as follows: 

The MO 9,, of the binding electrons was assumed to be expressible in a linear combina- 
tion of the orbits h, 2s,, and 2p of (1): 


Ym =a28, +P 2p +xh (2) 
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where the parameters a, f, and x must satisfy the normalization condition 


SOn Pmtt =i. 


The electronic configuration of the ground states of lithium and beryllium are 
spherically symmetrical around the nuclei. The 2p-orbit is included in (2) to 
allow for the polarization due to the presence of the hydrogen nucleus. The electrons 
of the inner shell of the atom B were assumed to remain in the 1s-orbit. However, 
the corresponding molecular orbit, p,, must be strictly orthogonal to ¢,, and not 
only to the orbits 2s, and 2p. The orthogonalization can be achieved by a 
suitable choice of the constant A of the 2s,,-orbit but I have proceeded along different 
lines. For computational reasons A was assigned the value that orthogonalized the 
AO’s, 1s and 2s,. The orthogonalization of the MO’s was ensured instead by 
adding a term to the 1s AO of B: 


gi = yls—dgmf pms dt, (3) 


where y and 6 were determined by the orthogonalization and normalization condi- 
tions. This procedure of orthogonalization is entirely equivalent to the one first 
mentioned, since the total antisymmetrized electronic wave function, ¥Y, was con- 
structed as a SLATER determinant: 


Pm(1)@ (1) Pm (1) 


( 1) mal) qg(l)é() 
1 | Pm (2) (2) Pm (2) 
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(1) B ( 

ads 2) gi (2)B (2 
V4! @,, (3) a (3) @m(3)B (3) qr (3)a(3) qr (3)B 3 
Gm (4)a(4) Gm (4B (4) gr (4)a(4) gr (4)B (4) 


a and f are the mutually orthogonal eigenfunctions of the spin operator; 1, 2, 3, 
and 4 is shorthand for the coordinates of the electrons number 1, 2, 3, and 4. 
This wave function contains several undetermined parameters: the effective charges 
of the AO’s (1), ¢, wb, wu, v, the coefficients of the AO’s in the MO (2) a, f, and x, 
and, implicitly, the internuclear distance, R. According to the variational method 
all these parameters should be chosen so'as to minimize the energy expression E: 


( 
( ) Pe 
a ( ) 
( 


= f[P* SE dt Z (5) 
where H is the Hamiltonian: 
. Z vA ] 1 Zia 
H= 5.1 246 MEA zed Sorel Te 
& (2 Tai 2) i 3 Vij a R (6) 


T’, is the kinetic energy operator of the electron 7, Z, is the charge of the hydrogen 
nucleus, Z, the charge of the nucleus B, 7,; and r,; the distance of the electron i 
from the nuclei and r;; the distance between electron 7 and electron j. After inserting 
the Hamiltonian (6) and the wave function (4) in the energy expression (5) we can 
immediately integrate over the spin variables, as the Hamiltonian does not contain 
any spin-dependent term. Then, £ can be expressed in the following form: 


E=2U mm +201 +) inm t+ Ji t+4Jdim — 2 Kim + Za Zo/R, (7) 
where 
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Ue = Sot (i)| 2 2, (i) dx (i); p=1,m 
Jon = f 2 (i) oe (i), -o ea tAN Taro. Lona 


Kya = Soh (i) 93 (i) (i) (i) dt (i) dr (9); pa 


U is the energy of an electron in the nuclear framework, J is the Coulomb energy of 
two electrons and K is the exchange energy of the electrons. These MO-integrals 
‘can be split up into integrals over AO’s. The evaluation of these integrals will be 
discussed in the Appendix. The AO-integrals are functions of the parameters c, 
ub, u,v, and R. The expressions of the MO-integrals U, J, and K are linear combina- 
tions of AO-integrals multiplied by certain coefficients, which are polynomials of 
the parameters a, f, and x. All these parameters should be determined by the mini- 
mum condition. As the energy expression depends on the parameters c, wb, mu, v, 
and #, in a somewhat complicated way, I have made some simplifying assumptions. 
It is plausible to assume that the effective charges will be almost the same in the 
MO’s as in the AO’s. Thus, these parameters were taken as equal to their values 
in the corresponding AO’s multiplied by a common factor f. AO-values for wb and 
uu have been computed by Duncanson and Coutson [11]. The AO-value for » 
-was estimated from the spectroscopically determined term values of the states 
(1s)?(2s) and (1s)?(2p). The value of » was chosen so that the calculated energy 
difference between the two states was in agreement with the experimental energy 
difference. This value of » should not be far from the best figure obtainable by a 
variation of the atomic energy expression. The values employed for the effective 
charges are: 


c= 1.00, wb = 2.69, uw = 0.658, » = 0.545. 


The ‘‘best’’ effective charges for the molecular case were then obtained by varia- 
tion of the factor f. It is very probable that better parameter values could be obtained 
by varying the screening constants separately. CouLtson and Duncanson [15] have 
shown that the atomic screening constant of the inner shell orbit is almost the same 
whether the atom is free or bound in a molecule. Therefore, it would have been 
preferable to vary the screening constants of the valence shell orbits only. Further- 
more, the screening constants of atoms with different electronegativity will certainly 
vary in different ways. However, such a separate variation would entail very much 
additional work and was thus omitted. 

The variation of R is also complicated. Numerical values of the AO-integrals 
were computed for the following three R-values: the spectroscopical value of the 
internuclear distance, R=1.6 A=3.02 a.u., one lower value and one higher value. 
The best value of R was then obtained by fitting a Morse-curve to the three correspond- | 
ing points of the #/R-curve. 

The parameters a, 8, and x were more easily determined. If the values for the 
remaining parameters are fixed, the energy expression will take the form: 


Bes Pe (a, B, x)/ Po (a, B, x) +P; (a, B, x)/P, (a, B, x) (9) 
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where P,, P,, P; and P, are homogenous polynomials of the fourth degree in a, 
f, and x. The minimum energy was found by trial and error. The parameter values, 
which minimize E for alternative values of R and f, are summarized in Table 1. 

The value for E: at the head of Table 1 was computed with the same wave function 
as the other energy values of the table but with R=co and f=1.0. The best value 
for Ext was obtained with 8 =0. The column headed D gives the dissociation energy 
of the molecule, that is, the difference between #,, and EH. The fundamental fre- 
quency, v, was calculated from the computed values of the parameters of the Morse 
curve. 

The MO (2) is determined by the parameters a, , and x. However, it is not the 
exact form of the orbit ¢,, that is of principal interest but the electron distribution 
represented by @m P- Table 1 contains the values for the squares of the parameters. 
These squares correspond to the probability that an electron will be found in the 
corresponding part of the orbit, or, they are equal to that fraction of the charge, 
which should be assigned to the corresponding AO. The column headed S gives the 
fraction that belongs to the overlapping of the AO’s of different nuclei and is chiefly 
confined to the region between the two nuclei. An estimate of the ionicity of the 
bond may be obtained from the column headed 2 x?+S. According to the definition 


Table 1 


Ground state energies and minimizing values of the parameters of lithium hydride 
computed with the most complete MO wave function including 4 electrons; 
Ey=—7.9176 a.u.; Deptt =.0967 a.u. [16] verpe: =1.38 + 10? em-}. 


R B E D 
a.u. f “a a? B S 222+ 8 a a.u. au. 
2.64 | 1.0 -602 125 : 0 274 1.477 0 —71.9723 .0547 
2.64 | 1.0 510 106 .029 .356 1.375 02 —7.9852 0676 
oO sO 565 .163 0 272 1.402 0 —1.9797 0621 
3.02 | 1.0 477 .150 024 .350 1.303 41 —7.9892 0715 
3.40 | 1.0 571 .162 0 .267 1.409 0 —7.9661 .0485 
3.40 | 1.0 464 .136 .040 .360 1.287 54 —7.9811 -0635 

Min 

2.89 | 1.0 v=2.6+ 103 em 0 —7.9814 0638 
CEE oth) vy=1.8- 103 em- 43 —7.9898 ‘0722 
2.95 | 0.89 -664 .090 0 .245 1.574 0 —7.8868 | —.0309 
2.95 | 0.89 590 080 O15 314 1.494 44 —7.8931 | —.0246 
2:95. 102 554 agi lly at 0 257 1.382 0 —71.9754 0577 
2.95 1.02 463 155 .027 006 e412) leas: 42 —7.9864 .0688 
= 45 1.15 A491 221 0 .288 L271 0 —7.7907 | —.1269 
2.95 | 1.15 .360 a lhe gs} O77 .390 Lehbst .67 —7.8232 | —.0945 

Min: 
a Ae 0 —7.9797 -0620 
9 . 42 —7.9888 0711 
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formulated by Currewin and Coutson [17] this sum gives that fraction of the 
negative charge of the two electrons in the orbit ¢,, which belongs to the hydrogen 
nucleus. The net charge of the hydrogen atom is defined as the sum of this negative 
charge and the positive, unitary charge of the nucleus. 

The values of 6/a in Table 1 are a measure of the degree of s, p-hybridization 
of that atomic orbit of the lithium nucleus, which participates in molecule formation. 
It is found that the hybridization is evident for all values of the parameters R and f. 
Table 1 contains also values of parameters and energies calculated where 6 =0, that 
is, when the polarization of the electron cloud around the lithium atom is neglected. 


I. 2. Orthogonality of molecular orbits 


In calcwations of molecular properties it has often been assumed that lack of 
orthogonality for the inner atomic orbits would not introduce any serious errors. 
However, it has been pointed out by different authors that orthogonalization may be 
very significant. In fact, CouLson and Duncanson [15] obtained a marked improve- 
ment in the agreement with the experimental energy value when the inner orbits 
and the valence orbits were made strictly orthogonal. MuLiiKen [18] has inter- 
preted the effects from the complete orthogonalization as originating from the 
- mutual electrostatic repulsion of the closed shells of the two atoms. He has 
called this effect “forced hybridization.”’ 

To determine the importance of complete orthogonalization in the present case, 
I have computed the energy minimum using a wave function of type (4) where 
q: (3) was replaced by the AO Is of (1) only. The results of these computations are 
collected in Table 2. 


Table 2 
Ground state energies and minimizing values of the parameters of lithium hydride 


computed with a MO wave function including all the electrons, but not strictly 
orthogonalized; f=1.0; H,,=—7.9176 a.u.; Derpti =.0967 a.u. Yerpty = 1.38 - 103 cm}. 


R (Fore (Me D 

a.u. is Se pe S clas ees) a a.u. Bale 
| | 

2.64 atl 049 0 .193 1.708 0 —8.0127 0951 
2.64 .671 .039 018 21a 1.615 .67 —8.0205 -1028 
3.02 641 116 0 244 1.525 0 —7.9945 .0769 
3.02 557 . 106 018 .320 1.433 41 —8.0014 0837 
3.40 -612 .136 0 .252 1.476 0 —7.9690 -0513 
3.40 .499 .110 .040 ool 1.348 -60 —7.9832 .0655 
2.63 vy=8.5+ 103 em} 0 = 3.01271 0957 
2.07 y=2.3+ 103 em-1 bl —8.0383 1207 


1 Extrapolated value. 
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Il. Calculations on lithium hydride including valence electrons only 


Practically all calculations relating to the properties of polyatomic molecules. 
have been carried out with regard to valence electrons only. The electrons of the 
inner shells have been treated as point charges coinciding with the nuclei. This 
approximation is necessary in most cases to enable the computations to be undertaken 
with a reasonable amount of work. Recently, Linnerr and Poi [19] have discussed 
the effect of this approximation on the calculated electron density around isolated 
atoms. They found that the most probable electron configuration presents a very 
different appearance when the computations are carried out with the inclusion or 
exclusion of the inner shell electrons. To estimate the effect of neglecting the inner 
shell in computations on molecular problems I have minimized the energy expression 
obtained with a wave function consisting solely of the orbits of the valence electrons. 
The problem has been treated both by the MO approximation and by the HLSP 
approximation. 


II. 1. MO Approximation 


As there are only two valence electrons in lithium hydride the orbit in space. 
will be the same for the two electrons, multiplied by different spin functions, a or f, 
only. The space orbit may be formulated as a linear combination of AO’s, analo- 
gous to the expression (2): 


Ym =a2s+B2n+ xh. 


I have considered two cases: a) in which the AO’s are the same as in the four-electron. 
treatment, that is, of the form (1); b) in which the AO’s 2p and h are of the form (1), 
but 2s is a nodeless hydrogen-like orbital of the form introduced by StaTER [20]: 


rc 

Yes (B) = 2s = VE-n e 4" (10) 
The total antisymmetrized wave function, Y, then becomes: 

Pm (1) (1) Pm (1)B (1) 
Pm (2)@(2) Pm (2) B (2) 


The Hamiltonian is of the form (6), but 7 and 7 only take the values 1 and 2. The 
form of the energy, corresponding to (7), is: 


J} 
y= 


V2 (11) 


Ee 2 on dle ot Maen, (12) 


where Z, is equal to the nuclear charge minus the number of inner electrons. As 
Umm iS a function of Z, and Z,, Uy,» of (7) and of (12) are not identical, but they 
belong to the same types of integrals. 

The values of the parameters wb, u,v, and R were the same as in Part I. The 
values of the parameters a, 6, and x were obtained by a minimizing procedure: 
similar to that adopted previously. The results are listed in Table 3. 
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Table 3 


Energies and minimizing values of the parameters of lithium hydride computed 
with a MO wave function including valence electrons only; f=1.0; Derps =.0967 a.u.; 
Verptl — a Ik 38 - 108 cm, 


R B BE D 
2 2 
a.u. ad a B2 S 92 + S a a.u. a.u 
2sn-orbit with node; Eat = —.6325 a.u. 
2.64 .734 .058 0 .207 1.676 0 —.7706 1381 
2.64 .650 -046 -019 .286 1.585 64 —.7795 .1470 
3.02 .686 .091 0 .223 1.595 0 —.7554 .1229 
3.02 579 .083 .023 .316 1.473 54 —.7635 .1309 
3.40 .630 .105 0 .265 1.526 0 —.7327 .1001 
j 3.40 45} 084 044 342 1.403 .70 —.7474 .1149 
Min: 
2.56 v=2.6+ 103 cm-1 0 —.7713 1388 
1.56 vy =1.6+ 10° cm-1 gt —.8090 1765 
2s-orbit without node; Hat = —.7568 a.u. 
2.64 .552 aol 0 .297 1.402 0 —.8187 0619 
2.64 501 .146 .008 345 1.347 24 —.8229 -0661 
3.02 501 .196 0 301 1.302 0 —.8100 0531 
3.02 445 197 -009 .349 1.239 22, —.8140 .0572 
3.40 .493 apai el 0 .290 1.276 | 0 —.7866 .0298 
3.40 .418 210 | .019 .354 1.189 .30 —.7947 -0379 
| Min: 
Dade =4.0+ 10° cm | 0 5 BH 0658 
ie = 3.2 + 10? em-1 Bes —.8238 0670 


1 Extrapolated value. 


II. 2. HLSP Approximation 


The molecular structures of chief importance are: 


1. covalent bonding: Li—H 
2. ionic bonding with the negative charge on the hydrogen atom: LitH-. 
3. ionic bonding with the negative charge on the lithium atom: Li-H*. 


If we denote the valence orbital of the lithium atom as B and the orbital of the hydro- 
gen atom as A, the wave functions, ,, Y2, and M3, corresponding to the three structures, 
-1., 2., and 3. will take the following forms: 


i ae (1)a B 
1 oV1+ Sis \{4 (2) (2) . B(2)B (2) 


Bestia) 4 A 
¥2 V2|4(Q)a2) AQ 
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Table 4 


Energies and minimizing value of the parameter of lithium hydride computed with a 


HLSP wave function without ionic terms, including valence electrons only; f=1.0; 
Dexptt = ,0967 4.U.3 Verptl = 1.38 - 103 em-. 


pe Ns 
to 


B E | D 

i | au. | a.u. 
28n-orbit with node; Hat = —.6325 a.u. 
0 —.6934 -0609 
.85 —.7307 .0982 
0 —.6973 .0648 
.85 | —.7343 .1018 
0 —.6909 0584 
92 i? e759 .0993 
0 —.6977 0652 
85d —.7343 1018 

| 

2s-orbit without node; Hat = —.7568 a.u. 
0 —.8131 | .0562 
25 18216)" || 0647 
0 228149 situ! 20574 
.24 —.8220 .0652 
0 t= 28037 -0468 
-26 | —.8123 -0555 
0 —.8162 “| .0594 
.24 —.8239 0671 
sle)|.B 01) @ (lp BABA} 
/9 . . 
V2|B(2)a(2) B (2)£ (2) 


(15) 


The total HLSP wave function, ¥, is a linear combination of the expressions (13): 


—(15): 


where the coefficients ¢,, Cg, cs, should satisfy the normalization condition 


PF = ¢, 9, + Cy Pq + C3 Qs, 


SPP dr (1) dt (2) =1. 


(16) 


(17), 


The valence orbit A was taken as equal to the hydrogen 1s-orbit, h, of (1). The 
orbit B was taken as a linear combination of the 2s- and the 2p-orbits of the lithium 


atom: 
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Table 5 


Energies and minimizing values of the parameters of lithium hydride computed 
with a HLSP function with ionic terms, including valence electrons only; f=1.0; 
Dezpit = 0967 8.0.3 vert =1.38 - 10? cm-!. 


R B | E D y+ 10-3 
a.u. a - | “2 “a au au. em} 
i} 
2s8n-orbit with node; Hat = —.6325 a.u. 

2.64 0 4909 .6389 —.0518 | —.7774 .1449 

2.64 68 — — == —.7901 .1576 

3.02 0 .5602 .5707 —.0245 | —.7647 .1322 

3.02 Sal! — — . — —.7698 mle 

3.40 - 0 .9436 .1402 —.0539 | —.7483 .1158 

3.40 .73 —- — == —.7629 | .1304 

Min 
Beso. 0 —.7813 1488 1.8 
2s-orbit without node; Hai = —.7568 a.u. 

2.64 0 -7455 | .36380 —.0331 | —.8363 .0795 

2.64 ll -7963 | .3026 —.0594 | —.8396 .0828 

3.02 0 .8005 .2786 .0092 | —.8313 .0745 

3.02 15 9962 | .0047 .0009 | —.8332 .0763 

3.40 0 8790 | .1977 —.0102 | —.8163 .0594 

3.40 .20 ESO 2 ee yo. 7 —.0233 | —.8199 .0631 

Min ’ 

2.73 0 —.83870 | .0802 23 
2.65 -20 —.8397 -0828 2.0 | 


where 2p was of the form (1) and 2s either of the form (1) or nodeless as in (10). The 
normalization of (18) was obtained by the condition a? + f? = 1. 

The parameters c,, C., C3, R, a, and # were determined by minimizing the energy 
expression (5). The Hamiltonian was of the form (6), where 7 and 9 could take the 
values 1 and 2. 

The minimizing of E with respect to c,, ¢,, and cs led to a secular determinant: 


H,,—E Hy,—Sy,H H,,—8,3H | 
Hy,—S,, EL Ho— E Hy3—So3.h 
H3,—S3,E HI 3,— So H3,—E 


ssa) (19) 


where 
Hy; = fyi Hy; dt (1) dt (2) 


Sis =S pip; de (1) dt (2). 


The minimizing of E with respect to f/a was carried out partly with the wave 
function y, (13) only, excluding the ionic terms, and partly with the complete wave 
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function (16). In the latter case the best values of 8/a were found by choosing differ- 
ent values of this parameter and solving the corresponding secular equations (19). 
The minimum of E was estimated from the plot of # against B/a. This procedure 
was carried out with the three different values of the parameter # used in Part I 
and Part Il. 1. The numerical results are listed in Tables 4 and 5. , 

The values of the parameters c,, ¢,, and c, have not been computed in the case of 
‘a wave function with a node and including 2p-orbits, as the computed energy values 
lay so very far from the experimental curve that the ionicity did not appear to be 
of any interest. 


III. Calculations on ionized beryllium hydride 


These calculations were closely analogous to the calculations on lithium hydride. 
The variation of the parameters R and f has only been carried out in the case of 
lithium hydride. It was found there that the values of the experimental internuclear 
distance and the atomic screening constants were close to the parameter values 
that minimized the computed energy expression, provided that the wave function 
included all the four electrons. Thus, this set of parameter values was used in the 
evaluation of the AO-intergrals of BeH+. The values are as follows: R = 1.3 A = 2.48 
au; c= 1; wb = 3.69; w = 0.979; y = 0.871. The numerical results of the computa- 
tions on ionized beryllium hydride are collected in Table 6. The HLSP method 
has only been applied in its simplest form without ionic terms. 


IV. Discussion 


1. Effective charges of molecular orbits 


The only attempt that has been made in the present work to study this problem 
has been to vary the effective charges of all the atomic orbits by the same factor, 
f. This variation is only rational if the parameter R is given a value, close to the 
value that minimizes the energy expression. Moreover, the variation could only 
be made in that approximation, in which all the electrons are included in the wave 
function. If the variation were carried out with an energy expression, in which the 
inner electrons were contracted to a point charge coinciding with the nucleus, a 
high value of the effective charge would lower the energy value unduly. This is 
due to the fact that a high effective charge entails an atomic orbit with maximum 
probability of the valence electrons in the immediate vicinity of the nucleus. If 
the wave function includes all the electrons, this effect will be counterbalanced by 
the mutual repulsion of the valence electrons and the inner electrons having their 
maximum probability in this very region. This repulsion is considerably underesti- 
mated, however, provided that the wave function is merely a product of orbits 
of valence electrons. 

The simple variation made in the present work shows unmistakably, that where 
the best effective charge of the molecular orbit cannot be calculated exactly, the 
wisest course consists in choosing the same screening constants as those obtained 
for the atomic orbits. The value of the energy expression, E, appears to be somewhat 
sensitive to the choice of effective charges (see Table 1). Therefore, a pre-requisite 
for calculations of molecular energies is a knowledge of the best screening constants 
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Table 6 


Computed ground state energies and minimizing values of the parameters of ionized 
beryllium hydride. R=2.48 a.u., f=1.0, Despy =.1323 a.u. [21]. 
Oe 


| 
| 
202 a2 pe Ss 2n2 + 9 | B E D 
| a a.u. a.u. 
Most complete MO function incl. 4 electrons; Z,,= — 14.8219 a.u. 

.394 PAS? 0 .355 1.142 0 —14.8296 .0077 
2200 voll .034 .402 0.908 34 —14.8464 .0246 
Non-orthogonolized MO: function incl. 4 electrons; Hi ,= —14.8219 au. 

602 -109 0 | .288 1.493 0 —14.8504 .0285 
-488 .136 .012 .364 1.340 .30 —14.8543 .0325 
MO function incl. 2 electrons, 2s,-orbit with node; #y,= —1.1181 a.u. 

-621 -096 0 .283 1.525 0 —1.2259 .1078 
443 -l1l .040 .406 1.293 .60 —1.2351 .1170 
MO function incl. 2 electrons, 2 s-orbit without node; H,,= —1.3193 a.u. 

.296 341 0 .363 0.956 0 —1.3836 .0643 
.193 .389 .024 .394 0.780 .25 —1.3937 .0745 

HLSP function incl. 2 electrons, 2s,,-orbit with node; eek ES lg. 
0 —1.1988 .0807 
81 —],2414 .1233 
HLSP function incl. 2 electrons, 2s-orbit without node; H,, = —1.3193 a.u. 
0 —1.4021 .0829 
al'5 —1.4074 .0881 


for the constituent atomic orbits, preferably of atoms in different states of ionization 
and excitation. The low value calculated for the binding energy of ionized beryllium 
hydride (see Table 6) is undoubtedly due to an incorrect choice of the screening 
constants for the valence orbits. Instead of the effective charges calculated for the 
neutral beryllium atom, charges calculated for a singly ionized atom should have 
been used. The reason for this is that the net charge of the beryllium atom, 
+(222+48), is about +1 in the molecule BeH* (see Table 6). Consequently, the 
most important chemical structure of (BeH)* is Bet—H. AO’s corresponding to 
this structure may lead to more accurate energy values than those obtained here. 


IV. 2. Internuclear equilibrium distance 


The electron distributions calculated with the different wave functions work out 
differently on choosing different values of the parameter R (see Tables 1-5). That 
value of R which minimizes the energy expression (5) entails an electron distribution 
appropriate to the employed wave function. 
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Fig. 1. Energy curves of the Morse type constructed from values of the Tables 1-3, 2p-orbit 
not included. D and R, indicate the experimental values of the dissociation energy and the 
internuclear distance. 


1) Complete 4-electron case. 

Pa) a = et pc ats Not strictly orthogonal 4-electron case. 
Sgt ee a sae ee 2-electron case with nodes. 

4) Nodeless 2-electron case. 


As may be seen from the curves 1 of Figs 1 and 2, the calculated internuclear 
equilibrium distance is close to the experimental value in the four-electron case 
(see also Table 1). If the wave function is appropriately chosen it appears unnecessary 
to calculate a value for the parameter R, as the experimental value may be used. 
This has also been done in the case of ionized beryllium hydride. 


IV. 3. Orthogonality between valence orbits and inner orbits 


As pointed out by Coutson and Duncanson [15] and others, it is important that 
molecular orbits should be mutually orthogonal. As mentioned above, MULLIKEN 
[18] has called the effect calculated from the condition of orthogonality of the 
valence orbits and the inner orbits “forced hybridization’’, insofar as the effect 
originates from orthogonalization of molecular orbits, which are constituted by 
atomic orbits of different nuclei. 

The present calculations show (cf. Figs 1 and 2 and Table 2) that neglect of ‘forced 
hybridization” changes the results in the same direction as complete neglect of the 
inner shells provided that 2s-orbits with nodes are also used in the latter case. 
Thus, the present results confirm MULLIKEN’s assumption [18] that consideration 
of forced hybridization would diminish the computed value of the binding energy. 

The coincidence of the experimental energy value with the value calculated by 
the wave function without 2p-orbits (see Table 2) is, of ocurse, merely accidental. 
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Fig. 2. Energy curves corresponding to Fig. 1 with 2p-orbits included. The same notation as 
in Fig. 1. 


IV. 4. Nodes of the 2 s-orbits 


In 1930 SLATER [20] introduced analytical expressions for atomic s-orbits without 
nodes. Two years later [12] he pointed out that agreement between electron distribu- 
tions, calculated by analytical expressions and by the Hartree method, could only 
be obtained if the s-orbits of different shells were mutually orthogonal. This implies 
that ns-orbits must have nodes, if »>1. Nevertheless, the nodeless s-orbits have 
been used in many calculations on account of their simplicity. Morrirr and CouLson 
[13] have discussed the position of the nodes in atomic wave functions and the errors 
introduced by using nodeless orbits. 

In the present study s-orbits both with and without nodes have been used. In 
the four-electron case, nodeless orbits entail so great a violation of the orthogonaliza- 
tion condition that it is impossible to obtain any reasonable result. On this account, 
the results of these calculations have not been reported here. In the two-electron 
case, energy calculations have-been carried out with both types of wave functions. 
The results can be most easily surveyed in Figs 1, 2,3, and 4. The lowest curves in these 

figures are obtained by the use of the 2s,,-orbit as in the four-electron case and the 
curves 4 are the results of calculations with the nodeless 2s-orbit (10). It is seen 
that both in the two-electron case and in the four-electron case, the question of 
nodes or absence of nodes is closely connected with the orthogonalization condition. 
If the charge cloud of the inner electrons is condensed to a point charge, as in the 
two-electron case, it is found that the nodeless 2s-orbits are better adapted to the 
orthogonalization condition than are the orbits with nodes. This result will be more 
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Ee HLSP METHOD ~p=0 


Fig. 3. Two-electron energy curves of the Morse type constructed from values of the Tables 
4-5, 2p-orbits not included. D and R, indicate the experimental values, cf. Fig. 1. 


iQ) ta ee Sa Si 2s,,-orbits with nodes, no ionic terms. 

2) Rae noe eee ie mcd 28 = OLDIES with nodes, ionic terms included. 
3) ee Nodeless orbits, no ionic terms. 

4) Nodeless orbits, ionic terms included. 


readily understood when it is recalled that the node of a 2s-orbit is localized in 
that region, in which the 1s-orbit has its maximum probability density. Thus, 
it is very reasonable to assume that the node of the 2s-orbit should remain in the 
region of maximum density of the 1s-orbit also when the 1s-electrons are not included 
in the wave function explicitly. This implies that the node should coincide with 
the nucleus, if the charge cloud of the inner shell does so. The conclusion reached, 
therefore, is that provided all the electrons of the molecule are represented explicitly — 
in the wave function, the ns-orbits must have nodes when n>1; where the inner 
shells are accounted for by suitable screening constants only, the s-orbits of the 
valence shell should be nodeless. 

Recently, MurLLer and Eyrine [9] have discussed what they call the “central 
field” approximation. This approximation corresponds to the present two-electron 
wave function. MUELLER and Eyrine@ have calculated the average effective charge - 
of the lithium nucleus to be used in the two-electron Hamiltonian. They computed 
a value very close to one atomic unit of charge, which value has been used in the 
present computations. Moreover, they found that the energy of an electron in the 
state 1s(H) (that is, the AO h with the present notation), is very nearly the same, 
whether the computation is carried out with the complete Hamiltonian (6) or with 
the Hamiltonian of the central field approximation. Their computations are not 
equivalent to any of the computations of the present paper, but are most appropri- 
ately comparable with the nodeless two-electron case. Also according to the computa- 
tions of the present paper, the nodeless two-electron function yields approximately the 
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Fig. 4. Two-electron energy curves corresponding to Fig. 3 with 2p-orbits included. The same 
notation as in Fig. 3. 


same results as calculations with the complete Hamiltonian. Hence, Muetuer and 
Eyrine’s results agree satisfactorily with the above conclusion that nodeless valence 
orbits should be used in the central field approximation. 

The computations on ionized beryllium hydride (see Table 6) indicate that the 
effects of nodes of the ns-orbits as well as of “forced hybridization” will be less 
important, when there is a larger charge on the nucleus, or on the nucleus and 
the contracted electron cloud together. Accordingly, the larger the number of valence 
electrons, the less important becomes the interaction between inner shells and valence 


electrons. 


IV. 5. Comparison of results obtained by the MO method 
and by the HLSP method 


The results of the calculations by the two methods agree fairly well in general. 
The values of equilibrium distance and binding energy calculated with nodeless 
2s-functions by the MO method and by the HLSP method without ionic terms are 
very nearly the same. This also holds true for the case of 2s-orbits with nodes, if 
the results of the MO method are compared to the calculation by the HLSP method 
including ionic terms. The degree of ionicity found by the two methods cannot be 
compared so easily. However, both methods indicate that the bond is somewhat 
ionic and that there is a surplus of negative charge on the hydrogen atom. This 
result is in accordance with the experimental fact that in electrolysis of a fusion of 
lithium hydride, hydrogen is obtained at the anode. 

On the other hand, the present computations imply that the bond of lithium hy- 
dride is by no means completely ionic. This is seen most clearly from Table 5, although 
+ is implicit in the parameter values computed by any method. In the case of 2s- 
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orbits without nodes the coefficient of the covalent structure c,, is the dominating 
coefficient at every internuclear distance. After completing the present computations 
-my attention was drawn to the results reported in a recent publication by AHMED 
[22]. From single crystal photographs of lithium hydride he has been able to conclude 
that in the solid state LiH has only 25 per cent ionic character, with limiting values 
of 50 per cent ionic character or complete covalency. From the values of the coeffi- 
cients c, and c, reproduced in Table 5, the ionic character has been calculated as 
97 per cent at the minimum of the Z/R-curve obtained with nodeless 2s-functions. 
Although this figure may be somewhat inaccurate, the agreement between AHMED’s 
result and the present computations is very satisfactory. 

As is well known, the MO method is only valid for internuclear distances close 
to the equilibrium distance, and energy values calculated for Jonger distances become 
far too high. It might be anticipated, therefore, that the fundamental vibration 
frequency calculated from a Morse curve obtained by the MO method, will be too 
high. This is also verified, with one possible exception: the case of the two-electron 
wave function with nodes. However, the Morse curve constructed from energies 
obtained with this wave function is so far from the experimental curve in all other 
respects, that the relatively close coincidence of the frequency values must be merely 
accidental. Generally, the calculated frequency values vary over a wide range, 
whether they are obtained by the MO method or by the HLSP method. It appears 
that the frequency value is very sensitive to the correctness of the wave function 
and, thus, difficult to calculate for more complicated molecules. Even in the simple 
case of the hydrogen molecule CouLson [23] found a remarkable instability of the 
calculated »-value. 

As might be anticipated, the inclusion of ionic terms in the HLSP function clearly 
changes the values of both binding energy and equilibrium distance. The calculated 
value of the binding energy comes remarkably close to the experimental value in 
the case of nodeless 2s-orbits (see Table 5). However, the value of the internuclear 
distance becomes somewhat less accurate than that computed without ionic terms. 
Both these effects may be due to the partial neglect of the repulsion from the inner 
electron shell. The same tendency is indicated by the Morse curve of the MO treat- 
ment of two electrons with nodeless 2s-orbits. 


IV. 6. Kinetic energy and potential energy 


The limited applicability of the virial theorem in quantum mechanics has been 
discussed thoroughly by Starrr [24] and by Coutson and Bett [25]. Although 
these authors have shown that the potential and kinetic energies are usually far more 
inaccurate than the total energy, it may nevertheless be of some interest to calculate 
the kinetic energy and the potential energy separately. This has been done in the 
case of an MO wave function including two electrons (cf. Part II. 1). This computation 
has been carried out primarily to compare the wave functions with and without 
nodes. The results are represented in Fig. 5 in terms of the internuclear distance. 
The ordinate indicates the difference between the molecular and the atomic energies. 
The continuous curves are obtained from wave functions including 2p-orbits, and 
the others from functions without polarization terms. It is seen that the different 
results obtained from wave functions with and without nodes depend mainly on 
the difference in potential energy. This fact is in accordance with the conclusion 
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7 
4 WITH NODES WITHOUT NODES 


Fig. 5. The potential energy, V, and the kinetic energy, 7’, in terms of the internuclear distance, 

f. R, is the experimental equilibrium distance. The ordinate indicates the difference between 

T (or V) of the molecule and T (or V) of the free atoms, computed with the same wave function 
as used in the computation of the molecular energy. 


1) : : 2 2-electron wave function without 2p-orbits. 
2) 2-electron wave function including 2p-orbits. 


of paragraph IV. 4 that the functions with nodes do not account for the repulsion 
from the inner electrons, that is, their potential energy will be too low. 

A more detailed discussion of the curves of Fig. 5 has not been attempted, owing 
to the uncertainty of the screening constants, cf. reference [25]. 


IV. 7. Degree of s, p-hybridization 


The inclusion of the 2p-orbit in the wave function has a distinct effect both in 
the case of the MO method and the HLSP method. A comparison of Fig. 1 with 
Fig. 2 and of Fig. 3 with Fig. 4 shows clearly to what extent the 2p-orbit changes 
the results of the computation. According to the discussion of the preceding para- 
graphs, the most correct wave functions are: either a four-electron function composed 
of completely orthogonalized orbits or a two-electron function with nodeless 2s-orbits. 
This holds true both for the MO method and the HLSP method, although the com- 
putations of the four-electron case have not been carried out by the HLSP method. 
The inclusion of the 2p-orbit in these types of wave functions results in somewhat 
lower energy values and slightly smaller values of the equilibrium distances. The 
curvatures of the curves are also changed somewhat so that the computed values 
of the fundamental vibration frequency come closer to the experimental value. All 
these effects are of the same order of magnitude for all the types of acceptable wave 
functions mentioned above. 

For the two remaining types of wave functions, the four-electron function with 
incomplete orthogonalization and the two-electron functions with nodes, the effect 
of including a 2p-orbit is much greater. The values of the parameters are changed 
in the same direction as mentioned above, but the influence is very much exaggerated. 

The parameter values, f/a, listed in Tables 1-6 are a measure of that degree 
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Fig. 6. The degree of s, p-hybridization, B/a, in terms of the internuclear distance, R, computed 
with different wave functions. 


1) MO method; complete 4-electron case (see Table 1). 

2)--------- MO method; not strictly orthogonal 4-electron case (see Table 2). 

S) tanta Paces acuta ike MO method; 2-electron case with nodes (see Table 3). 

Ce 0 8 — MO method; nodeless 2-electron case (see Table 3). 

5) - ----+----- HLSP method; 2-electron case with nodes, no ionic terms (see Table 4). 
6) -—--—:-—--—-+— HLSP method; nodeless 2-electron case, ionic terms included (see Table 5). 
S —— Computation according to MaccoL.’s overlap criterion. 

De Computation according to the penetration condition. 


of s, p-hybridization, which gives the lowest energy value. The values of this para- 
meter, obtained with different wave functions for lithium hydride, are shown in 
Fig. 6 in terms of the internuclear distance R. It is seen that the hybridization is 
not negligible in any approximation, although the energy of the atomic 2p-orbit 
is higher than the energy of the 2s-orbit. 

To estimate the hybridization of a bond-forming orbit by simple means, PAULING 
[4] has suggested the principle of maximum overlapping. His argument in favour 
of this suggestion is that “‘the energy of a covalent bond is largely the energy of 
resonance of two electrons between two atoms”... and ‘overlapping is essentially 
a measure of the amount of interpenetration of the bond-electron distributions of 
the two atoms”. Recently, Maccout [6] has reinvestigated PAuLrne’s principle. 
He has suggested a criterion of the overlapping capacity of a given atomic orbit, 
referring to covalent bonds: “the overlap integral between two equivalént orbitals, 
distance R apart pointing towards each other in such a way as to have the same sign 
in the region of significant overlap’. He has found satisfactory agreement between 
the degrees of hybridization and the bonding powers obtained by this criterion and 
the experimental values of bond distances and bond energies. He also suggested 
an extension of the criterion to covalent bonds between unequal atoms. Macco.t’s 
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criterion has been applied to lithium hydride in the present investigation. The 
degree of hybridization calculated in this manner is shown as curve S in Fig. 6. 
Reasonably satisfactory agreement is obtained between curve S and the curve 5 
calculated by the HLSP method without ionic terms. This agreement might be 
expected, since PAuLrne’s principle refers to covalent bonds. 

Although the principle of maximum overlapping may give results similar to those 
of more exact calculations for many types of bonds, it may be desirable to have 
a simple condition applicable also to heteropolar bonds. Pautne’s principle originates 
from a treatment of molecular problems by the HLSP-method according to which 
the bonding is regarded as a perturbation of the atomic states. Emanating from the 
MO method, an alternative condition for the bonding power is suggested here. 
It may be denoted as the condition of maximum penetration. According to the mole- 
cular orbital theory the orbit of an electron is determined by the potential field of 
all the nuclei of the molecule and of all the other electrons. The terms dominating 
the energy expression originate from the potential of the nuclei. The condition 
suggested here implies that a crude estimate of the bonding power of an orbit may 
be obtained by calculating the energy of the electron in the field of the nuclei only, 
supplied with suitable screening constants. This entails the calculation of a few 
simple terms of the energy expression, one-electron Coulomb integrals only. In 
case of a two-atomic molecule the “‘penetration terms’’ are: 


J wri | —3 a, — 288 — 248 | yy aren, (20) 


Yat To. 


where Zeyz can be calculated in accordance with the rules given by SLATER [20]. 
The orbits which cause large negative values of the penetration terms are such that 
the probability density of the electron distribution has large values in the vicinity 
of the two nuclei, that is, the electron can penetrate the cloud of the other electrons 
and come close to both the bonded nuclei. The degree of s, p-hybridization of the 
bonding orbit of lithium hydride computed by the penetration condition is repre- 
‘sented by the curve P in Fig. 6. The nodeless 2s-orbit was used. It is seen that curve 
P is in satisfactory agreement with curve 1, which represents the hybridization 
degree computed with the most complete wave function, whereas curve S and curve 
1 differ appreciably. 

To form a conception of the change of the electron distribution caused by the 
intermingling of the 2p-orbit with the 2s-orbit I have computed the electron density, 
B* B, of (18) along the internuclear axis for different values of B/a. Fig. 7 shows 
that even a small fraction of 2p-orbit increases the electron density in the vicinity 
of the hydrogen nucleus without much decrease in the vicinity of the hthium nucleus. 
A larger fraction of 2p-orbit maximizes the density between the nuclei and enlarges 
the density at the hydrogen but diminishes the density at the hthium, so that the 
sum of the penetration terms may remain constant or diminish, as was found by 
the direct computation. 

It might be objected that the superiority in the present case of the penetration 
condition to the overlapping condition is due to the pronounced energy difference 
between the 2s- and the 2p-orbits. However, the corresponding energy difference 
is by no means negligible in molecules such as H,N and H,O. The penetration 
condition will be applied to such molecules and studied in more detail in a forth- 


coming paper. 
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WITHOUT NODES 


2 ppststeT nee 


Fig. 7. Probability density, y?, of the valence electron of the lithium atom computed with a 
wave function of the type a 2s+f 2p (18). 


Pure s-orbit, B=0, a=1. 

: Pure p-orbit, B=1, a=0. 
5 - +--+ -- ee Hybridized orbit, B =0.5 a 
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SUMMARY 


1. It has been found that fairly correct molecular binding energies and electron 
distributions may be computed either by a wave function including all the electrons 
of the molecule and with strictly orthogonal orbits or by a wave function of the 
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valence electrons only; in the latter case ns-orbits should be nodeless, if n>1. This 
conclusion has been drawn from calculations both by the “linear combination of 
atomic orbitals” approximation of the molecular orbital method and by the Heitler- 
London-Slater-Pauling method, either in its simplest form, or including ionic terms. 

2. The electron distribution obtained from a certain wave function will work 
out differently on choosing different values of the internuclear distance, R. The 
value of R appropriate to the wave function may be computed by the variational 
method. It has been found that the value of R computed by this method agrees 
satisfactorily with the experimental value, provided that the wave function is of 
any of the types mentioned in 1. Therefore, a reasonably correct electron distribu- 
tion may be calculated without computation of the minimizing value of R, if the 
internuclear distance is known from experiments. 

3. A knowledge of those combinations of atomic orbits, which form the best 
valence orbits, can be used for a first estimate of the molecular electron distribution. 
According to Pavuine [4], these combinations can be determined approximately 
by the condition of maximum overlapping. An alternative condition has been 
suggested here: the condition of maximum penetration. This condition should be par- 
ticularly suitable for investigations of molecules with partly ionic bonds, as for instance 
lithium hydride. In this case the penetration condition yields better agreement with 
the form of the valence orbit given by closer calculations than does the overlapping 
condition. 


APPENDIX 


Computation of integrals over atomic orbits 


1. One-Electron Integrals 


Integrals of this type constitute the molecular integrals Up, (8). They may be 
evaluated quite straightforwardly in spherical or elliptical coordinates, depending 
on whether they are one-center of two-center integrals. The analytical expressions 
of the two-center integrals were in most cases taken from the list of integrals published 
by Covuxtson [26]. 

All the computations were carried out with at least two figures more than given 
in the tables. The numerical values in atomic units (1 a.u.=27.205 eV) of the one- 
electron integrals are listed in Tables 7-11. 


Table 7 
Overlap integrals. 


S (a, b) = f a* (1)b (1) dr (1). 


Lil BeH* 

R= 2.64 3.02 3.40 2.48 

Sine Isjaeue.. ve 1331 0943 .0663 .0961 
SU cael... 5003 4675 4380 5634 
Sih, Bay Galas. 5157 4767 4429 5711 
SiR 2eVNPhcts; .5120 5195 5149 5869 


371 


. . + 
I. FISCHER, The approximations of molecular theory tested on Li and BeH 


Table 8 


Mononuclear Coulomb integrals. 


C (a,b) = J a*(1)(1/ry) 6 (1) dz (1). 


| Li BeH* 
CUR aaa tea hac 1.0000 1.0000 
Moti Mey vate ee es 2.6900 3.6900 
[OC (2eg, 2a, AT Jeo 13526 5325 
| 2g eae hee 0 .3290 4895 
L O18 Spy hes farsa iets 2725 4355 

ia Van TN gs eee —.2728 —.4265 

Gili, 2s) tee ae .1905 

Table 9 


Two-center Coulomb integrals. 


C (rq3b,e) = J b* (1) (1/rax) ¢ (1) dt (1). 


Exchange integrals. 
E (rq; b,c) = f b* (1) (1/rqi) ¢ (1)dt (1). 


LiH BeH~™ 
R= 2.64 3.02 3.40 2.48 
CGS Jt 501) ousha eae eae ae Ieee .3706 .3279 -2927 .4004 
CoG as Le, 21.2 )egeretenete rete tetatet renin fests .3788 -JoLL .2941 .4032 
OEE EE ky ob ono DOO IG, oBr eon ae 32777, .2615 .2487 3032 
Oho UREN ks 0 Dic, OBO eon ere: .2805 .2655 .2500 3551 
GGe: An apps a tars cok eit. Gna ee rele .2942 .2868 .2767 .4138 
ON RIVER TS eotacads Seemed to ok —.0002 —.0001 —.0000 —.0000 
ON el Ea PE erie ete ARIE NIae SIRS OE) -0565 
OC RPA Ni es RR Pe OC i Pe .0122 .0095 .0075 .0132 
ING BK a PY ir n5 eo chat Tab o MEATS.) -1032 .1022 .0988 .1452 
OX CERY pees od odio De oS BO Oe aE -1038 .1024 .0987 .1449 
Table 10 


rr 
Li BeH* 
R= 2.64 3.02 3.40 2.48 

ee Aa AIK, WEAR TE, MO OL OR ee ee 
WS haere eee t, .0629 .0384 .0236 .0441 
WGN Nae e coe aie .3006 2775 12526 .3606 
LC es NO ae OE .3069 .2799 £2529 3621 
Ff TSE SE NO ie aie Se .3670 13595 13445 .4770 
Bilis Fig La) Raa os tts DIAS 2 1777 1235 .0856 .2002 
Ein ih, 352) Pate a Shake 1687 1591 .1308 .2301 
Brey hy De) ARR yess ans 1966 1779 1435 .2648 
FF (434 dos Se \ GOES. Sct eateries 1716 .1622 .1500 .2332 
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Table 11 
Kinetic energy integrals. 


T (a, b) = —(1/2) f a* (1) A,b (1) dr (1). 


Li BeH* 
R= 2.64 3.02 3.40 2.48 

FO, ga eee eo .5000 5000 .5000 .5000 
(Geos » CSW 2 eh calendar 3.6181 3.6181 3.6181 6.8081 
2 pes 21a aa ee | 2201 2201 2201 4469 
ace] ea ee 0722 .0722 0722 1597 
CP Sas 0 a aes en i ae a 1485 1485 1485 3793 
lin sso 2092 ell A a a 0503 .0437 0360 0817 
“AN tg a SS ae 0489 0415 0339 0794 
[C525 2c.91,5 a pag a a a 0504 0437 0337 0703 
ii 6) ei ae eh hee ep ne ale 0491 .0416 0314 0766 
1 Tise EAP alll ga ae ee 0955 .0851 0736 0105 
“aS ia. a la 1110 .0998 0871 1836 


2. Two-Electron Integrals 


Table 12 


Mononuclear integrals. 


M (a, b; ¢,d) = f a* (1) e* (2) (1/ry2) 6 (1) d (2) dt (1) dr (2). 


Li BeH™ 
VE (Hsp Iisa [su uc ovee oMicwageres) cots. szaie. Sepegoe .6250 -6250 
VE (Msepligs Us,215)! spexeesys eo: 00 <0 s eee 1.6813 2.3063 
M(2s,,, 28n; 28n, 28,) ....-++22-05- 2351 -3484 
SW OSS CER OIF VAS ira Ge Clo pio ete o he -2390 -3557 
LOT a Ao Vans P90) “oie ob a alc on Oe 2133 .3409 
JUL GE ICRA s PAS) soe aea aur oe .3283 4886 
ae S29: 828) Peete oy oP epagh Races + oot 
MANS pes 5 1S) 28 2 ates 5 os ole elgray .0138 .0182 
VIA Vg 2 Ss Ser D8) retaia at shee ae ails oso .0224 
DAK GE SEB OT a PAD) Vio BSR Sichate ca ONO .2719 .4340 
UIE Mitap PA oe AS PD): IS 8 alc: Bul el eetrokeee GoeIOe .0024 -0057 
ae 4B iy PAD)). 6.90 336 iano aoe 2141 .3046 
DME (Gs, IRIN PIO no eos oo esee ae 2156 3346 
M (2s,,, 2p; 28 210 er dete tebe sites og a .0459 .0720 
LCL, PATO VAD) Si, Sine on an ce .0462 .0730 
HVINQUS) US301S,50 257 )\ Serene s cysts ekoucisis —.1190 —.1846 
M (1s, 1s; ah ie Lee te eae Pes .1698 
M (1s, 28,5 Fae, Wie etetantetenes te rewale —.0027 —.0050 
M (1s, Qes 28, = ip Be Sede ses <nuastrpaiauses bes .0545 
M (Is, 28,3 2p, 2p)... sneer sree —.0004 —.0018 
BVI CUS tere Si-O Ne taneged hats cetera erate se -0457 
M (1s, 2p; 28,, 2p) ..... sees eee —.0007 —.0018 
M (1s, 2p; Qs, OAs creche. eka ey ete ap —.0003 
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Table 13 


Two-center Coulomb integrals. 


C (a, b; h, h) = fa* (1) h* (2) (1/12) 6 (1) h (2) dt (1) dt (2). 


| LiH BeH* 
R= 2.64 3.02 3.40 2.48 
at ee ie ge ee ea ee ee ee eee 
CLAS Lec dis Heys <<. cee ee eee 3704 3272 .2919 3924 
(ON VEAL ped eae eae oe 2622 .2508 .2357 <o200 
CO (Sapte hy hho ee eae | 2649 2528 .2373 13275 
CH Ons Sari Is Ih) LE co was .2657 2614 .2563 13559 
C(1s, 28,3 h, Th). Cueetesteres « 1a.efelat's stakepeter= | =—001¢ —.0007 —.0002 —.0009 
Chale: light) <at iets oe oes -0552 
(SOR Spe een +).5 Oem tomo ooC 0099 .0083 -0069 0107 
(SKA PAS RACAM ON moi’ © Djciormens mate S27 0825 | 0841 .0824 .1064 
C(28, 2p; Py) Not tanteensyoiete ean eee 0832 -0845 .0829 .1080 
Table 14 
Exchange integrals. 
E (a, h; h, b) = fa* (1) h* (2) (1/ry2) A (1) 6 (2) dt (1) dt (2). 
Th 
Li BeH* 
R= 2.64 3.02 3.40 2.48 
ME Re Je lake nek cs Cok et ea 0158 .0077 .0037 0106 
EE 257 5 My) 28 Vee a's 6.00 wae vic meses 0971 .0853 0695 1391 
DIAC EY ap AD er sicuca ket AG Ek ce KORE .1030 -0887 .0713 1481 
Bion: hy hy Qoyi ee ee cis eee .1248 1262 1166 1956 
BNO nC Cd rae PN as ees ia fost ae .0257 -0168 -0098 0366 
ELS sc 2e) © \arans wnivis erene.< Ateteae -0179 
BE Vessts ly 20 )sarearerte's sie ohare .0262 0171 -0123 0250 
EZRA ka ler teclatera sna eta -1102 1074 .0898 1548 
HA Q8L RE B.D) aa. tees see ee eee .1130 -1088 -0906 1598 


1 Interpolated from values of reference [27]. 


These integrals are obtained on the evaluation of the molecular integrals J», 
and Kyq (8). They all contain the operator 1/7;;. To evaluate the atomic integrals 
this function must be expressed in the coordinates of the two electrons, either spherical 
or elliptical ones. Atomic integrals of this type have been discussed ‘by several 
authors, among others by Korant, Amemiya, and Srmosr [27], where references 
to earlier publications may be found. Some of the integrals occurring in the present 
study were obtained by interpolation in the numerical tables computed by Korant 
and coworkers [27]. The other integrals were evaluated following the same principal 
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/ 
Table 15 


Hybrid integrals. 
I (a, 6; ¢, e) = f a* (1)c* (2) (1/ry_) b (1) e (2) dz (1) dz (2). 


| LiH BeH™ 
R= 2.64 3.02 3.40 2.48 
| 

a eal Ae ee 0575 .0360 0227 .0402 
Me Jen ae Ng tO tistay oe tee .2318 2163 1883 2812 
Lie 1081 PD) aad eRe ERIM R are Hike sete .2392 .2196 .1895 -2842 
LEN ike AD BOUL EY Dy WARREN AR RMS: IRE .2548 .2709 .2605 -3430 
LEN al SSE id le 0) eee eee ate oe eae 1454 1013 .0705 1434 
LLCS APOE AO SERIO ocr POSTS Micecicaes ee 1724 -1607 .1329 .2401 
PMU SMG S52) atgers hs asst euaus.s tie lance % .1681 

BRAM s OD Hi) igusts sc sraiea tte ro ely arele ; Sila .1620 .1489 .2333 
WADS 4 28,3 28 p, BR) mace e ssc nesin ees .1270 .1159 .1038 1928 
A MEO BOSH Fs) Be acetate, «ute 6 fete, secu .1339 .1205 .1068 .1995 
ROMO SOT Py) ol Ae te tertho teed one oss .1281 1274 1242 .2040 
ese Big LG, 1) gaan ses pha <> .0428 -0305 .0216 0404 
JE (2ASS PAS el AY 0) OREO iro RO IeLSOR .0302 

P(28s, 28, 5°2Py Bh) eds oe Vales ee .1280 .1282 1211 .1768 
SA DRED e D705 Ny Ltei SS trae, Baas misvile a 1347 .1306 1233 1912 
RODS SI) Vou erorerare te, 31 Sachse spss sors -0359 -0239 .0179 .0465 
Lae 2 CS Ree ore .1190 1113 .1037 .1967 
(2p, 2a: 28, 2) o.oo eR sa SE 1237 .1142 1041 .2012 
I (1s, 28,3 18, Rh)... . eee cece eee ence —.0068 —.0046 —.0032 —.0076 
ABO aR SECT). chtheys laveds toils ce cayttie ssi sue —.0049 

T (1s, 28,5 28) h) cere rere e eee eees .0001 -0000 .0000 .0013 
JEQES «CASE DAE DRY ne GeO te eo .0279 

T(1s, 2875 2p, h) 0.6.60. eee eee. —.0005 —.0003 .—0003 —.0005 
JU AG LS PAGO AT Om tty ORION led a neces Oe .0170 

Mio marth Ss WS ee sucha eyes 8 wee .0015 -0009 .0008 .0037 
J (185.2903 28), B) 2.20 iene eee eeees .0034 0022 .0026 .0043 
LUI, OA OR ORES )) ieee” Sere ee SRN mS Pkcnne .0024 

LDN Tes PROB PATA (2 ero eo ers omnes PO eI .0053 .0033 .0041 .0065 
L (28,5 2p; 18, bh)... -- cece ee ee eens .0138 .0149 .0122 .0083 
U2 S DD se US ald) ia © wileteie sel sis ace enst esl é .0149 

I(28,, 2p; 28,, h).....-.- Belen tety cae .0285 .0277 .0272 .0423 
(DEMO OS, Ib) eesie Gravee alee «opt at ots. .0305 -0298 0283 | .0433 
T(28,, 2p; 2p, h) ....--- +2 seer ones .0436 .0423 .0410 -0690 
(QD DOOR) uate «eaves cae och teh sale .0439 .0422 0411 .0677 


1 Interpolated from values of reference [27]. 


lines as these authors. In case the integral could not be given in a closed algebraic 
form the operator 1/r,; was expressed in elliptical coordinates of the two electrons 
and expanded in series according to NEUMANN (see ref. [27] p. 8). The series was 
integrated term by term. It was broken off when the numerical value of the last 
computed term was so small that it did not change the fourth figure after the decimal 
point. It was never necessary to compute more than four terms. 

As the algebraic expressions of the integrals are very clumsy they will not be 
reproduced here. The numerical values of the integrals are listed in Tables 12-15. 
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A theoretical study of the dipole moment of aniline 


By Inca FiscHEerR 


With 1 figure in the text 


Introduction 


For several years it has been recognized that a knowledge of the electronic 
structure of molecules offers a powerful means of systematizing chemical reac- 
tions. Recent developments in experimental physical chemistry have contributed 
considerably to the solution of many problems concerning molecular structure. 
A purely theoretical method for the study of molecular structure has become 
available lately, namely, the application of quantum mechanics to chemistry, 
usually called quantum chemistry. However, this theoretical method is still so 
incomplete that it must be used in intimate collaboration with experimental 
investigations in order to yield information concerning polyatomic molecules. 
The application of quantum mechanics is so complicated and the indispensable 
mathematical approximations are so difficult to interpret physically that the 
results of the theoretical methods should be compared with experiments as 
extensively as possible. ; 

Most theoretical investigations of polyatomic molecules have been concerned 
with z-electron distributions within aromatic molecules. This is due to the fact 
that in a relatively satisfactory approximation, the z-electrons can be treated 
as independent of the remaining electrons in the molecule. The problem to 
be discussed in the present paper also deals with the distribution of z-electrons. 

Some benzene derivatives with substituents on adjacent carbon atoms exhibit 
a special feature which has been called the ortho-effect. This effect is manifest 
both in the reactivities of the compounds and in such properties as acidity, 
spectra, and electric dipole moment. The ortho-effect appears also to have 
interesting physiological implications (see LOreREn [1)). 

The present author has previously studied the ortho-effect in derivatives of 
aniline, C,H;—NH,, by measuring the dipole moments of a series of these 
compounds [2]. In that investigation it was found that a clear difference 
exists between the dipole moments of aniline derivatives with and without 
ortho-effect. This difference was attributed to the inhibition of the z-electronic 
resonance. It was assumed that when the ortho-substituents are bulky, rotation 
around the nitrogen-carbon bond is prevented. The nitrogen atom is fixed 
in such a position that there cannot be any interaction between the lone pair 
of the nitrogen atom and the z-electrons of the benzene ring. 
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In the present study the author has made a purely theoretical calculation 
of the part of the dipole moment due to the interaction between the lone 
pair and the z-electrons of the ring. A satisfactory agreement between the 
theoretical and the experimental values will confirm the interpretation given 
to the experiments and will also lend support to the theoretical method. 

Aniline has earlier been studied theoretically by SKLAR [3]. His main purpose 
was to study the spectra of substituted benzenes. Consequently, he has eal- 
culated energy differences between the ground state and the excited states of 
the molecules and did not publish any details concerning the states separately. 
As the present calculation is confined to the ground state of aniline the result 
cannot be compared with SKLAR’s. 


Method of calculation 


Calculations of electron distributions are in general carried out either by the HE1r- 
LER—LONDON—SLATER—PAULING method or by the molecular orbital (MO) method. 
The distribution of z-electrons is most easily studied by the molecular orbital 
method. Recently, Roornaan [4] has given an intelligible review of earlier 
investigations in the molecular orbital method and of his own improvements 
of the method. The MO method is applied to the present problem in the 
“linear combination of atomic orbitals’ (LCAO) approximation. Although 
RoorHaan has pointed out that a complete treatment of a molecule should 
include all the electrons, the present treatment of the ground state of aniline 
is confined to the z-electrons only, analogously to the treatment of butadiene 
by Parr and MutLiiKen [5]. The method of calculation is RoorHaan’s LCAO 
self-consistent field method for a closed shell ground state (ref. [4] Section III) 
and his notations are used throughout. 


Application to aniline 


Fig. 1 shows the outlines of the aniline molecule. The molecule is placed 
in the y,z-plane with the w-axis perpendicular to the plane of the paper. The 
experimental values for the internuclear distances, which were adopted in the 
numerical computations, in Angstrém units are as follows: Rec = 1.40 [6], 
Rox = 1.04 [6], Row = 1.36 [7], Rye = 1.04 [8]. 

The constituent atoms have together fifty electrons. We assign two electrons 
to the atomic orbitals (AO’s). of the inner shells of the carbon and the nitrogen 
atoms. Thus, fourteen electrons occupy 1s AO’s. Furthermore, the bonds be- 
tween adjacent atoms are formed by two electrons in localized MO’s of the 
a-type. As there are fourteen bonds there are twenty-eight electrons in o- 
orbitals. Two of the remaining eight electrons form a lone pair on the nitrogen 
atom when the interaction with the six z-electrons of the benzene ring is 
inhibited. The atomic orbitals of these two electrons and the 2p, orbitals of 
the six carbon atoms should participate in the formation of molecular orbitals 
for the s-electrons. The difficulty is, however, that the atomic orbital of the 
lone pair is unknown. GREENWOOD [9] has studied the electron distribution of 
ammonia, NH;. He has found that the most probable orbital of the lone pair 
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is an s,p-hybrid of the following form: a + oe The orbital of the lone 
pair of aniline may be somewhat different. Owing to the interaction with the 
benzene ring the coefficient of the 2p AO may be somewhat enlarged. If the 
NH,-group were in the plane of the ring and the pyramidal configuration 
around the nitrogen atom were thus flattened out, then the orbital of the lone 
pair would be a pure 2p-orbital. The most likely structure of aniline lies 
somewhere between the flat structure and the pyramidal structure of ammonia. 
A computation of the degree of hybridization could only be carried out if all 
the electrons of aniline were included. As the present treatment neglects the 
interaction between o- and z-electrons it appeared to be more appropriate to 
assume a pure 2p-orbital for the lone pair. 
The analytical form of the 2p-orbitals was of the usual type: 


yd 
v Sele 
Wen. = 2 we r 


The best value of the parameter y» for an atomic orbital has been determined 
by Duncanson and Coutson [10]. Their y-value for the carbon atom, vc = 1.56, 
has been used in the present computations. They computed vy = 1.91 for the 
nitrogen atom. It may be anticipated that an interaction between the lone 
pair of the nitrogen atom and the a-electrons of the ring would yield an 
electron distribution which leaves a net positive charge on the nitrogen atom. 
The effective charge on the nitrogen atom of aniline should, therefore, be 
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Table 1. 


Values of the matrix elements Uz, and Gq in atomic units (1 a.u. = 27.205 ev). 
——— ee 


Gan —2,.43424 | Gin 1.69907 
Wiss | —2.44463 aes 2.16094 
Ge —2.19680 || Goo 1.91894 
eres — 1.90685 Gia 1.64294 
Use —1.85437 || Gpp 1.58602 
Une —0.60360 | Gne 0.37546 
aes —0.06321 || Gno 0.014315 
Unm —0.00144 || Gnm 0.00090 
Dee —0.00061 | Gnop 0.00187 
ee —0.71092 || Geo 0.46153 
Vaw —0.07989 | Gem 0.06083 
Vas —0.01599 || Gep 0.05693 
Gan —0.63922 || Gom 0.38709 
BRE —0,09508 | Gop 0.04986 
Uome — 0.04412 || Go mr 0.05404 
Uoor —0,10226 || Goor 0.05356 
ag — 0.59288 || G@mp 0.34119 
OT sxote —0.09008 || Gmm- 0.04526 


The four MO’s, y,—gq,, are doubly filled in the ground state of aniline. 
The electronic structure of the molecule is determined by the superposition of 
all the electronic densities yj g:. Nevertheless, a discussion of the orbitals 
separately is justifiable when the result is to be expressed in ordinary chemical 
language: 

The orbital g, describes the migration of the lone electron pair from the 
nitrogen atom into the benzene ring. This migration influences the carbon 
atom adjacent to the NH,-group and, to a smaller extent, the two atoms in 
ortho-position. The coefficients of o, and o; in @, originate from the required 
orthogonality of the molecular orbitals. This must also be the interpretation 
of the coefficients of o, in gy and g,. Apart from the effect of the orthogo- 
nality conditions, the discrepancy between the orbitals qs, 93, @, and the ordinary 
2pz-orbitals of benzene must be attributed to the influence from the NH,-group. 
This influence, commonly called the inductive effect, yields an increased electron 
density on the atoms in ortho-position. It has often been assumed that the 
inductive effect is less important than the effect of electron migration. According 
to the present computation, the inductive effect in aniline is by no means 
negligible in comparison with the migration of the lone pair. An analogous 
result has recently been obtained for alkyl-substituted benzenes from a study 
of reaction rates [17]. 


The z-electronic dipole moment, computed from the self-consistent MO’s, is: 
f = 0.152 a.u. = 0.39 Debye. 


As discussed above, we have here neglected the s,p-hybridization of the atomic 
orbital for the lone pair of the nitrogen atom. As the molecule is not completely 
plane, this neglect means that the calculated interaction, and thus the dipole 
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moment, should be reduced by a factor smaller than 1 and larger than 0.55, 
the latter value corresponding to the same hybridization as in ammonia, cf. 
[3]. However, some errors in the opposite direction are probably introduced 
by the approximate computation of the three- and four-center integrals, men- 
tioned in the Appendix. The present theoretical investigation thus indicates 
that the z-electronic component of the dipole moment of aniline is of the order 
of magnitude of 1/2 Debye. 

We shall compare this theoretical result with the z-electronic dipole moment, 
estimated from the experiments described in [2]. From these experiments we 
determined the difference between the dipole moments of molecules with and 
without z-electronic interaction. The mean value of three such differences 
between pairs of aniline derivatives is 0.70 + 0.03 Debye. It was assumed that 
this difference is mainly due to the different distribution of the z-electrons. 
However, the interaction between the z-electrons and the o-electrons is also 
different, and this may, of course, have some influence on the dipole moment. 

In view of the above-mentioned uncertainties in the interpretation, the 
agreement between the theoretical and experimental values of the z-electronic 
dipole moment appears to be quite satisfactory. 

The application of the LCAO self-consistent field method to the ground state 
of molecules appears, therefore, to be successful also when the o-electrons are 

not included explicitly in the calculations. 


I am much indebted to Professor O. Kien for his kind interest and for all 
the facilities he has put at my disposal at the institute. This work was made 
possible by a grant from Statens Naturvetenskapliga Forskningsrad. My thanks 
are due to Miss Greta STRANDBERG, who carried out most of the numerical 
work. I also wish to thank Dr. H. H. Greenwoop, London, for information 
relating to some of his unpublished work and for many valuable discussions. 


Summary 


The molecular orbital self-consistent field method in the “‘linear combination 
of atomic orbitals’ approximation as developed by Rootuaan [4] has been 
applied to the 2pz-electrons of the aniline molecule. The self-consistent mole- 
cular orbitals for the ground state have been calculated. The electric dipole 
moment due to the z-electrons has been computed from these orbitals. Satis- 
factory agreement has been obtained between theoretical and experimental 
values of this dipole moment. The present computations imply that the moment 
is partly due to migration of the lone pair of electrons from the nitrogen 
atom into the benzene ring and partly due to the inductive effect of the NH,- 
group. These two effects appear to be, approximately, equally important. 


Appendix 
1. The operator U and the matrix elements U,, 


The one-electron operator U is the sum of the kinetic energy operator T 
and the potential field from all the nuclei and all the electrons of the molecule 
with the exception of the eight 2pa-electrons. Following GorppEerT-MayErR and 


SKLAR [13] we write: 
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U=T + Og +Ung + Uns, +U0;, +05 Oy + Uo + U;,,. a Oartil nso 

+ Ug + Un td out han ; (9) 
Ux is the potential field from the nitrogen atom minus two 2pz-electrons, 
U;, Uz ... are the fields from the neutral carbon atoms c,o... (cf. Fig. 1) 


minus one 2pz-electron, and every Uy, is the field from a neutral hydrogen atom. 
For the matrix element U:, we have now: 


q= fx U yqdt = Way Seq + (penetration integrals) — (hybrid integrals). (10) 


Wop is the energy of a 2pz-electron in a nitrogen atom or in a carbon atom 
depending on whether g is n or c, 0... Wep for a carbon atom has been 
assigned the numerical value — 0.4146 a.u. = — 11.28 ev. (cf. ref. [5]). The 
value of Wey for the nitrogen atom has been determined by the condition 
Uns = Usn which yielded the value — 0.6081 a.u. The expression (10) contains 
fourteen penetration integrals 


(U;:tq) = fu U, yea, (11) 


in each U;z,. Here Us; is the field of any of the neutral atoms. The seven 
hybrid integrals of (10) are as follows: 


(tq:8s) = fe (1) 42 (2) (1/142) %o (1) xs (2) dt (1) dt (2). (12) 


2. The operator G and the matrix elements G,, 


, The definition of the electron interaction operator @ is implicit in the equa- 
tions (5) and (6). After substituting the expressions (1) of the MO’s the matrix 
element Gi, takes the form: 


o= Salt (tairs)— (tr:gs)—(ts tanh (13) 


The notation (12) of the two-electron integrals is used in (13). g: are sums 
over coefficients of the MO’s of the form g = > Ci Cs: and are thus the same 
i 


for all combinations ¢q. 


3. Evaluation of integrals 


A. Overlap integrals. These integrals, Syq = { ¥i Xa AT, are all easily evaluated 
in elliptical coordinates. The numerical values are listed in Table 2. All nu- 
merical values in the Tables are expressed in atomic units, 1 a.u. = 27.205 ev. 
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Table 2. 
Overlap integrals. 


SS nesieseemneeeeeeeeneeeeeeeeeeene eee ee 


Sia 20489 | Sea .26820 
Sno .02516 | Som 04205 
San 00101 | Sap 01941 
Srp .00027 


B. Penetration integrals. The expression (10) contains penetration integrals 
with two and three centers. The two-center integrals were evaluated according 
to the technique developed by Barnerr and Counson [14]. First, expressions 
for the potential field from the neutral atoms were calculated in the manner 
described by GorEppert-Mayer and Sxuar [13]. The potential. and the wave 
functions were then expressed in spherical coordinates around one of the centers — 
by expansion in series of modified Besse functions (see [14]). Finally, the value 
of the integral was computed by numerical integration by the application of 
Simpson’s rule. The numerical values of the two-center penetration integrals are 
compiled in Table 3. 


Table 3. 
Two-center penetration integrals. 

(Ue :00) —-,03274 || (Ue:co) —.06184 | (Un, : 00) —.02471 
(Uc: mm) — .00056 (Uc :¢m) — .00385 (Un, :mm) — .00066 
(Uc: pp) —.00011 (Uc: ep) —.00133 (Un, : PP) — 00002 
(Uc: nn) — .03875 (Uc: en) — 05424 (Un, nn) —.00011 
COS 2 GETa) — .00012 (U9 :0n) —.00165 

(Um: mn) —.00002 | 
(Un: ce) —=.02138 (On ene) —.08079 (Un, :”n) — 02756 
(Un :00) —.00018 (Un : no) —,00336 || (Un, : ce) — 00135 
(Un: mm) — .00001 (Un:nm) — 00007254) (Un, :00) — .00013 

(Un: np) —,00002 (Un, :0 0’) —.00003 


The numerical values of those two-center integrals, which are not included in 
Table 3, are less than .00001. 

The three-center penetration integrals were estimated by a method analogous 
to the approximate method for estimating two-electron integrals suggested by 
MUu.LutIKEN [15]: 


(UO, :tq) ~ £Siq((Us : tt) + (Us: 9q)]. (14) 


The three-center penetration integrals with numerical values larger than .00001 
are listed in Table 4. 
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Table 4. 


Approximate values of three-center penetration integrals. 
EE 


(Uc:0m) — .00446 | (Uc:00') 00138 | (Un, 10m) — ,00340 
(Uc: 0p) — .00069 (Uc: mp) —.00009 || (Un, :0 7p) — .00052 
(Uc: 0m’) —,00032 || (Uc: mm’) —.00002 | (Un, :0m’) — 00024 
(Uc : no) —.00090 | (Un: eo) —.00289 || (Un, :07n) —,00031 
(Uc: nm) —.00002 | (Un:em) — 00015 (Un, : em) —.00003 
(Up: ne) —,.00337 || (Un: ep) —.00021 || (Un, : ne) — ,00008 
(Up: nm) — ,00002 (Un: om) —.00002 | (Un, : co’) — .00009 
(Up: no’) —.00001 (Un, 220’) —,.00035 | (Un, :¢0’) — 00019 
(Um: nc) — 00006 | (Un, : ne) — 00296 | (Un, :¢m’) —.00003 
(Um: no) — 00041 | (Un, : 0) — 00035 | (Un, 20) — 00020 
(Up: nm) —.00002 || (Un, :-0m) — .00002 | (Un, em) — .00003 


A few comments should be made on the values of Tables 3 and 4. In 
earlier calculations on the molecular orbitals of 2pz-electrons (see e.g. PARR 
and Mu.iiKkENn [5]) the field from the neutral hydrogen atoms has been neg- 
lected. However, the values of the penetration integrals show clearly that the 
interaction between the 2pz-electrons and the hydrogen atoms is by no means 
negligible. Nevertheless, the neglect of the hydrogen atoms may be justifiable 
when there are equal numbers of hydrogen atoms linked to each carbon atom. 
In the present case, however, the carbon atom ec is not equivalent in this 
respect to the other carbon atoms. 

Moreover, the present computations confirm the observation made by other 
authors that the values of three- (and four-) center integrals cannot be neg- 
lected since they are of the same order of magnitude as the values of two- 
center integrals taken over AO’s of non-adjacent atoms (see also Tables 5 and 6). 


C. Two-electron integrals, (qs:tv) = faux (2) (1/742) xs (1) %» (2) dt (1) dr (2). 
There are one-, two-, three-, and four-center integrals of this type. The mono- 
nuclear integrals can be evaluated straightforwardly. Their numerical values 
are reproduced in: Table 5 in the column headed C. 

The two-center integrals can be classified as CouLoMB integrals C (q=s, t=v), 
exchange integrals H(q¢=v, s=t), and hybrid integrals J (q=s=t). The evalua- 
tion of homonuclear two-center integrals has been described by several authors. 
Recently, Kopineck [16] has given a critical review of earlier works and has 
published numerical values of these integrals for several parameter values, The 
homonuclear integrals C, Z, and E occurring in the present investigation were 
obtained by interpolation in Koprneck’s tables. These values are also reproduced 
in Table 5. f 

To compute the heteronuclear integrals C and I we have adopted the method 
described by Barnerr and Coutson [14]. The computation of numerical values 
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of C and J were carried out along the same lines as the computation of the 
penetration integrals. No analogous treatment of the heteronuclear integrals H 
has been published hitherto. As the values of these integrals are appreciably 
lower than the values of C and J the results should not be seriously affected 
if a less accurate method were used in the computation of E. I have, therefore, 


estimated the values of the heteronuclear integrals F in the manner devised 
by Sxuar [3]: 


H(ns:sn)=4S8n> [# (ns: SN)vy/Sns, +H(ns: $1)o/Sns,.,|- (15) 


The suffix yy indicates that the integrals are to be computed with the effective 
charge vy for both the atom m and the atom s (s is any of the carbon atoms), 
and the suffix vc that this charge shall be employed for both atoms. The 
numerical values of the two “homonuclear” integrals H in (15) were obtained 
by interpolation in Koprnecx’s tables [16]. The final values of the heteronuclear 
integrals # are listed in Table 5. 


Table 5. 
Numerical values of one- and two-center, two-electron integrals. 
C I E 
| 

(cc:00) .32910* (cles ¢.0) .12371* (0¢:¢co) -03588* 
(cc: mm) .20717* (ce:cm) .01482* (me:cem) .00071* 
(cc: pp) .18314* (ce:cp) .00655* (pe:c¢p) -00013* 
(nn: cc) 34111 (ce: cn) -10075 (ne: cn) .02467 
(nn :00) .21703 (00: on) -00815 (no0:0n) -00031 
(nn:mm) .07190 (mm:mn) .00025 (nm:mn) <.00001 
(nn: pp) .04564 (pp: pn) .00006 
(nn: nn) .76716 (nn: nC) -11700 | 
(c¢: cc) .61059 (nn: no) .01083 

(nn :nm) -00040 

(nn: np) .00010 


* Values interpolated in the tables of ref. [16]. 


The two-electron, three- and four-center integrals were estimated according 
to MULLIKEN [15]: 


(q8:tv) ~ $8qsSev[(Gq:tt) + (8s :tt) + (qq: vv) + (ss: vv). (16) 


’ 


The similarity between (16) and (14) is immediately clear. To show the order 
of magnitude of the three- and four-center integrals the numerical values of 
these integrals are listed in Table 6. 
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Communicated 10 October 1951 by Axet E. Lrypu and Ivar WALLER 


An electron diffraction apparatus with Geiger-Miiller- 
counters 


By SvEN LENNANDER 


With 6 figures in the text 


The method hitherto used for intensity measurements at electron diffraction was 
only photographic. Investigations by means of this method have been carried out 
by, among others, G. P. THomson!, Mark and Wreri?, Tou and OrNsTEIN°, and 
SJENITZER‘. The purpose of most measurements of this kind was to make an experi- 
mental determination of the atomic factor of different metals. The results have not 
been uniform. In most cases, there is also evident disagreement with the theory 
of the atomic factor for electrons which has been carried out by both BetTuE® and 
Mort*. By means of two different methods, these authors have obtained the same 
result. ‘ 

To attain a higher degree of precision of the intensity measurements we have, 
at the Physics Laboratory of Upsala University, constructed an electron diffrac- 
tion apparatus with Geiger-Miiller-counters. The purpose of this paper is to give 
a preliminary account of the apparatus. 


Above all, a diffraction apparatus with G-M-counters must, for some length of 
time, fulfil the condition of high constancy in various ways. By the photographic 
method the times of exposure have generally been about a few seconds, often only 
a part of a second. A recording with G-M-counters will take three or four hours. 
During all this time the diffraction pattern has to remain in exactly the same position. 
Furthermore, the accelerating voltage must be constant, and, preferably, also the 
intensity. 

The first condition — a constant position of the diffraction pattern —1s the reason 
why we have chosen an electrostatic lens to focus the electron beam. This lens has 
a stable connection with the wall of the apparatus. From a voltage divider the lens 
obtains a certain percentage of the accelerating voltage. There is no deflection of 
the beam by magnetic fields, for the apparatus is constructed from nonmagnetic 
‘material, chiefly brass, and it is placed in the centre of a large Hemholtz coil, com- 
pensating the earth-magnetic field. 


1 Proc. Roy. Soc. 125, p. 352, 1929. 

2 Zs. f. Phys., Bd 60, p. 741, 1930. 

8 Physica, Vol. 7, p. 685, 1940. 

4 Diss., Utrecht, 1948. 

5 Ann. d. Phys. Bd 87, p. 55, 1928. 

6 Nature, Vol. 124, p. 986, 1929 and Proc. Roy. Soc. 127, p. 658, 1930. 
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The arrangement for getting constant accelerating voltage is the same as already 
described by von FRIESEN}. 

The last condition — a constant intensity during the whole of the recording — 
has been rather difficult to fulfil. To avoid this problem, we have used a second 
G-M-counter as an integrating recorder of the primary intensity. This counter is 
placed in a fixed position in the diffraction pattern. The first counter 1s moved 
along a radius of the ring-system, recording the number of impulses in a certain 
point, during the time that is needed for the second counter to record a fixed number 
of impulses. Both counters are switched on and off at the same moment with a 
double switch. In this way it has been possible to eliminate the influence of any 
variations of the primary intensity. 

By a long recording-time there is the danger that the foil will be changed by the 
radiation. But, because of the high sensitivity of the G-M-counters, only a very 
weak intensity is needed in comparison with that generally used in the photographic 
method. We have also reduced the time of radiation by aid of a separate diviation coil. 
This is made of copper wire, and is placed under the apparatus. As the coil is without 
current during the time of recording, it has then no influence on the direction of 
the electron beam. Immediately subsequent to the recording in a point, the coil- 
current is switched on, and will then deviate the beam from the foil. In this way 
the radiation will strike the foil only during the recording itself. 


The apparatus 


Fig. 1 shows the apparatus from above. At first hand, it is constructed for the 
Debye-Scherrer method using thin foils, but also the reflexion method can be used. 
A is the electron source. The main part of this corresponds to the indirectly heated 
low-temperature cathode, described in an earlier paper?. But to get emission only 
from one well-defined point we have in front of the cathode-surface placed an isolated 
metal disk at a distance of 1.5 mm. In the centre of this disk there is a hole having 
the diameter of 0.1 mm. The electron source is adjustable in all directions and so 
adjusted that the electron beam will strike a little hole B in the centre of the anode. 
This hole is a square with a side of 0.05 mm. It is made of two molybdenum slits 
placed crosswise. ‘ 

The hole of the anode is focussed by the electrostatic lens D in a plane through 
the slits of the G-M-counters (H and H_’). 

The lens is adjusted in the right position by aid of two high-vaccum tight revolvable 
inlets. Only one of them (C 1) can be seen in the figure. These two inlets are connected 
with two rotating disks (C), which can move the lens in two perpendicular directions 
in the vertical plane. The adjustment of the lens has been very stable. After the 
first adjustment no others have been needed. The lens requires 39.8 % of the accelerat- 
ing voltage, and the focussing will then be good (see Fig. 4) also when the variation 
of the accelerating voltage is within very wide limits. 

F is the foil holder. It is possible to place four different foils in it and to place 
the desired foil in a suitable diffraction position by aid of inlet F 1. With F 3 the foil 
holder can be adjusted at various distances from the G-M-counters, which makes 
it possible to vary the diameter of the diffraction rings at a fixed value of the accelerat- 


1 Arkiv f. Mat., Astr. och Fysik, 35 A, No 18, 1948. 
2 8. v. Friesen and 8. Lennanper, Arkiv f. Mat., Astr. och Fysik, 33 A, No 20, 1946. 
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Fig. 1. The diffraction apparatus from above. 
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Fig. 2. The G-M-counters on their slides with a vertical section through the right counter. 
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Fig. 3. View of the diffraction apparatus. 


ing voltage. With F 2 every individual foil can be rotated around a vertical axis 
through the foil and through the electron beam. This is of great importance when 
investigating the orientation of the microcrystals in the foil. 


The G-M-counters are both movable and fitted on to the slides J and I’ respectively. 
The slide is moved by aid of a 50 mm precision screw O, which in section can be seen 
to the right of the figure. The screw is graded in 1/100 mm, and its position is con- 
trolled through a window U, which can be seen to the left. Slide J is connected with 
rod K, pressed with spring G against the precision screw in point M, where the sur- 
faces are made of hard metal. Z are channels for evacuation. By tube N the fixed 
part of the precision screw is in stable connection with the wall of the apparatus. 
In the revolving part of the screw, there is a peg, P, which runs in a long slit of the 
cylindrical holder R, fastened to inlet S. 


The precision screws are made of steel, and the only details of the apparatus 
able to cause disturbing magnetic fields. This is the reason why they are placed so 
far away from the counters. 


T is a window, on the inner side of which there is a fluorescent screen to render 


a direct observation of the diffraction pattern possible. At the adjustment of the 
foil the pattern is focussed on the fluorescent screen. 


The apparatus is evacuated through the connection EF, and the discharge tube 
through a separate connection E 1. W are the vaccuum-meter lamps, and X is 
a needle valve. A common oil diffusion pump is used for the evacuation. It has a 
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Fig. 4. Electron diffraction pattern of an Al foil at 28 kV. 


freezing trap filled with solid carbon dioxide in alcohol. The pressure in the apparatus 
during recordings was less than 10° mm Hg. 

In direct connection with the apparatus there is an evaporation chamber V for 
making metal foils. V 1 is a light-sluice for the evacuation-channel of this chamber. 


The Geiger-Miiller-counters 


Fig. 2 shows the G-M-counters on their slides with a vertical section through the 
right counter. The body of the counter has the external dimensions of 40 x 20 x 20 
mm. The diameter of the inner cylinder is 19 mm. The wire is of molybdenum, and 
has a diameter of 0.1 mm. It runs through the narrow channel of the metal rod 
A, which is melted into the glass body B. The wire is soldered to the exterior end of 
the metal rod. In the glass body the metal flange C is also melted, which is soldered 
to the short side D. The short sides are fastened to the body by means of four screws 
on each, and the vacuum tightening is obtained by coating the surfaces of contact 
with glyptal. In the centre of the front of the counter a hole is bored out having 
the diameter of 0.5 mm. This window is covered with a cellulose nitrate membrane, 
0.25 uw thick. To increase its durability and to reduce the diffusion through the 
membrane, it is at first placed onto a slit, made in ‘““Durex’’ cellulose tape, the 
dimension of which is 0.5 x 0.2 mm. This window permits the passage of electrons 

having energies down to about 10 keV. It can also endure atmospheric pressure. 
The counters can thus be filled outside the apparatus. 

From the details mentioned above, it is clear that the height of the counter slit 
is limited to 0.5 mm. This is necessary as all rings ought to be approximately straight 
lines in comparison with the slit. By the preliminary measurement on aluminium, 
described in the following, the recording counter had a slit-width of 0.06 mm, and 
the comparison counter one of 0.10 mm. In other respects the counters are identical, 
and both can be used as a recording counter and a comparison counter respectively. 
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Fig. 5. a) Microphotogram of a diffraction pattern of aluminium. 
b) Intensity distribution curve of aluminium, recorded 


with a G-M-counter at an 
electron energy of 28 keV, 
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Fig. 6. G-M-counter record of the ring (422) drawn on a microphotogram, where the cor- 
responding top is marked with a dashed ring. 


The inclination and the level of the counter can be adjusted by means of three 
regulating screws of the slide. Only two of them can be seen in the figure. 

The counter is filled through the copper-glass tube #. Filled with 50 mm argon 
and 15 mm ethyl-alcohol the counter has a plateau of about 200 volts. 


Intensity measurements on aluminium 


In recording the intensity curve of aluminium, a foil was used the thickness of 
which was about 300 A.U. As the measurement was only a preliminary one, no 
separate investigation of the crystal-orientation was made. The accelerating voltage 
was 28 kV. 

- The comparison counter was so adjusted as to have its slit situated halfway be- 
tween rings (220) and (311), thus on a fairly flat part of the intensity curve. The 
recording counter was moved in the direction from the external rings towards the 
centre. In every position the number of impulses was recorded, during the time needed 
for the comparison counter to record 10 x 128 impulses (on a scale of 128). To increase 
precision at the weakest rings, -the comparison number here was augmented to 
20 x 128 impulses. During the recording of these rings also the primary intensity 
was increased in order to avoid a lengthening of the recording time. This time was 
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in every separate point about 45 seconds, except with regard to the strongest tops, 
where the recording time was increased by reducing the primary intensity. In this 
way too high a counting velocity could be avoided. 

Fig. 5 shows the recorded intensity curve. As a comparison there is also a micro- 
photogram of a photographic plate. It is evident that the influence of the background 
on the counter curve is very much reduced. It is also natural to use a much bigger 
scale of the counter curve than one can have in the microphotogram. As an example 
of this, there is to be seen, in Fig. 6, the top (422) drawn directly on a microphoto- 
gram, where the corresponding top is marked with a dashed ring. From this one 
can also see the advantage of the method, especially in the case of weak rings. 

The method of G-M-counters also involves a great gain of time. In spite of the 
great difference in time, mentioned before, between the recording of a counter 
curve and the photographic exposure, it will be a much lengthier procedure to obtain 
an intensity curve in a photographic way. Many exposures, microphotograms, a 
construction of the blackening curve, and so on, will be necessary for the purpose 
of acquiring the real intensity curve, which can directly be recorded with the G-M- 


counter. 


To the director of the Physics Laboratory, Professor AxEL E. Linpu, I wish 
to express my sincere thanks for his generous help, which made the construction 
of this apparatus possible as well as for the encouraging interest he has always 
shown in my work. 


Physics Laboratory, University of Upsala, September 1951. 


Tryckt den 28 maj 1952 : 


Uppsala 1952. Almqvist & Wiksells Boktryckeri AB 
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Communicated 12 March 1952 by Manne SrecBaun and Benet EpLin 


A precise determination of the charge of the electron from 
shot-noise 


By L. Stiemark 


With 7 figures in the text 


Introduction 


The shot noise was first discovered in 1918 by Scuorrxy (1) who, from a purely 
theoretical standpoint regarding the plate current in a temperature-limited diode, 
predicted current-fluctuations with a mean-square value proportional to the diode 
current, the charge of the electron and the frequency interval over which a measure- 
ment is thought to be made. This so-called shot effect was soon experimentally 
verified and, consequently, Schottky suggested that this effect could be the basis of 
an experimental determination of the electron charge. The first attempt was made 
by Hartmann (2). He was however only able to show the order of magnitude of 
the e-value. In 1924 careful measurements were carried out by Hutt & WittiaMs (3) 
at General Electric Co., giving a good relation to the Millikan e-value at that time 
although possessing a relatively large experimental error. Since then no reliable 
attempts in this line have been published. Much work however, has been done 
regarding the shot noise in tubes operating in the space charge limited region, this 
being a very important field for the research laboratories of the vacuum-tube industry 
with direct application to the design and construction of radio tubes. 

The present investigation was started with the intention to find out if present-day 
technique could make it possible further to increase the precision of a shot effect 
determination of the electron charge. 


I. Theory 


From a study of the behaviour of the individual electrons in a diode working under 
emperature-limited conditions, i.e. in a case where the emission of a single electron 
s to be considered as an independent event, the well-known Schottky formula 


P=2el, Af (1) 
san be derived. 

The formula expresses the mean square value of the fluctuations in the average 
slate current J, over a frequency interval 4/ if e is the electron charge. The formula 
s valid up to ‘those frequencies where transit time-effects of the electrons within 
she tube need to be considered, and indicates below such frequencies a noisespectrum 
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with uniform distribution. If the diode current passes an impedance z(o), fluctua- 
tions in the voltage between its terminals will consequently appear, having a total 
mean-square value of: 


= ete f [z(w) Pde. (2) 


-A suitable relation for an evaluation of the e-value can be obtained when the im- 
pedance z(w) consists of a parallel resonant circuit, a capacity C and an inductance 
L with the equivalent series resistance R,, representing all losses in the circuit. In 
this case the complex impedance will be 


R, + jo0L 


NO) Tits ae OPS ae 
or 4 ss 
BACON: (L— rare ow? R? C2 (3) 
Neglecting R, in the numerator and introducing a new variable z= ae where 
0 
Wo = wa , and also introducing the Q-value of the circuit, Q = on we may 


write equation (3): 
[=(o)P = = 
we OC? 


(1 — a2)? + Se 


Inserting this value in (2), where dw = w,dz, one obtains 
co 


weit lanky 1 a 
iota 1 lerarsamr estes f° 
Ch rr, o*)? ar 
0 


As Schottky (4) already pointed out the above integral can be transformed into 


+00 


Q dy 
2 if yt? (4) 


: ; il 
with the new variable y = Q(e—2). The value of the integral will conse- 


quently be: 
+00 


Q 7 
5 arctg y= 9% 


—o 
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and the total value of the mean square fluctuations between the terminals of the 
parallel resonant circuit: 


Foes 1, = L 

"= 30R,’ 0) 
from which or 
2 C2 R, v? 

PN Ae (6) 


This is the expression underlying the experimental determinations of the e-value. 

Besides measurements of the diode current J,, the circuit parameters R,, L, and 
C, the method requires a device accurately indicating the mean square fluctuations 
v*, 1.e. an amplifier with sufficiently broad band response to cover all frequencies 
of any importance in the noise spectrum. The influence of the amplifier on the 
resonant circuit must be taken into account. The noise diode itself introduces a 
certain amount of capacitance and its plate resistance will affect the Q-value of 
the isolated resonant circuit. This is quite obvious from the fact that a noise diode 
is to be considered as a current generator shunted by its internal AC-resistance. 
The circuit parameters must therefore be measured with regard to these facts. 
The amplifier connected to the resonant circuit will indicate not only the shot noise 
in the circuit but also a certain amount of noise originating from thermal agitation 
in it. In 1928 Johnson (5) reported that the e. m. f. developed between the terminals 
of an ohmic frequency-independent resistance R of the absolute temperature 7 had 
a mean square value 


E%, = 4-k-T-R- Af, (7) 


® 
where k is the Boltzmann constant and A/ is the frequency-interval with the same 
meaning as in equation (1). The formula can be generalized (6) to apply to any pas- 
sive two-terminal network in thermal equilibrium at the temperature 7, provided 
that R has the meaning of its real part. To compute the thermal noise developed in 
the resonant circuit we will proceed as follows: Equation (5) can be written 


a 1 
on ey eo pe eee, 
v=2-e-L, Fo TR, 


where R, = — is the parallel resonant impedance of the circuit. Comparing this 
Ss 


with equation (1) it will be seen that the circuit behaves like a constant resistance 


Applying this equivalent pic- 


: s 1 
of value R, confined to a frequency interval tk, O° 


ture to equation (7) one obtains 


Ser 1 ee hy 
2=4-h-T-R, : 


Pout BY) 


The thermal noise in the resonant circuit will consequently be dependent only on 
the temperature and on the capacitance." 

The total mean square value of shot noise and thermal noise between the terminals 
of the circuit will be 


1 A more rigid proof may be obtained from ref. 7. 
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ot ede? bak: 
—— 
2C* R, C 
and this amount is presented to the input end of the connected amplifier and is 


measured after amplification. ‘ 
The omission of R,? in the numerator of equation (3) will normally be of no account. 


. ; rt 1 
It can easily be shown (4) that the corrected value of the integral will be 5 Q (1 + aa) 


instead of 59: The correction sa will be negligible compared with unity for cir- 


cuits having moderately high Q-values. 


II. Experimental arrangements 


1. The noise diode 


The noise diode must fulfil the requirements of the theory of the temperature- 
limited shot effect. In other words, it must show a perfect saturation-characteristic 
and must be constructed in such a way that all space charges are eliminated in the 
highest degree. It may be stated that commercially available noise diodes in general 
are out of question, being mainly intended as standard noise sources for measure- 
ments of noise factors where a high degree of precision is not necessary. Preliminary 
measurements were carried out with diodes especially ordered from tube-manufac- 
turers and built with a tungsten filament surrounded by a coaxially arranged cy- 
lindrical anode, the length of which was greater than the filament. In this way end 
effects are being eliminated. The best possible vaccum is secured by gettering the 
tube. The getter-material must be applied in such a manner that the deposit will 
not cause any leakage between the electrodes. Tubes constructed in accordance 
with this method have shown a very good saturation-curve. A perfectly flat horiz- 
ontal characteristic indicating an infinite plate resistance will never be attained, 
which may be explained by the Schottkyeffect (8, 9). Final measurements have 
been carried out with a special diode using a 0.03 mm diameter tungsten filament 
passing through an anode with a length of about 2 cm, having a cross-section only 
0.3 mm square.! Because of the small dimensions there were of course no possibilities 
to make the anode longer than the filament. The cooling effect at the ends of the 
filament, however, was quite sufficient to remove all emission outside the anode 
region. This tube had its transition from space-charge region to the saturated region 
below 10 volts and could be operated with rather low voltages in comparison with 
normal diodes. The original intention of using voltages below the ionisation value 
of the remaining gases, thus eliminating any possible influence from ionisation 
within the tube, could not be realized because of the fact that a real temperature- 
limited current will not be obtained until the voltages are well above the “knee” 
in the diode-characteristic. The operating point has always been chosen in such a 
way that a further increase in diode voltage did not change the results. 


1 I am very much indebted to Professor Hannes ALFviN and Dr T. WaLLMaRK of the Royal 


Institute of Technology at Stockholm who kindly made this construction and placed the tube 
at my disposal. 
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From the anode some emission of secondary electrons will take place. The emission 
of one or more secondary electrons will occur within a very small fraction of time 
(of the order of 10-1 secs) after the impact of the primary. Going out in a retarding 
field with energies that for true secondaries are much lower than those of the primaries 
they will also return to the anode after a very small lapse of time. The current 
pulse in connection with this behaviour will be of no importance at frequencies 
already presumed to be safe from the point of view of transit time-effects in the 
tube. It is worthy of mention that a reflected electron will have no influence on 
the shot effect whether it returns to the anode or not. This is valid only in tubes 
under temperature-limited conditions. In the case of a virtual cathode they are 
responsible for increased noise as reported by D. O. Norrx (10) 


2. The noise circuit 


The noise diode and its associated resonant circuit were built together in a separate, 
shielded box with connections for the supply voltages of the diode. All outgoing 
supply leads were bypassed to a common ground point in the box. The filament 
current could be adjusted by outer resistors and it was found necessary to make 
the filament circuit very sturdy in order to get a constant diode current. For this 
reason decade resistors had to be used instead of ordinary sliding resistors. The 
filament current was taken from a 6 volt storage battery. After a heating period of 
about 2 hours, equilibrium could be reached and the diode current could be maintained 
at a constant value within 0.01 per cent during several minutes. It was measured 
with high precision with a compensator from the voltage drop in a 1000 ohm standard 
resistor in the anode circuit. The plate voltage was obtained from ordinary anode- 
batteries. 

The resonant circuit consisted of a coil (55 turns 0.8 mm diameter copper wire, 
wound on a coil form of 90 mm diameter to a length of 75 mm) parallel with a precision 
condenser (General Radio 722 D). The screened condenser had to be mounted 
outside but quite close to the box and its connections were housed in a smaller box, 
which also contained a very small coupling-condenser, accessible from outside, to 
the ungrounded side of the circuit. The circuit was resonated at 600 ke/s with a 
capacitance-value of about 400 uuF, the Q-value of the coil at this frequency a- 
mounting to about 190. The precision condenser had two sections of which the 
lower section (25—110 uF) was normally used. To get the necessary value of about 
400 wuF of which a part will be encountered as distributed capacity of the coil, 
the capacity of the noise diode and wiring, etc., a fixed high quality mica-condenser 
of about 300 uwF was attached directly to the low section of the tuning condenser. 
From the terminals of the variable air capacitor the noise voltage was then brought 
to the amplifier in coaxial arrangement, the inner conductor being a 1 mm diameter 
copper wire, the outer a brass tube with 60 mm diameter. The noise circuit is included 
in the schematic diagram of the amplifier (Fig. 1). 


3. The amplifier 


The noise spectrum generated in the noise circuit will have its maximum at the 
resonant frequency, spreading out on both sides, depending on. the ()-value of the 
circuit. Consequently, there is a demand for an amplifier having sufficiently broad 
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frequency characteristic, otherwise, a large correction factor must be applied, 
which may cause errors because of difficulties in making a precise comparison between 
the curves of the noise spectrum and of the frequency response of the amplifier. 
Preliminary attempts with ordinary resistance-coupled amplifiers with shunt com- 
pensation, and amplifiers with staggertuned circuits, had to be abandoned in favour 
of types with negative feedback. A suitable arrangement was found to be a two- 
stage resistance-coupled amplifier preceding a cathode follower from which a fraction 
of the output voltage was returned to the cathode of the first tube. (11) Such units 
could be made quite compact with miniature tubes (6AK5), enabling very short 
interstage wiring with a high upper frequency limit as a result. The frequency 
response for a unit with a gain of about 100 will have this upper limit above 5 Mc/s, 
the gain without feedback amounting to about 104. The noise amplifier, the schematic 
diagram of which appears in fig. 1, utilized two such units, having a gain of about 
150 and 70 respectively. They are separated by means of a cathode follower to 
which also a linear detector, consisting of a 1N34A germanium crystal diode, has 
been attached. The first part of the amplifier can in this way be used as a vacuum- 
tube voltmeter for the purpose of evaluating the constants of the noise circuit, as 
will be described later on. The final tube in the amplifier is a triode, which works 
with negative feedback, realized in using an unbypassed cathode-resistor. The mean 
square value after amplification of a signal at the input of the amplifier will be 
indicated with a vacuum thermocouple TH, in the anode circuit of this tube, giving 
a deflection on a precision lightspot-galvanometer G,. The DC-component of the 
plate current, which may be adjusted by varying the grid bias with the potentiometer 
R., and indicated with the mA-meter, will be compensated via a shunt-circuit con- 
taining a battery, resistors for adjusting the compensation-current and high-frequency 
chokes to prevent shortage of the AC-components. The thermocouple will thus be 
affected by the AC-component only. The reading, however, will contain not only 
the input signal but also the inherent noise of the amplifier. This internal noise 
will be eliminated by substituting the input-signal (the shot noise) with a known 
voltage, which gives the same reading as the unknown, the internal noise affecting 
both readings equally. It is essential that no unwanted feedback should occur to 
the noise circuit. The amplifier, therefore, has been constructed with much care. 
The metal box containing the amplifier has been divided in 3 sections, the first of 
which encloses the first unit and the grid elements of the separating cathode follower. 
In the next section the second unit is housed, and the third section is intended for 
the output tube and the thermocouple circuit. All filaments are heated from two 
6 volt storage batteries, one for the first unit and the cathode follower, the other 
for the rest of the amplifier. A possible feedbackpath via the filaments from the 
amplifier output to the first amplifying unit will thus be eliminated. When using 
the first part of the amplifier as a vaccuum-tube voltmeter, in which case all supply 
voltages are removed from the second unit to prevent overloading the final part, 
the use of separate batteries will make this possible without influencing the working 
conditions of the first unit. Although the use of negative feedback itself provides a 
mean of stabilizing against ¢hanges in supply voltages, the amplifier is connected 
to stabilized power supplies in order to maintain a constant gain. Suitable filters to 
prevent low frequency oscillation were necessary and could be arranged close to 
sach unit in a lower section in the amplifier box. Bypass-condensers were inserted 
at all points where any high frequency leakage could be suspected. 

The linearity between in- and outgoing signals has been carefully tested. When 
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Fig. 2. Linearity diagram of the amplifier. 


making the linearity test, input voltages are taken from a step attenuator (a coaxial 
inductance which will be described later on) giving very accurately voltages 2, 3, 4, 
and 5 times an arbitrary level. The curves I and II are in Fig. 2 related to two dif- 
ferent levels of the attenuator. The corresponding output voltages are those of the 
second amplifier unit, being measured with a vacuum tube voltmeter (Table 1). 


Table 1 
Linearity test 


a and b are two different input-levels. 
Approximately 2b=5a. 


Input Output 


voltage volts rms Remierke 


L365 
1.87 
2.49 curve I 
2.96 


3.00 


ota curve ITI 


7.40 


seo 


Ore WhO | Ore & bo 


(opare pale site = 


The value of the output voltage when the input voltage is zero will correspond to 
the amplifier noise. From Fig. 2 will be seen that deviation from a straight line 
occurs at about 6 volts. This value will therefore be the maximum permissible rms 
value of a voltage applied to the grid of the final tube. The thermocouple (TH) 
which was a Cambridge no. 41676, with rated current 2.5 mA, was found to give 
full scale deflection on its associated galvanometer at a grid voltage of about 1.2 
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FREQUENCY 
Ke/s 


Fig. 3. The squared amplification factor G?(@) as a function of frequency. Operating point 
600 ke/s. 


volts rms. Experimental evidence and theoretical considerations (12) regarding the 
probability distribution of random noise have shown that peaks will occur amounting 
to about 4 times the rms-value of the noise before the probability will be vanishingly 
small. The region of linearity of the amplifier will therefore be sufficient when used 
in connection with the above thermocouple. 

The total frequency response of the entire amplifier will be seen in Fig. 3. The 
frequency characteristic of the squared amplification factor G?(w) has been measured 
in the following way. The output thermocouple (TH,) will give an e.m.f. and a 
reading on the connected galvanometer G,, proportional to the sum of the squares 
of the output voltages. Denoting an applied input voltage V,;, the rms-value of the 
amplifier-noise V,, and the reading of the galvanometer U, we obtain the following 


relation 
G2 (w) Vi + Vi, = K, U, K, being a constant. 


Without input signal the reading will be U, 


ve == Kk, U5 . 
Combining the two equations gives 
2 Ky he U 
G?(w) = PP (U)-U,) = const (0 — U4): 


The input voltage V, was given such a value that the galvanometer reading was 
100 dial divisions on the flat portion of the curve. V; was kept at this constant 
value and the galvanometer readings were observed when varying the frequency of 
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the signal generator between 100 ke/s and 6 Mc/s. The range of the signal generator 
did not extend below 100 kc/s. Below this frequency a RC-generator was used, the 
output voltage of which was adjusted to coincide with the signal generator when 
observing the reading of the common 100 ke/s point. The difference U—U, was 
calculated (U, being 4 dial divisions) and normalized to the maximum value 100 
by multiplying with a factor 1.041 =(100/96). The values will be obtained from 


Table 2. 


Table 2 
ee _) 
Frequency ke/s U Uy U—-U, 1.041 (U—U,) 
5 6 4 2 2 
10 10 4 6 6 
20 27 4 23 24 
40 58 4 54 56 
60 74 + 70 73 
80 86 4 82 85.5 
100 90.5 4 86.5 90 
150 96.5 ce 92.5 96.5 
200 98 4 94 98 
300 99.5 + 95.5 99.5 
400 100 4 96 100 
500 100 + 96 100 
600 100 4 96 100 
700 100 4 96 100 
800 99.5 4 95.5 99.5 
900 99 4 95 99 
1000 97.5 4 93.5 97.5 
1500 91 4 87 90.5 
2000 80.5 4 76.5 79.5 
3000 61 4 57 59.5 
4000 41 4 37 38.5 
5000 18.5 4 14.5 15 
6000 9 4 5 5 


The curve shows a perfectly flat portion in the frequency interval around 600 
ke/s. This frequency has therefore been chosen as the resonant frequency of the 
noise circuit. The slope of the curve at the low frequency side will mainly depend 
on the increased shunting effect on the thermocouple from the compensating circuit 
at decreasing frequency. 

In spite of the broad band characteristic of the amplifier, and, although about 
99% of the total noise energy will be confined in the frequency interval 450 to 
800 ke/s where the flat portion falls, there will still be need for a small correction 
for.the finite band width. This correction is computed in the following way. The 
sloping parts of the frequency characteristic have been divided into a number of 
intervals. The contribution of the modified ‘Schottky integral” 


uy 
| nF Dean gen 
ke ore 
0 
from the resonant frequency f, (600 ke/s) up to a certain frequency f can be calculated, 
y being Q (f — ' . The deviation from 2/2 will indicate the remaining part up to 
0 ! 
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Table 3a 


Corrections at high frequency side 


SS 


Frequency dab F : LEP 
; requenc Sg eT i 
Me/s y my ROSCA E Si AOE l-p 7 (yy — Yo) 

% % % 

0.8 64 0.50 0.8-1.0 0.23 0.01 0.0023 

1.0 118 0.271 1.0-1.2 0.077 0.04 0.0031 

2 165 0.194 1.2-1.8 0.086 0.10 0.0086 

1.8 294 0.108 1.82.4 0.031 0.21 0.0065 

2.4 414 0.077 2.4-3.0 0.017 0.35 0.0060 

3.0 528 0.060 3.0-3.6 0.010 0.47 0.0047 

3.6 642 0.050 3.6—4.2 9.008 0.55 0.0044 

4.2 755 0.042 4,2-4,8 0.005 0.75 0.0038 

4.8 866 0.037 4.8-5.4 0.004 0.85 0.0034 

5.4 980 0.033 5.4-6.0 0.004 0.92 0.00387 

6.0 1090 0.029 6.0-7.0 0.002 0.98 0.0020 

7.0 1190 0.027 7.0—co 0.027 1.00 0.0270 
Total 0.0755 % 

Table 3b 
Corrections at low frequency side 

1 " 1 9/9) 
requency ae requency erry CRT = a aa ER 
ke/s y my P eeronl 7 (Yi — Yo) l=p % (Y1— Yo) 

% % - 

450 64 0.50 450-300 0.306 0.003 0.0009 

300 165 0.194 300-200 0.086 0.01 0.0009 

200 294 0.108 200-150 0.031 0.03 0.0009 

150 414 0.077 150-100 0.027 0.06 0.0016 

100 642 0.050 100-60 0.021 OFT 0.0036 

60 1090 0.029 60-30 0.014 0.42 0.0059 

30 2200 0.015 30-20 0.005 0.67 0.0034 

20 3300 0.010 20-10 0.005 0.85 0.0042 

10 6600 0.005 10-0 0.005 0.98 0.0049 


Total 0.0263 % 


infinite frequency. Denoting this deviation 6 and considering small values only, 


one obtains 


1 
tgd=6=-- 
Y 


The remaining part in comparison with the total value of the integral when both 


sides are taken into account will be —-. The relative noise contribution within a fre- 
UY 


: if 
quency interval /,—/, with the associated values y, and y, is consequently Af SS > 
1 2; 
gue ; LS é 
and the relative error from this interval is decaagt Tarr: being the mean value of 


I (Y1 — Yo) 
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the squared amplification within the interval in question, having unity value at 
the resonant frequency of the noise circuit. Summing up the errors from all intervals 
gives the total correction factor for the frequency response of the amplifier. It 
will be seen that the correction will be inversely proportional to the Q-value presuming 
that no errors occur until the approximation tg 6=6 is valid. The correction factor 
has been calculated in tables 3 a and 3 b, which are calculated for a Q value of 110, 
this being the mean value during measurements. A total correction factor of 0.0263 % 
+0.0755 % or 0.10 % is to be applied on all measurements of the e-value. 

The whole measuring equipment with the exception of the stabilized power supplies 
is housed in a double wall screened cage of galvanized wire mesh, all outgoing cables 
being filtered with high frequency chokes and bypass-condensers. 


4, The reference voltage 


As already mentioned, the evaluation of the mean square value of the shot noise 
passing the amplifier and giving a reading on a galvanometer connected to the 
thermocouple will proceed with a substitution of a known radiofrequency voltage 
giving the same reading and therefore having a mean square value equivalent 
with that of the noise. It is very important that this reference voltage can be produced 
with a high degree of accuracy. One of the most reliable means of developing such 
a voltage seems to be the method already used by Hutt & Witt1ams (3). The method 
makes use of the inductive voltage drop developed between two points on an inner 
cylindrical conductor, carrying a known current, the return path of which is confined 
to an outer cylinder in coaxial arrangement to the inner. The coaxial tube thus 
formed is closed at one end and as the magnetic field between the inner and the 
outer conductor will be uniform to the closed end, this end can be used as the grounded 
terminal of the reference voltage, the other being taken from tapping points at 
accurately known distances from the inner closed end. Thin wires are brought out 
from the tapping points at right angles through small holes in the wall of the outer 
conductor. The inductance per unit length turns out to be 


L=2-10°° ‘log 2 Henries/cm, 


where 2 b is the internal diameter of the outer conductor, and 2 a is the diameter 
of the inner. The formula is valid at very high frequencies where the skin effect will 
cause the currents to flow in the surfaces of the conductors. At lower frequencies 
a correction must be applied, due to penetration, and the inductance must in this 
case be calculated in accordance to the following formula (13) 


a b 1 i! il 
L=2-10-°|4 V2 ( 1 . 
og | 4 ree TANG +4 ; Henries/cm, 


where / is the frequency, the permeability and o the volume resistivity of the con- 
ducting material. Such a coaxial inductance has been used during the measurement. 
The inner cylinder was made of copper with a diameter of about 15 mm, the outer 
being a brass tube with 66 mm internal diameter. They were made and measured 
with high precision. Tapping points were taken at every 3 cm up to a length of 15 cm. 
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Fig. 4. Schematic diagram of the 600 ke/s sine wave oscillator. Resistance values in kilo-ohms. 
Capacitance values in micromicrofarads. 


The distances from the closed end were accurately measured on a comparator before 
putting the equipment together. The inner conductor had a length of 35 cm. At 
this point a thermocouple was inserted for measurement of the current and a con- 
tinuation was formed with a coaxial cable ending in a coil which was arranged in 
such a manner that it permitted a smooth variable inductive coupling to a high 
frequency source of 600 ke/s. High demands regarding stability in amplitude and 
frequency were put upon this source. It was also desirable to free it from harmonics. 
Several types of oscillators were tried and compared. The most suitable in this case 
seems to be the Clapp-oscillator (14), a modification of the Colpitt-oscillator. The 
diagram of the generator will be seen in Fig. 4. The oscillator voltage is taken from 
the cathode of the first tube, the operating point of which is adjusted near the starting 
point of oscillations, and proceeds through a T-filter to the second tube, a cathode 
follower, from which the outgoing voltage is about 1 volt rms. Already here the 
voltage is quite free from harmonics and changes in output loading do not affect 
the frequency. It was, however, later on found necessary to have a higher output 
voltage available and therefore a third tube, working as a radio frequency amplifier, 
was added in a separate box. The anode of this tube is tuned to the oscillator frequency 
600 ke/s with the resonant circuit L,C,, which is link coupled via a coaxial cable 
to the final circuit L,C 3. In the link a high Q series resonant circuit L,C, is inserted. 
The final circuit L,C, is mounted outside, but quite close to the screened cage. 
It is on a slide, movable with a precision screw, which is accessible from the inside 
of the cage, thus providing a very fine adjustment of the degree of coupling to the 
coil which is attached to the coaxial inductance. Between these coils a faraday- 
screen is arranged, preventing capacity coupling. To obtain the highest degree of 
stability all tubes in the high frequency generator are heated from batteries. Plate 
voltages are taken from stabilized power-supplies with added extra ripple-filters to 
get rid of any possible modulation of the generated carrier. The frequency is checked 
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with a double beam oscilloscope, one beam being deviated with a voltage taken 
from a small coupling loop in the neighbourhood of L,C,, which voltage at the same 
time will be used for synchronization of the sweep. The other beam was connected 
to 100 ke/s from a primary frequency-standard, having an accuracy of one part in 
107, From the motion of the 100 ke/s pattern, the generator-frequency can be in- 
spected and maintained without difficulty within a couple of cycles per second during 
measurements. 

The occurrence of harmonics has been tested by connecting the coupling-coil 
of the coaxial inductance to the input terminals of a high sensitivity communication- 
receiver equipped with a signal strength meter. At 600 ke/s the sensitivity was 
adjusted for full scale reading of the meter, corresponding to an input voltage of 
about 20 millivolts. When the receiver was tuned to the second harmonic, 1200 ke/s, 
no reading could be obtained, whereas a weak signal could be detected with help 
-of the beat oscillator. This means that the second harmonic will be at least 70 dB 
below the fundamental. Higher harmonics could not be detected even with the 
beat oscillator. The generator voltage may therefore be considered as a pure sine 
wave. 

When making a substitution between shot noise and the reference voltage obtained 
in the manner described above, the current through the coaxial inductance is adjusted 
until equality arises as indicated at the amplifier output. This current of 600 ke/s 
passes through the thermocouple inserted in the circuit of the coaxial inductance, 
and will give a reading on the corresponding galvanometer. The new reading will 
be found again with direct current through the thermocouple, the DC-value being 
measured with the compensator. The product of the measured DC-current and the 
calculated reactance value between the closed end and the actual tapping point of 
the coaxial inductance will thus give the rms-value of the shot noise. 

The constants and the correction of the inductance, which have been used through- 
out the measurements, will now be calculated. 

The diameter of the inner conductor was measured with mechanical precision 
tools at 40 different points along its length, giving a mean difference of — 11 thou- 
sandths of a mm from a reference length of 15.000 mm. The inner diameter 2 a 
thus being 14.989 mm. In a similar manner the internal diameter of the outer brass 
tube was measured, 15 measurements giving a mean difference of +13 thousandths 
of a mm from a reference length of 66.150 mm. The outer diameter 2 b is consequently 
66.163 mm. The individual measurements are given in tables 4a and 4b. 

Assuming a volume resistivity of 1.75 microhm-centimetres for the inner copper 


conductor and the corresponding value 8.0 for the outer brass cylinder, the inductance 
per cm length will be 


Lie 21078 f 66.163 1 (" V1750 , 2 a] 
log ——— + dase : 
14.989 42V6-105\ 1.5 6.6 


= 2.9866- 10° w H/em. 


The inductive voltage drop for a current of 1 milliamp at 600 ke/s is 
V = oL-I = 276-105-2.9866-10-%- 10°? = 11.259 4 V/cm: m A. 


3 tapping points are available at the very accurately measured distances 6.0007, 
9.0000, and 14.9996 centimetres, from the inner closed end of the tube. During the 
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Table 4a 


Diameter of inner conductor 


The table gives the deviations in thousandths of a millimeter from a reference length of 
15.000 millmeter. I, IL and III indicates 3 different directions around the tube. The num- 
bering 1—14 corresponds to the moving of the measuring tool along the tube. 


alt At III 
1 —16 —15 —16 
2 er tir) = 175. Sino 
3 =15 —14 —13.5 
4 —14 —10 — 13 
5 =10 —11.5 —10 
6 —"-8 — 4 = ‘8:5 
7 rad ea af = 5.5 
8 = 6.5 = 5.5 — 6 
9 = f}959 iis) = TO 
10 — 6 a) =) 14. 
11 — 6 53 = 4 
12 —10.5 — 8 — 9 
13 — 29 — 26 — 28 
14 —11.5 —10 =) 
Mean value —11.8 = ies EO) 


Total mean value —11.1 


Table 4b 


Internal diameter of outer conductor 


Deviations in thousandths of a millimeter from a reference length of 66.150 millimeter. 


I II IIT 

1 +10 +13 + 5 

2 +15 +13 +20 

3 + 6 + 9 +11 
4 + 5 +21 +21 
5 + 0 +18 +21 
Mean value ae vd ee die +16 


Total mean value +13 


measurements only the 9 and 15 cm points have been used. The corresponding 
voltage drops will be: 


V, = 101.331 microvolts/milliamp 
V5 = 168.885 microvolts/milliamp. 
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5. Determination of circuit constants 


When measuring the constants of the noise circuit the first part of the amplifier 
is used as a vacuum-tube voltmeter with the help of a galvanometer indicating the 
rectified current from the germanium diode at the output from the separating cathode 
follower. The capacitance and the inductance of the circuit can easily be obtained 
in resonating the circuit with known frequencies. These are taken from a standard 
signal generator and introduced to the circuit through a small coupling condenser 
previously mentioned. The signal amplitude will be set at a value giving a proper 
reading of the galvanometer without overloading the amplifier. The frequencies 
are compared with a 100 ke/s standard frequency by the oscilloscope and accurately 
adjusted. The tuning range of the precision condenser, when the high section (100— 
1100 pyF) is used, will allow resonating of a few frequency points conveniently 
selected as multiples of 100 kc/s. The indication of resonance is very sharp as a 
result of the high Q-value of the circuit not being loaded by the internal resistance 
of the noise diode. When the diode filament is heated the resonance maximum 
broadens slightly, but the resonance setting of the condenser will remain constant 
thus indicating that the diode capacitance is the same, which also is to be expected 
in the temperature-limited range where no space-charges should exist. Four frequen- 
cies have been used giving the following table. 


Table 5 
Frequency Setting of precision cond. K fear tenor nee KoméGatedncat 
e/s l | 2 | 3 vk 
600.00 359.8 359.8 359.8 359.80 + 0.15 359.95 
700.00 254.6 254.6 254.6 254.60 +0.40 255.00 
800.00 186.2 186.2 186.3 186.25 + 0.60 186.85 
900.00 139.5 139.5 139.5 139.50 + 0.60 140.10 


The correction applied to the capacitance values of the different settings is taken 
from individual calibration data belonging to the precision condenser. 

Denoting the capacitance value at resonance C, the following 4 expressions will 
be obtained using the simple resonance formula 


1 
Rea 8-105 = : 


6-105 = "9 = == 
2nVLOC 2% VL(C — 173.10) 


1 
Taal O? sage FAT 9-105 = : 
22VL(C — 104.95) 2nVL(C — 219.85) 


The combination of the resonance formula at 600 ke/s with each of the remaining 
expressions gives the following values of the capacity at resonance: 395.66, 395.73, 
and 395,57 uk with the mean value C = 395.7 uk. The corresponding inductance 
of the coil will consequently be 177.8 microhenries. There will, however, be no need 
for the inductance value in the final calculations. 
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The remaining circuit constant, i.e. the equivalent series loss resistance R, of 
the coil including all losses that may be introduced from the noise diode and the 
connected amplifier, has been evaluated in measuring the parallel conductance 
G,, of the circuit (15). 

If a current I of constant magnitude and constant frequency is being fed through 
the small coupling condenser C,, in Fig. 1 to the circuit, the voltage developed between 
its terminals for any arbitrary setting of the tuning condenser is 


ve 8 
V <a 1 Gy = ( “ 2? 
Geos (. o-— =) one) 

ol 

and at resonance we obtain 
I 
V; — ign Y 
A combination of the two expressions gives 
1 
(2) C ex ee 


16, 
Thus 


1 ; : : ; 
but —— may be substituted with wC;, when C, is the capacitance value at resonance. 
@ 


The determination of the parallel conductance is performed at the resonant frequency 
600 ke/s. A coaxial cable is connected directly between the coupling coil from the 
sine-wave generator and the coupling condenser C’, to the circuit. The galvanometer, 
connected to the linear detector, will indicate the resonant voltage V,, and, after 
detuning, the voltage V, the capacitance variation C—C,, being read from the dials 
of the condenser. It will be more convenient, however, to detune the circuit to both 
sides of resonance giving two approximately equal readings V, and V, corresponding 
to the condenser settings C, and C,. The conductance-value will now be 


Gita ted ee ey) itt 
VV 
V; / V. 
The necessary condition of maintaining a constant current to the circuit, inde- 
pendent of changes in the conductance-value during measurements, may be fulfilled 


by using a very small coupling capacity. Its value has not been measured but will 
have an estimated value of less than 0.1 pF. Although no evidence has been found 


eae! ; 
of errors due to finite coupling —a plot of V (7) —1 as a function of con- 
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denser setting will show a straight line — small errors may still exist. Such errors tend 
to cancel each other when detuning the circuit to both sides from resonance. This is 
obvious from the fact that the circuit has a reactance component which is inductive 
on one side and capacitive on the other side of resonance. The impedance seen 
from the signal source will, therefore, at resonance mainly be that of the small 
condenser with a slightly higher or lower value when detuning the circuit to either 
side of resonance. 

The determination of G, must be performed with the diode carrying the same 
current as employed during an actual noise measurement, in close connection to 
this measurement and under unchanged conditions. The injected voltage between 
the terminals of the circuit at resonance is limited by the linearity of the first amplifier 
unit. A suitable value will be about 30 millivolts. When varying the tuning-condenser 
10 wuF to each side of resonance, the voltage decreases to about 10 millivolts. The 
readings of the galvanometer belonging to the linear detector, corresponding to 
the values V,, V, and V2, are observed. Two voltages of 600 ke/s are now introduced 
directly to the amplifier input, one giving the same reading as V,,, the other being 
adjusted to fall on that part of the scale which corresponds to V, and V,. These 
two input voltages, of which the ratio only has to be known, enables us to fix a 
zero-point for the galvanometer readings, in this way making a complete correction 
of the lack in linearity of the combination amplifier, crystal diode and reading device 
of the galvanometer. The voltages are obtained in the same manner as the reference 
voltage previously described. The coaxial inductance, however, will not produce 
sufficient input voltages with reasonable currents and is, therefore, in this case 
replaced by a wirewound resistor of about 25 ohms. The necessary currents through 
this resistor are measured with a thermocouple, and evaluated as before. 

The input voltages of about 30 and 10 millivolts, respectively, during measurements 
of parallel conductance are mixed with a constant noise voltage of the order 100 
microvolts rms from the noise diode. 

At a first glance this fact seems to cause not negligible errors, and it will be worth 
while to give a brief account of the behaviour of noise and a carrier applied to a 
linear detector. Let us assume a perfect linear detector and let « be the proportion- 
ality factor between the amplitudes of the applied voltage and the output. current. 


Further, denoting the rms-value of the applied carrier is and the rms-value of 


a 1 ; : ; ‘ 
the noise wee theoretical considerations will lead to the following expression (16) 
for the rectified current: 
_ At? 2 K2 
: [a tA Beye (=*)+ AK: f, (AA): 


Where J, is the modified Bessel function of the first kind and zero order, and I, 
is the modified Bessel function of the first kind and first order, The formula shows 
that the diode current is proportional to the rms-value of the noise and depending 
on the signal to noise ratio AK. This ratio will in our case be about 300 at resonance 


and about 100 when the circuit is detuned. The argument seat of the Bessel func- 
tions consequently will amount to 5000 and 45000 respectively. For such high values 


a 


~2AVn 


Ine 
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of the argument both Bessel functions will be identical and may be substituted with 
A? K? 


e 2 


Va A? K2 


. In this case the above expression will take the simple form: 
WS a= * K. 
1% 


The galvanometer readings will, therefore, correspond to the injected voltages only, 
being quite independent of the existing noise. This will, of course, also be true when 
the calibration voltages are introduced to the amplifier input, the signal to noise 
ratio now being still higher. The internal noise of the amplifier will correspond to 
an input voltage of about 20 microvolts. Returning to the expression from which 
the parallel conductance of the circuit will be evaluated it should be stated that 
the settings C, and C, of the variable condenser have been the same during all 
measurements 
C, = 82.20 uy F, correction + 0.055 yyF, 


C, = 62.20 uyF, correction + 0.015 uyF, 
Corrected difference: 20.04 puF. 


With w=22-6-10° cycles/second the final expression for calculating the value of 


parallel conductance will be 
755.49 - 1077 


VV eo 


III. Measurements of e 


The course of a measurement will now be described a little more in detail, referring 
to a simplified diagram of the equipment in Fig. 5. The diode being given a suitable 
filament current by adjusting the decade resistor R,, a long heating period, normally 
2 to 3 hours, is given to the diode and the amplifier in order to obtain a perfect 
equilibrium. The switch S, is now in the upper position and the diode current J, 
can be accurately evaluated with the compensator. At the same time the switch 
S, is given the left position and the shot noise is indicated by the reading of the 
galvanometer G, connected to the thermocouple TH, at the output of the amplifier. 
It has been observed that a slight increase in this reading will occur, when energy 
from the 600 ke/s generator is fed to the coupling circuit L,C;, due to inductive 
coupling to the noise circuit — no influence exists when tuning off resonance. The 
grid input to the final tube of the generator is, therefore, removed before taking 
this reading. Although the heat capacity of the thermocouple and the damping of 
the galvanometer through the low couple resistance will give a very good smoothing 
of the noise fluctuations, the reading must be checked as to whether it is consistent 
or not. During preliminary experiments it has been found that certain diodes will 
sometimes give fluctuations which make it impossible to obtain a reliable reading. 
Such spontaneous ‘‘bursts’’ may be due to impurities in the cathode surface and 
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FROM 600 KC/S 
GENERATOR 


LINEAR 
DETECTOR 


= he 
COMPENSATOR | 
i 


Fig. 5. Schematic diagram of the measuring equipment. 1: first amplifier unit and cathode follower, 
2: second amplifier unit and output tube. 


were found to disappear when the filament for a while was given a higher temperature. 
For the diode in use no evidence has been found for such a behaviour. After the 
noise reading has been obtained, the amplifier is connected to the coaxial inductance — 
S, in the right position, 8, and 8, in upper positions, — the coupling to the 600 ke/s 
generator now being adjusted until G, gives the same reading as before. The current 
passing the thermocouple TH, causes a deflection of the galvanometer G, when 
S, 18 in the lower and §, in the upper position. On turning §, and §,; to the lower 
positions the high frequency current through TH, is replaced by direct current. 
This direct current is adjusted with help of the decade resistor R, until the galva- 
nometer G, takes the same deflection as before, and its value will be obtained from 
the compensator, the precision resistor R, now being in the DC-circuit. When R, 
is removed from the diode circuit it is replaced with an equal resistance in such a 
manner that no interruption of the diode current will take place. This detail is not 
indicated in the simplified diagram. After an interruption the diode current would 
not immediately regain its original value and the following determination of the 
parallel conductance of the circuit would not be performed under unchanged condi- 
tions in comparison with the previous noise measurement. 

Now all supply voltages are removed from the last amplifier unit. The galvanomete1 
G, is connected to the linear detector by means of the switch §,; the diode circuit 
is again brought to the amplifier with §,, and the contact 8, is closed, thus injecting 
a 600 ke/s voltage to the resonant circuit. Resonance setting of the variable condense! 
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vill now be obtained by observing maximum-deflection of galvanometer G,. The 
legree of coupling to 1.,C; is adjusted to obtain this maximum at a certain point 
2 on the reading-device of G,. When detuning the circuit to both sides of resonance, 
jwo new readings m, and n, will be obtained. Resonance tuning and detuning have 
yeen repeated 3 times in order to prove the consistency of the readings. When doing 
his the maximum reading has been kept at its original value, if necessary by adjusting 
jhe injected voltage. The settings of the precision condenser have been approached 
n the direction of increasing scale readings in order to avoid any possible error due 
30 backlash in the gear mechanism, a necessary condition also for the application 
of the calibration data of the condenser. After obtaining the values of n, ,, and 
2, the tuned circuit is replaced by the resistance R, —.§, in the right, S, in the 
ower, 8, and §, in the upper positions. — The reading n of galvanometer G, is now 
ound again by adjusting the high frequency current passing R,. When temporarily 
switching 8, to the upper position the galvanometer G, will give an indication of 
shis current via the thermocouple TH;. The current is now decreased until a reading 
1, (lying close to or between n, and n,) is obtained. As before, with the switching of 
3,, Gp gives an indication of this lower value. With the help of the decade resistor 
R; it is always possible to get a convenient deflection of the galvanometer when 
neasuring the e. m. f. from the thermocouples. The evaluation of currents J, and 
[» corresponding to the readings n and ng ,will proceed in the same manner as 
osreviously described. — Regarding the simplified diagram it should be remarked 
shat switches §,, S, and S, do not exist in reality, as they would upset the necessary 
creening. These switching actions will instead be realized in making connections 
with coaxial cables. — We are now able to make a determination of the zero-point 
2, on the galvanometer scale to which the different readings are related. In fig..6 a 
s-haracteristic curve of galvanometer reading versus amplifier input voltage is 
lrawn. The deviation from linearity in the beginning of the curve is due to the 
rystal diode. The actual zero-point of the galvanometer is denoted n’, and has been 
1eld at a constant value of 20.0 dial divisions. The zero-point n, of the linear part 
yf the curve can evidently be calculated from 

Om AS ve n 


Nz — No In, 


¥ now being known, the ratios of resonance voltage V, to the detuning voltages 
V, and V, will be obtained from 
V; p= | mr No ph 
ie Ny — No Vz Nog aa ees No 


This method of evaluating the voltage ratios will hold even when the curve does 
.ot show such a good linear part as the one given in the Fig. 6, because of the fact 
hat the readings n,, %,, and ng, in reality are very close to each other. The Zer0- 
oint 7% will not in general be constant from one measurement to another, mainly 
lue to variation in the voltage gain of the amplifier. This gain will depend slightly 
n the actual voltage of the filament battery. All necessary constituents are now 
neasured and the e-value may be calculated from the formula 


20 RF 
a> ok, ab 
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Fig. 6. Characteristic curve of galvanometer-reading versus amplifier input voltage. 


Before inserting the measured mean square value of the noise, the thermal noise 

must be calculated. As we already found in the chapter of theory the mean square 
Wh A , 

value of the thermal noise will be at . Using the measured capacitance value 395.7 


uu, the temperature 293° abs, and taking the value k=1.38 10-™ watt-sec/degree, 
we obtain 


kT > 1.38-10,%=293 
(Ly alas SORihed aoe 


= 10.2-10-? ~ 10 (u VY. 


This amount must be subtracted from the measured mean square noise. Further 
R,C 


observing that 7 is the conductance value of the circuit at the resonant frequency, 


the expression may be written 


2C — 
Caer) J, Ge: Voor 


The inductance value will thus not enter into our calculations. | 

The following calculations concern 20 measurements of the e-value with diode 
currents ranging between about 0.9 and 1.35 milliamps. This range is given by the 
amplifier having a constant gain of about 10‘, the higher current corresponding to 
full scale reading of the thermocouple-galvanometer and the lower value to those 
readings, where a reliable observation is still possible. The measurements have 
been carried out with different diode voltages between 38 and 80 volts and this 
voltage is in general not the same for two measurements. An exception makes the 
determinations numbered 1, 2, 3, 5, and 11, during which the diode voltage has 
been about 38 volts in all cases. The numbering in the following has been made in 
terms of increasing dicde currents and is not chronological. 
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Table 6 
ee ee ee 
Reference 
Run i A aA voltage y? Thermal =) 
me u VimA noise corr. corr 
1 0.9323 1.1655 101.331 13947.8 —10 13937.8 
2 0.9953 1.1995 101.331 14773.7 —10 14763.7 
3 1.0600 1.2271 101.331 15461.2 =i) 15451.2 
4 1.1234 1,2924 101.331 17150.5 = 110) 17140.5 
5 1.1274 1.2567 101.331 16216.2 —10 16206.2 
6 1.1325 0.77844 168.885 17283.6 = 10) 17273.6 
Z 1.1351 0.77760 168.885 17246.3 —10 17236.3 
8 1.1652 1.3159 101.331 17779.8 iO 17769.8 
9 1.18722 0.79127 168.885 17858.0 = 11) 17848.0 
10 1.1922 1.3201 101.331 17893,6 —10 17883.6 
11 1.19735 1.28825 101.331 17040,7 = 0 17030.7 
2. 1.2035 1.3301 101.331 18165.6 —10 18155.6 
13 1.2218 1.3357 101.331 18319.1 —10 18309.1 
14, 1.2356 1.34305 101.331 18521.3 —10 18511.3 
15 1.2474 1.3499 101.331 18710.7 a0) 18700.7 
16 1.2935 1.3677 101.331 19207.2 —10 19197.2 
17 1.3010 1.3687 101.331 19235.5 —10 19225.5 
18 1.3372 1.3920 101.331 19895.9 —10 19885.9 
19 1.3458 1.3904 101.331 19850.3 = 1K) 19840.3 
20 1.3605 1.3978 101.331 20061.9 =i 20051.9 
I is the current through the coaxial inductance. 
Table 7 
eS 
Run n Ny Ng Ng ay a 
1 375.0 133.7 134.0 134.0 1.1863 0.4002 
2 375.0 135.0 135.8 135.0 1.1883 0.4022 
a 375.0 136.1 137.0 137.0 1.1865 0.4097 
4 375.0 131.9 132.3 132.0 1.1822 0.3907 
5 375.0 137.5 138.7 137.0 1.1810 0.40735 
6 375.0 132.1 132.1 132.0 1.1893 0.3927 
7 375.0 132.3 132.2 132.0 1.18405 0.39155 
8 375.0 132.2 133.1 133.0 1.1843 0.3934 
9 375.0 133.3 133.6 133.0 1.1855 0.3955 
10 375.0 134.4 133.9 134.0 1.1874 0.39995 
11 375.0 139.1 140.0 140.0 1.1829 0.4173 
12 375.0 132.9 133.5 133.0 1.1818 0.3937 
13 375.0 133.6 134.0 134.0 1.1803 0.39675 
14 375.0 133.7 133.9 134.0 1.1803 0.39655 
15 375.0 134.0 134.0 134.0 1.1804 0.39660 
16 375.0 134.9 135.2 135.0 1.1824 0.4009 
17 375.0 135.0 135.1 135.0 1.1836 0.4020 
18 375.0 134.7 135.8 135.0 1.1892 0.4019 
19 375.0 135.7 135.9 136.0 1.18555 0.40505 
20 375.0 135.2 136.0 136.0 1.1870 0.40555 
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Run 


Table 8 
a 
Vr Vr Gp Temp. 
Vi V, micro-mhos "¢ 
—— aa Tc 
2.9714 2.9641 13.519 20.2 
2.9544 2.9353 13,638 20.0 
2.9173 2.8964 13.840 20.1 
3.0292 3.0191 13.235 20.1 
2.8879 2.8606 14.018 20.0 
3.0259 3.0259 13.227 20.1 
3.0159 3.0183 13.271 20.1 
3.0301 3.0075 13.262 20.0 
2.9893 2.9819 13.428 20.1 
2.9836 2.9714 13.469 20.0 
2.8546 2.8345 14.185 20.1 
3.0041 2.9893 13.372 20.2 
2.9852 2.9754 13.455 20.0 
2.9844 2.9795 13.447 20.2 
2.9770 2.9770 13.471 20.0 
2.9520 2.9449 13.619 20:0 
2.9449 2.9425 13.644 20.1 
2.9665 2.9400 13.594 20.0 
2.9345 2.9298 13.705 20.0 
2.9464 2.9274 13.679 20.0 


The different e-values have been assembled in the following table showing the 
deviations of the individual determinations from the mean value: 4.7972 -10~” e.s.u. 
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Table 9 
e-value Deviation from 
Run x10" e.s.u. mean value 
1 4.8032 + 0.0060 
2, 4.8077 + 0.0105 
3 4.7944 — 0.0028 
4 4.7993 +0.0021 
5 4.7890 — 0.0082 
6 4.7947 — 0.0025 
ri 4.7891 — 0.0081 
8 4.8066 + 0.0094 
9 4.7975 + 0.0003 
10 4.8017 + 0.0045 
ii 4.7951 — 0.0021 
12 4.7941 — 0.0031 
13 4.7917 — 0.0055 
14 4.7876 — 0.0096 
15 4.7997 + 0.0025 
16 4.8036 + 0.0064 
Wy 4.7916 — 0.0056 
18 4.8045 + 0.0073 
19 4.8016 + 0.0044 
20 4.7915 — 0.0057 


Mean value 4.7972 
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Fig. 7. Distribution of individual measurements. 


The probable error has been computed from the formula 


x 6 
AV ramy 


and will give an error of 0.001-10~” e.s.u. 

The tables consist of all measurements made, no values have been discarded. 
The different measurements are shown in Fig. 7. As already mentioned the whole 
measuring equipment with the exception of the power supplies and the 600 ke/s 
generator is housed in a screened cage. The temperature of the room has been kept 
constant within 0.2° at 20° centigrade with a cooling and a heating system, autom- 
atically controlled. 


IV. Discussion 
1. Discussion of errors 


In calculating the e-value we use 4 quantities, the capacitance CO, the parallel 


conductance G,, the mean square value of the noise V? and the diode current Jp. 
These may possess individual errors which ‘do not appear in the distribution of the 
individual determinations and, therefore, do not cancel in the mean value. 

a. The capacitance of the circuit has been measured with an accuracy of about 
0.1 wuF, corresponding to a relative error of 0.025%. The calibration data of the 
precision condenser, however, are internally consistent to 0.1% only and, therefore, 
a maximum error of 0.1% should be attributed to the capacitance value. The fre- 
quency-points are compared with the frequency standard, and will have entirely 
negligible errors. 

b. In the formula according to which the parallel conductance is calculated, a 
difference of capacitance also enters, which according to calibration data for the 
low section of the variable condenser will have a maximum error of 0.1%. Frequency 
errors are also in this case negligible. Errors due to finite coupling have been pre- 
viously discussed. 

-¢. In calculation of the mean square noise, the reference voltage introduces two 
important factors, the coaxial inductance and the current passing through it. No 
errors may arise from the very accurate measurements of the dimensions. However, 
although the tapping points are very well defined, the wires going out from these 
points may be not quite centered in the corresponding holes of the outer cylinder. 
The holes having a diameter of 0.5 mm and the wires a diameter of 0.1 mm, a devia- 
tion of 0.1 mm from true centering could possibly occur. Considering this amount as 
the tolerance of the length in use, an uncentainty of about 0.1% must be attributed 
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to the reference voltage when using the lowest tapping point (9 cm from the closed 
end). This will give an error of 0.2% in the squared value. No evidence for errors of 
greater magnitude has been found when making a direct comparison between 
voltages from different tapping points. The high frequency current through the coaxial 
inductance is measured with the thermocouple followed by a calibration with DC- 
current. The manufacturer, Cambridge Instrument Co., has reported at request that 
the error between high frequency current of 10 Mc/s and DC-current is below 1% 
for the type of thermocouple which has been used during the measurements. At 
those frequencies an error arises due to skin effect in the heater. As the skin effect- 
correction for very thin wires is proportional to the square of the frequency, it follows 
that the difference between readings with DC and at a frequency of 600 ke/s will 
be below 0.004 % and, therefore, negligible. 

d. The diode current J, and all calibrating currents have been evaluated using 
a high precision Feussner compensator. Two Weston normal cells with e.m.f. 1.01858 
and 1.01860 volt abs at 20° C have been used and checked against each other. No 
errors should arise from the evaluation of the DC-currents. 

Considering the above errors from a, b, and c, to be randomly distributed as to 
sign, the mean error will be obtained as the root of the sum of their squares. 


V0.12 + 0.12 + 0.22 ~ 0.25 %. 


As the probable error of the mean of the measurements is considerably smaller 
than the above figure, it will be appropriate to ascribe to the final result an error 
of 0.25 %. 

The final result will thus give as the value of the charge of the electron 


e = (4.797 + 0.012) 10-” e.s.u. 


2. Comparison with earlier measurements 


The measurements by Hutt & Wittiams (3) in 1924 were made at a frequency 
of 750 kc/s and gave as a result 4.76-10~” e.s.u. with a deviation of the individual 
determinations from the mean of 2 to 3%. They had to make a large correction for 
the non-linear frequency response of the amplifier and had applied no correction 
for the skin effect in the coaxial inductance. The mean square value of the noise was 
measured with a square law detector, which had a very limited range of operation 
and was intended for small signal amplitudes only. 

In 1926 Witurams & Vincent (17) published a paper in which they would show 
“how far experimental difficulties may be overcome and the resulting limit of error 
that may be placed on results obtained by this method’’. Instead of a resonant 
circuit they used an ohmic resistance. 9 measurements gave a mean value of 1.5912 - 
10-* coulombs and a new run of 5 gave 1.5914 in close agreement with Millikan’s 
value 1.5913-10-" coulombs or 4.774-10~ e.s.u. Unfortunately no correction was 
applied to the reference voltage, a correction which at the frequency of their measure- 
ments, 100—150 ke/s, would amount to perhaps 5 to 10 %. 

In 1935 Hayner (18) published a work on shot effect of secondary electrons. 
For test purposes she made some measurements also on pure shot effect. With a 
resistance-coupled amplifier and a noise circuit tuned to 96 ke/s she got e-values 
always 8 to 15% too low. After the correction of the coaxial inductance amounting 
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to about 5% “suddenly was discovered” the e-values were brought within +2 and 
—5% of “the correct value’. With a new amplifier the value 4.76-10-° could be 
obtained with a precision of about 1.5%. 


No other shot effect measurements of the e-values are known by the author. 


3. Comparison with other experimental methods 


The present shot effect determination of the electronic charge might be considered 
as a contribution, that regarding the limits of error will approach other experimental 
determinations of the e-value. The shot effect method has also the advantage that 
the e-value is calculated without fundamental depence of other physical constants. 
The probable error of the individual measurements is not greater than those of 
other experimental methods. In the following table a comparison is made between 
the present investigation and some representative experimental determinations of 
the e-value with other methods. 


Author Date Method e: 10” es.u. 
Millikan (19) Lory Oil drop 4.774 +0.005 
Backlin (20) 1928 X-ray 4.794 +0.006 
Backlin (21) 1935 X-ray 4.805 +0.004 
v. Friesen (22) 1935 Electron diffr. 4.796 +0.005 
Bearden (23) 1935 X-ray 4.8036 + 0.0005 
Backlin-Flemberg (24) 1936 Oil drop 4.800 +0.008 
Tyrén (25) 1940 X-ray 4.803 +0.004 
Stigmark 1952 Shot effect 4.797 +0.012 


SUMMARY 


An experimental determination of the charge of the electron has been carried 
out from shot fluctuations of saturated currents from a special diode passing a 
tuned circuit resonating at 600 ke/s. Precision measurements of the circuit para- 
meters and the mean square value of the shot noise from the circuit has given as 


a final result 
e = (4.797 + 0.012) 10- e.s.u. 
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Coincidence studies on the decay schemes of *“I, *“Sb and 


“Ag by means of scintillation spectrometers 


By Sven A. E. JoHANSSON and SUNE ALMOUIST 


With 12 figures in the text 


Until recent years the chief method of determining radio-isotope decay schemes 
was careful measurement of the energies of the radiations concerned. It is often pos- 
sible to find a number of tentative levels into which the different beta- and gamma- 
ray energies fit quite well, if these energies are known with sufficient accuracy. 
Furthermore, if the relative intensities of the radiations are known, the correctness 
of the suggested scheme can be checked. 

However, the available data are often too incomplete to allow this procedure to 
be used. In working with weak sources, for example, it may be difficult to carry 
out energy measurements with the necessary precision. Difficulties also arise in 
investigating a beta-spectrum consisting of more than one or two components; 
determination of the energy of the low-energy beta-components becomes of necessity 
very uncertain because of the successive subtractions carried out in analysing the 
Fermi plot of the spectrum. : 

The coincidence technique introduced by Bothe and v. Bayer offers, as is well- 
known, a convenient way of checking tentative decay schemes. In its conventional 
form the method is, however, suitable only for very simple decays, for only in these 
can the results be interpreted with some degree of certainty. In more complicated 
cases one can, it is true, obtain results of some value by employing different absor- 
bers and by using detectors of different sensitivity, but the uncertainty 1s necessarily 

reat. 

4 A logical extension of the coincidence technique is to combine it with the spectro- 
meter technique. In this case one selects a certain energy-range with a spectro- 
meter and then investigates its coincidence relations. Several combinations are pos- 
sible. For example one may employ a beta-spectrometer together with a gamma- 
counter (1-4). Another most useful arrangement is of course to use two beta-spectro- 
meters in coincidence. Such methods have been used quite successfully by a number 
of workers (5-8). For intensity reasons it is possible to examine the coincidence 
relations of beta-spectra and internal conversion electrons only. 

Scintillation spectrometers have of late proved to be very useful for energy meas- 
urements; because of their very high sensitivity they should be most useful in 
soincidence work. A beta-spectrometer might for example be combined with a 
scintillation spectrometer. Those beta-rays which are coincident with a certain 
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gamma-ray selected by the scintillation spectrometer could then be examined with 
the beta-spectrometer. Such an arrangement has been described quite recently by 
KeETELLE et al. (9). ; en 

Another possibility is to use two scintillation spectrometers in coincidence, an 
arrangement which makes possible measurement of both beta-gamma and gamma- 
gamma coincidences. The method of recording the coincidence pulses from this ar- 
rangement is of decisive importance for the usefulness of the whole apparatus. The 
simplest method of registration is to insert an integral discriminator after each 
spectrometer. The discriminators count the number of pulses whose heights exceed a 
certain level and by changing the discriminator setting one obtains some information 
about the coincidence relations. The apparatus has, however, a limited use since the 
coincidence rate is always too low to allow integral discriminators to be used with 
success. An improvement is effected by substituting a pulse-analyser with one or 
more channels, for one of the discriminators. This plan has been adopted in recent 
attempts to use scintillation spectrometers for coincidence work (10-11). Only fairly 
simple decay schemes can be investigated in this way and interpretation of experi- 
mental data may be rather difficult. 

The most satisfactory procedure is to select a certain energy-range from one of 
the spectrometers by means of a single-channel pulse-analyser, and to feed the 
coincident pulses from the second spectrometer into a multi-channel analyser. A 
certain gamma-ray can be separated more or less completely from the rest of the 
rays by means of the single-channel analyser. It is of course also possible to select 
a certain beta-component. The coincidence spectrum from the multi-channel anal- 
yser then shows which gamma-rays are coincident with the chosen radiation. The 
apparatus to be described below is designed according to these principles. 


Apparatus 


The measuring technique and the construction of the scintillation spectrometer 
have already been described by one of us (12). Fig. 1 shows the detector arrangement. 
The EMI 5359 photomultipliers are enclosed in a bakelite tube. The phosphors used 
in the spectrometer are crystals of thallium-activated sodium iodide, prepared by a 
modified Kyropoulus’ method. They are kept under paraffin oil and are not trans- 
ferred to their final position until measurements are about to begin. The emitted 
light is gathered onto the photo-cathodes by aluminium reflectors. Different reflec- 
tors are used for beta-gamma and for gamma-gamma measurements. 

Fig. 1 shows the arrangement employed in the beta-gamma work. The upper 
detector Serves aS a gamma-ray spectrometer. The crystal is a 10 mm cube and good 
optical contact between it and the photomultiplier is ensured by a spring which 
presses the crystal against the photo-cathode. The bottom of the reflector is thick 
enough to stop the beta-rays emitted by the source under investigation, the active 
material being placed on the top of the lower reflector. A thin crystal is used for 
measuring the beta-ray energies in the lower spectrometer. This crystal must be so 
thin that it counts only a negligible fraction of the incident gamma-rays. Of course 
gamma-counts cannot be completely avoided even with a thin crystal and as a result 
the beta-gamma coincidences always appear against a background of gamma-gamma 
coincidences. The magnitude of the background can be determined by placing an 
aluminium plate, thick enough to absorb the beta-rays, between the source and the 
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Fig. 1. The detector part of the coincidence spectrometer. The crystals and reflectors are ar- 
ranged for beta-gamma coincidence measurements. 


thin crystal. The beta-gamma coincidence spectra reported below have been cor- 
rected for gamma-gamma coincidences in this way. The lower crystal must on the 
other hand be sufficiently thick to absorb the beta-rays completely. The lower re- 
flector is especially designed for beta-ray measurements. The top of it is made of 
very thin aluminium foil (0.2 mg/cm?). The radioactive material is deposited on the 
upper side of the foil and is fixed in place with zapon. In this way the beta-ray 
source is kept very thin while at the same time the optical performance of the re- 
‘lector is not lowered. 

The arrangement of the crystals and the source is slightly different when gamma- 
yamma coincidences are being studied. The crystals are of equal dimensions (10 mm 
subes) and the reflectors are in the form of thin-walled aluminium cylinders. The 
wctive material is Inserted in a small aluminium container placed about half-way 
9etween the crystals. The container walls are thick enough to stop the beta-rays. 

A difficulty in coincidence work is that a large number of coincidences must be 
ybtained if the importance of statistical fluctuations is to be reduced. In this con- 
1ection the following quantities are of especial interest: the resolution of the coin- 
idence circuit, the source activity and the solid angles subtended by the crystals 
it the source. The importance of these factors may be estimated by a simple cal- 
ulation. The following notation is used: 
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I 


z resolving time of coincidence circuit 
N= number of disintegrations 

N.= number of genuine coincidences 
N= number of accidental coincidences 
w, = solid angle of upper crystal 

solid angle of lower crystal 


I 


The following equations are obtained: 
N,=N,'@u:@2°F, (1) 
N,N, =1+N,-F (2) 


The value of the functions F, and F depends on the decay scheme concerned, the 
absorption coefficients, the crystal size and the efficiency with which the analyser 
selects a certain ray; the expressions for F,, and F are complicated even in the case 
of very simple schemes. The possibilities of altering N, and N,/N, by changing F, 
and F are rather limited, because several factors other than the desirability of large 
N,, must be taken into account. The dependence of N, and N,/N, on the quantities 
just mentioned viz., resolution, source strength and crystal solid angles, is more 
important. To reduce the number of accidentals, for instance, the resolving time 
should be small. From equation (2) it follows that when the value of 7 is fixed the 
fraction N,/N, is determined by the absolute source strength, which cannot there- 
fore be increased beyond a certain limit. When N, has reached that limit, NV, ac- 
cording to equation (1) is determined by the product of the solid angles. This should 
then, it appears, be made as large as possible. 

Using large solid angles brings with it a new problem, however. Consider a certain 
gamma-spectrum containing two gamma-rays in cascade and a third one whose 
energy is roughly equal to the sum of the energies of the first two. There is a certain 
chance that the two rays which are emitted in cascade will be absorbed in the same 
crystal. The two quanta then add together and give a pulse-height distribution whose 
maximum is about the same as the maximum of the distribution produced by the 
third gamma-ray. This effect will be especially important when the solid angles are 
large and the intensity of the third gamma-ray is low. It may even be impossible 
to separate the third ray from the other two with a pulse analyser although the 
energies lie far apart. Similar difficulties may arise if a beta-ray and the gamma-ray 
which succeeds it are absorbed in the same crystal. For these reasons too large solid 
angles are inadvisable. When the effect might have been important in the work 
described here, the largest permissible angles were calculated. 

A further difficulty in scintillation-spectrometer coincidence work lies in the 
radiation scattered from the surroundings of the crystals. This radiation influences 
the measurements in several ways. A background of scattered radiation is obtained 
which blurs fine details in the pulse-height distribution, thus decreasing the resolu- 
tion. Separation of a given gamma-ray from the remainder of the rays then becomes 
difficult. The radiation scattered directly backwards from one crystal to the other 
is especially troublesome because of the unwanted coincidences it causes. Suppose, 
for example, that a quantum ejects an electron by Compton collision in the lower 
crystal and that the quantum is scattered directly backwards. Its energy is then about 
200 keV and it has a high probability of being absorbed in the upper crystal. It is 
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Fig. 2. Schematic diagram of the coincidence spectrometer. 


therefore evident that if the pulse-analyser channel is set on the upper part ofa 
Compton distribution a peak at 200 keV is obtained in the corresponding coincidence 
spectrum. False peaks are also obtained, for the same reason, if the channel is set 
at 200 keV. The effect can be diminished by placing a lead plate, in which there is 
a small hole for the source, between the crystals. Unfortunately such a plate increases 
the number of scattered photons. An instructive illustration of the effect of scat- 
tered radiation is shown in Fig. 8 A. The spectrum was obtained with the lead plate 
in position. A marked rise is observed in the pulse-height distribution at low energies. ” 
A lead plate was therefore used in only some of the cases where strong back-scat- 
tering was expected. 3 

The construction of the apparatus is shown diagrammatically in Fig. 2. Pulses 
from the photomultiplier in the lower spectrometer are coupled to a linear amplifier 
via a cathode-follower. The amplifier output pulses are analysed by a single-channel 
pulse-height analyser, which gives an output pulse for each input pulse whose height 
falls within a certain interval; the width and position of this interval can be varied. 
In this way a certain energy-range can be selected in the pulse-height distribution 
of the lower spectrometer. There is a delay of.1.5 usec between the input and the out- 
put pulses of the analyser. This comes about because the pulses from the amplifier 
are given a rectangular shape by the input circuit of the analyser, the width being 
1.5 usec, and the output pulses are generated when the rectangular ones begin to 
descend. The counting rate of the lower spectrometer is found in the usual way with 
a scaler and mechanical register. The pulse-height analyser may also be used as an 
integral discriminator, in which case all input pulses above a certain variable height 
are counted. 

The output of the upper multiplier is fed into a lumped-parameter delay line via a 
cathode follower. In this way the delay in the single-channel analyser is compensated 
for. The pulses then go to a linear amplifier. In this work the method used for studying 
the height-distribution of the coincidence pulses is facilitated by the use of rectangu- 
lar pulses, and the amplifier output, consisting of exponential pulses with a time- 
constant of about 2 usec, is therefore led to a pulse-stretcher (13). This consists of a 
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Fig. 3. Pulse distribution (""°Ag) photographed on the oscilloscope screen. 


delay line charged by a number of crystal diodes. It yields almost flat-topped output 
pulses 10 usec long. 

The pulses from the upper spectrometer are analysed by means of an oscilloscope 
which also serves as a coincidence unit. Pulses from the analyser of the lower spectro- 
meter trigger the oscilloscope sweep while pulses from the stretcher are fed to the 
vertical deflection plates. In these circumstances only coincidence pulses appear 
on the screen. Registration of their height distribution is effected by a photographic 
method. The first stage is photography of the screen. The picture suffers, however, 
from a general blackening caused by the zero-line. This line is relatively intense 
because every pulse from the lower analyser triggers the sweep and only rarely does 
a coincident pulse appear on the vertical plates. The zero-line effect is eliminated 
by employing a separate coincidence circuit. Pulses from the lower analyser are fed 
to one channel of this coincidence circuit. The pulses from the upper amplifier are 
coupled to a discriminator, the output pulses of which are led to the second channel. 
The use of this discriminator ensures a stable and variable triggering level in the 
coincidence circuit. The output pulses from the latter pass to a one-shot multi- 
vibrator which generates 20 usec rectangular pulses of negative polarity. They are 
fed to the cathode of the cathode-ray tube where they bring about a temporary 
increase in screen brightness. By means of the oscilloscope intensity control the grid 
bias is held at such a low level that only the coincidence pulses appear on the screen; 
thus the zero-line does not spoil the photographic record, 

These intensity-modulation pulses unfortunately alter the deflection sensitivity 
of the oscilloscope since they change the accelerating potential of the tube. When 
comparing two pulse-height distributions, one obtained with and the other without 
intensity modulation, this variation in deflection sensitivity must be taken into 
account. The correction factor, which is small (a few per cent), can be calculated 
from the height of the modulating pulses and the accelerating potential, both of 
which are known. It has also been determined experimentally. 

The screen is photographed with an ordinary studio camera employing a Zeiss 
Sonnar objective (1:1.5) as an additional lens. The exposure time is about one hour, 
giving several thousand coincidence pulses. When the camera stop has been properly 
adjusted a picture is obtained on the photographic plate such that the density at a 
given point is a measure of the number of pulses of the corresponding height. Fig. 3 


432 


ARKIV FOR FYSIK. Bd 5 nr 20 


| : ix? 


Line aitrened 


Fig. 4. Photometer trace of a photographic record of a pulse distribution (“°Ag). 


shows a positive of such a pulse-height distribution. The zero-line is determined 
by making a series of pictures of the vertically-undeflected spot in different horizontal 
positions. These points are shown in Fig. 3, where a line is drawn through them. 

On plates obtained by the above method the photo-peaks appear as dark lines, 
while the Compton distributions show up as broader bands. Further, it is possible to 
see directly how the shape of the coincidence spectrum changes as the position of 
she analyser channel is altered. More exact interpretation of the plates is possible 
f the density is measured with a microphotometer along a line at right angles to 
she zero-line. Since the tops of the stretched pulses and the zero-line are not ac- 
surately. parallel, the path of the photometer beam must be at the same distance 
rom the leading edge of the pulses on all plates. A typical photometer curve is shown 
in Fig. 4. 

In order to facilitate quantitative comparison the photometer tracings were con- 
verted into plots of the relative number of pulses against pulse-height. To effect this 
transformation the characteristic curve of the plates which must then be known, 
was obtained in a separate experiment. The spectra presented below have been 
ransformed in this way. 

This method of obtaining pulse-height distributions may give rise, of course, to 
light uncertainty, because of non-uniformity of the screen and of the photographic 
naterials and processing. However, the procedure is fully satisfactory for the present 
work in which accurate measurements of relative intensities are not necessary. The 
esults obtained in different exposures of the same spectrum are consistent, and 
spectra recorded by this method are in good agreement with those obtained with 
he electronic pulse-height analyser. 

In this connection one encounters the problem of what statistical errors must be 
issigned to the pulse-height distribution curves. Detailed investigation of the 
yxroblem shows that the errors depend, in a rather complicated way, on many factors, 
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The principal one is in the present apparatus the sharpness of the oscilloscope trace. 
With a thin trace the resolution is high but the statistical fluctuations are also ap- 
preciable and result in a slight stripiness of the spectra on the plates. A thicker trace 
lowers the resolution but the statistical fluctuations decrease at the same time. 
Since the resolution of the scintillation spectrometer itself is rather poor, the best 
compromise is to work with moderate resolution in the pulse-height determinations; 
the photometer curves are then fairly smooth. When the width of the oscilloscope 
trace has been measured, approximate values for the standard errors of the in- 
tensity curves can be calculated under certain simplifying assumptions. These errors 
are indicated in the coincidence spectra shown below. For comparison the corre- 
sponding ‘“‘total” spectra are also shown; these are recorded directly from the upper 
spectrometer when the coincidence arrangement is switched off. Since in this case 
a very large number of pulses is obtained at each exposure, the statistical errors 
are small and therefore have not been shown in the figures. 

As mentioned above, the problem of accidental coincidences is of the utmost 

importance in coincidence work. The number of accidentals can easily be found 
from the counting rates and from the resolving time of the coincidence arrangement. 
In the present work the matter is complicated by the use of two coincidence units 
at the same time viz., the oscilloscope on one hand and the intensity-modulation 
unit on the other. The faster unit determines the resolution of the combination and 
in this case, therefore, the intensity-modulation unit is the decisive one. Its resolving 
time (determined by the pulse width) is ca. 2usec. The number of accidentals could 
be decreased by raising the oscilloscope resolution. This could be accomplished by 
shortening the stretcher pulses. One could also improve the resolution by feeding the 
coincidence circuit with shorter input pulses. In both cases, however, the difficulty 
of keeping the apparatus stable might appear because the delay in the single-channel 
analyser is not quite constant and some irregularities also occur in the oscilloscope 
trigger circuit. A third possibility is to apply the amplifier output pulses directly 
to the coincidence circuit without passing them through the pulse analyser and dis- 
criminator. The considerably shorter pulses which could then be used in the coin- 
cidence circuit would result in increased resolution. The advantages of this ar- 
rangement would, however, be offset to some extent by the increased number of 
pulses arriving at the coincidence circuit from the lower spectrometer. Though it 
would thus be possible to improve the resolution somewhat, we preferred to ensure 
stable performance by sacrificing some of the resolution; that employed appears 
to be sufficient. In all the coincidence measurements reported below the number of 
accidentals was checked, and was found to be unimportant. 
Some investigations carried out with this coincidence spectrometer are described 
in the following. In recording a gamma-gamma coincidence spectrum the channel of 
the pulse-height analyser is set—on a photo-peak, for example—so that a certain 
gamma-energy is selected. In general it is not possible to separate the gamma-ray 
completely from the rest of the rays because the channel also records, for instance, 
the Compton distributions of higher-energy gamma-rays. The coincidence spectra 
obtained do not therefore represent pure cases. Because of the many possible com- 
binations or energies and intensities it is not possible to discuss this problem in a 
general way. It will therefore be treated separately in those cases in which it may be 
important. 

In investigating a decay scheme the different gamma-rays are selected one by 
one, if they can be resolved. If possible, beta-gamma coincidence spectra are also 
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recorded. In this case a certain beta-component is selected by the pulse analyser. It 
is often possible to isolate only the most energetic component. 

One records also a number of total spectra. These serve the purpose of calibrating 
the scintillation spectrometer and checking its stability. They also yield a “standard” 
spectrum with which the coincidence spectra are compared. In order to ensure that 
the experimental conditions under which both types of spectra are recorded are 
exactly the same, the total spectra are recorded while both spectrometers are in 
place. As mentioned above one then registers also a large amount of scattered radia- 
tion. The resolution of the total spectra presented here is therefore less than that 
which can be achieved with a scintillation spectrometer under more favourable 
conditions. 


Measurements on 131] 


Because of the wide use which has been found for 1*"J, its radiations have been 
the subject of many investigations (14-21). Gamma-rays have been reported at 
80, 163, 284, 364, 638, and 720 keV. A very weak gamma-ray has also been found 
at 177 keV (19). The main beta-component has an energy of 606 keV and there is a 
very weak component at 810 keV. The remaining beta-radiation has lower energy. 
The exact energy-value is of decisive importance in determining the decay scheme. 
Several different energy-values have been reported, ranging from 250 to 336 keV. 

Different decay schemes have been proposed by Metzger and Drutscu (15), 
by Kern, MitrcHett, and ZAFFARANO (18), and by Cork et al. (19). The last-men- 
tioned scheme is based on energy determinations only and does not at all agree with 
the known intensity relations of the rays concerned. It cannot therefore be correct. 
The two first-mentioned decay schemes are shown in Fig. 5A and 5B, respectively. 
The gamma-ray at 720 keV has been added to the scheme of MetzGER and DrutscH 
in the way suggested by Emery (22). It is inserted as a cross-over transition (fol- 
lowing a suggestion by ZeLpEs e¢ al. (20)) in the scheme put forward by Kern et al. 
The beta-ray at 810 keV is supposed to go to a metastable level in 131Xe, being fol- 
lowed by a gamma-ray at 163 keV (17). As this branch of the decay is of very low 
intensity, it will not be discussed in the coincidence work reported here and ac- 
cordingly has not been shown in Fig. 5. 

When one is about to decide which of these two decay schemes is correct, use of 
the energy-value of the lower beta-component alone cannot be considered to give 
reliable evidence. On account of the subtractions carried out in analysing the Fermi 
plot the position of the end-point is very uncertain, a fact which manifests itself 
in the great spread of the energy-values hitherto reported. 

It seems necessary, then, to examine the decay by means of the coincidence tech- 
nique. Some workers have performed such investigations during the last year. The 
agreement between the results is, however, rather poor. Bei, Cassrpy, and KELLEY 
(10) have measured gamma-gamma coincidences with two scintillation spectro- 
meters. They find the 80 and 638 keV gamma-rays to be coincident. From their 
beta-gamma coincidence measurements they conclude that the most energetic 
gamma-rays are coincident with a beta-component at 255 keV. Their results support 
the decay scheme of Kern et al. VerstER et al. (21) have measured the absorption 
of the beta-rays coincident with the internal conversion electrons of the 80 keV 
gamma-ray. From this experiment they conclude that the Mrrzcer and Deutscu 
scheme is correct. THULIN (25) on the other hand reports a certain coincidence effect 
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Fig. 5. Decay schemes of 1811 according to MerzGER and DrutscH (A) and KERN ef al. (B)3 
Energy values in keV. 


between the 80 keV gamma-ray and the 255 keV beta-component. His energy 
measurements show, however, that the 720 keV gamma-ray cannot be regarded as a 
cross-over transition, since the difference between the energy values of the 720 keV 
and the 638 keV gamma-rays is not exactly equal to 80 keV. Finally Krretxe et al. 
(9), using a magnetic spectrometer, have determined the energy distribution of the 
beta-rays coincident with selected gamma-rays. They were able to conclude that the 
low energy beta-component is in reality made up of two components. Their coin- 
cidence measurements support the decay scheme of Fig. 5 A. 

The radioactive iodine used in this investigation was supplied by Harwell. A 
minute part of the active material was enclosed in a small aluminium container, 
the walls of which stopped all beta-rays. The container was placed between the 
crystals in the coincidence spectrometer. 

Fig. 6 A shows the total gamma-spectrum of 181]. The arrows indicate the position 
of the photo-peaks of the different gamma-rays. The peak at 30 keV arises from the 
K X-rays emitted after internal conversion of the gamma-rays. As the most energetic 
gamma-rays have low intensity a single exposure will not give all details of the 
spectrum. The upper part of it was therefore obtained from a separate exposure. 

Fig. 6 B shows the coincidence spectrum when the pulse analyser channel is at 
80 keV. With the channel in this position one selects not only 80 keV gamma-rays 
but, owing to the continuous Compton distributions, the gamma-rays at 284 and 
364 keV also. It will be shown below that the 364 keV gamma-ray is not coincident 
with any other gamma-ray, so its presence in the channel of the. lower spectrometer 
is not harmful. The coincidence spectrum contains the photo-peak and the Compton 
distribution of the 284 keV gamma-ray. This ray must accordingly be coincident 
with that at 80 keV. In the spectrum one also obtains a peak at 80 keV; this is so 
because the channel also passes pulses corresponding to the Compton distribution of 
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ig 6. Coincidence measurements of 1°1I. Total spectrum (A) and coincidence spectra with the 
ulse analyser set to select the gamma-rays at 80 keV (B), 284 keV (C), 364 keV (D) and 638 
kev (E). 
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the 284 keV gamma-ray. At 30 keV there is a peak coming from the internal conver- 
sion of the 80 and 284 keV gamma-rays. Closer examination of the coincidence 
spectrum shows that it also contains the 364 keV gamma-ray but only at low in- 
tensity. This does not necessarily mean that the 80 keV and the 364 keV gamma- 
rays are coincident. The effect can be partly explained as being caused by accidental 
coincidences, but calculations show that such coincidences cannot be the only reason 
for its occurrence. In this connection it is necessary to consider the effect of the beta- 
ray bremsstrahlung. When the channel is at a value as low as 80 keV, a considerable 
part of the bremsstrahlung falls within it. A bremsstrahlung quantum is, of course, 
coincident with the gamma-quantum which is emitted after the beta-transition. 
Knowing the intensity and energy-distribution of the bremsstrahlung of some beta- 
ray emitters it has been possible to make a quantitative calculation’ of the number 
of coincidences caused in this way. These calculations show that this effect can 
account for the presence of the 364 keV gamma-ray. The bremsstrahlung coin- 
cidences occur only when the channel is set to select low energies, and are therefore 
unimportant in the other coincidence spectra reported here. 

The shape of the spectrum in Fig. 6 B allows one to draw some conclusions con- 
cerning the coincidence relations of the more energetic gamma-rays. In the spectrum 
there is no sign of pulses representing 638 or 720 keV. It seems fairly certain, there- 
fore, that these two gamma-rays are not coincident with the 80 keV ray. The dashed 
curves show the photo-peak magnitude expected if the 638 and 720 keV transitions 
lead to the 80 keV level. The curves were calculated from the known intensities and 
absorption coefficients. The intensities of the different gamma-rays were determined 
from spectra which were recorded partly by the method described here and partly 
by a conventional pulse analyser. The intensity values so obtained agree with those 
reported by other authors. However, since the photographic plate does not record 
very low intensities one can only conclude from the upper part of the spectrum of 
Fig. 6B that if there are coincidences their number must be less than 10 % of the 
number which would be obtained if every 638 keV gamma-ray were followed by an 
80 keV quantum. For the same reason no more than 50% of the gamma-ray at 
720 keV can be coincident with that at 80 keV. 

When the channel of the pulse analyser is at 284 keV it selects 364 keV gamma- 
rays in addition to the desired 284 keV radiation. The coincidence spectrum obtained 
in this case is shown in Fig. 6 C. It contains only one peak—at 80 ke V—and some 
radiation at 30 keV from the internally converted 80 keV ray. One infers that either 
the 284 or the 364 keV gamma-rays (or both) are coincident with the radiation at 
80 keV. To decide which is the case the pulse-analyser channel was moved to 395 keV. 
In this position the channel passes, for all practical purposes, only 364 keV gamma- 
rays; furthermore the counting rate is the same as when the channel is at 284 keV. 
From the coincidence spectrum obtained (Fig. 6 D) it is evident that the 364 keV 
gamma-ray is not coincident with any other gamma-ray. If that is so, it follows 
that the 80 and 284 keV gamma-rays must be coincident. 

Figure 6 E shows the coincidence spectrum obtained when the channel is set so 
as to accept 638 keV gamma-rays. The dashed curve is the photo peak which would 
be obtained if the 638 and 80 keV rays were coincident. The figure clearly shows 
that there are no coincidences between these two gamma-rays; this is in agreement 
with the spectrum of Fig. 6 B. 


1 We are indebted to Dr K. Liptn and Mr N. Srarretr for the data used in this calculation. 
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Summarising, these measurements allow one to conclude that the only coincident 
ee are those at 80 and 284 keV. This work thus supports the decay scheme 
in Fig. 5 A. 


Measurements on 124Sb 


The radioactivity of 60-day antimony, ascribed to 124Sb, has been the subject of 
many investigations. On account of the complexity of its radiations the earliest work 
was of limited value. The first accurate measurements were undertaken by KERN, 
ZAFFARANO, and MitcHELL (24) and by Cook and Lancer (25). The former workers 
reported beta-rays at 2.37, 1.62, 1.00, 0.65 and 0.48 MeV, and gamma-rays at 0.603, 
0.650, 0.714, 1.708 and 2.056 MeV. Cook and Lancer found the following energy- 
values: beta-components at 2.37, 1.50, 0.98, 0.68 and 0.50 MeV, and gamma-rays at 
0.121, 0.608, 0.654, 0.732, 1.708 and 2.04 MeV. A re-examination of the three most 
energetic beta-rays was carried out by Lancrr, Morrar and Price (26). On account 
of the large ft-value of the highest beta-component it may be suspected to represent 
a forbidden transition. The Fermi-plot of the spectrum appeared to be linear if the 
transition was assumed to be forbidden of the first order. This investigation changed 
the end-point not only of the most energetic component but also the end-points of 
the next two components, so that their new values were found to be 2.29, 1.69 and 
0.95 MeV, respectively. Also, the new energy-values 0.607, 0.653 and 0.730 MeV, 
respectively, were assigned to the three low-energy gamma-rays. 

Kern et al. put forward a tentative decay scheme, shown in Fig. 7. The measured 
energy-values fit the scheme to some extent. The authors themselves raise, how- 
ever, two objections against it. The gamma-ray at 2.06 MeV is supposed to originate 
in the 1.97 MeV level, though the difference between these two energy-values seems 
to exceed the limits of experimental error. Using the energy-values of Cook and 
LANGER, this difference is still there though not so markedly. The other objection 
concerns the 0.121 MeV gamma-ray, the position of which seems to be less satis- 
factory. Furthermore the new beta-ray energy-values reported by LANGER et al. 
are difficult to fit into the scheme. 

A fairly large number of investigations involving conventional coincidence 
technique, have been made to study the decay scheme (27-31). The coincidence rela- 
tions could be determined with some degree of certainty only in the case of the 
strongest rays. JURNEY and MITCHELL state in their report that “for an element 
with a decay scheme as complicated as that of 124Sb it is not possible to work out a 
Jetailed disintegration scheme on the basis of coincidence measurements alone.” 

Metallic antimony was irradiated for four weeks at Harwell. For gamma-gamma 
soincidence measurements a small part of the active sample was enclosed in an 
iluminium container, whose walls stopped all betas. For beta-gamma coincidence 
measurements part of the sample was converted into antimony pentoxide by boiling 
with concentrated nitric acid. The pentoxide was evenly distributed on the top of 
she lower reflector and fixed to it with zapon. 

Fig. 8 A shows the total spectrum of the 14Sb gamma-rays. The pulse-height 
listribution rises markedly at low energies, because there is a lead plate between the 
srystals. This plate was used in some of the coincidence measurements, as men- 
ioned before, to reduce back-scattering from the crystals. In order to register the 
otal and coincidence spectra under the same experimental conditions, the lead 
slate was left in position during the total spectrum observations. The photo-peak 
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Fig. 7. Decay scheme of 124Sb according to Kern et al. Energy values in MeV. 


of the 0.60 keV gamma-ray is pronounced as is the corresponding Compton distribu- 
tion which begins at about 0.4 MeV. The 0.60 MeV peak is not fully symmetrical. 
It shows an irregularity in the neighbourhood of 0.7 MeV which must be caused by 
the photo-peaks of the rays at 0.65 and 0.70 MeV. The Compton distribution of the 
0.60 MeV gamma-ray is also somewhat irregular at 0.4 MeV; this depends on the 
presence of the Compton distributions of the 0.65 and 0.70 MeV rays. The gamma-ray 
at 1.71 MeV gives a pronounced photo-peak and a Compton distribution beginning 
at 1.5 MeV. At about 1.1 MeV there is a bulge in the curve. It can be interpreted as 
a weak peak caused by pair production of the 2.06 MeV gamma-ray. The pairs pro- 
duced should have an energy of 1.04 MeV, which agrees well with the position of 
the peak. HorsraptTeR and McIntyre (32) have published a scintillation-spectro- 
meter pulse-height distribution which has a similar appearance at 1.1 MeV. 

The beta-gamma coincidence spectrum of Fig. 8 B was recorded in an attempt to 
find out whether the highest-energy beta-component goes to the ground state or 
to some higher level. The crystal used in the lower spectrometer was 3 mm thick, 
Calibration was carried out by means of known gamma-ray energies. The pulse 
analyser was set to accept pulses above 1.9 MeV, so that only the 2.37 MeV beta-ray 
is registered. The gamma-ray spectrum above 1.9 MeV contains only the 2.06 MeV 
photo-peak. Since this is of very low intensity the gamma-gamma coincidence back- 
ground will be small, although the crystal is relatively thick. There is, however, 
an effect that might influence the measurements. The crystals subtend a rather large 
solid angle at the source (see Fig. 1). There is then a certain chance that a beta-ray 
and a coincident gamma-quantum will be absorbed in the same crystal. For instance, 
according to the scheme of Fig. 7, a 0.65 MeV beta-particle and a 1.71 MeV gamma 
quantum may simultaneously give up their energies to the crystal. The maximum 
energy thus given off will be equal to the maximum energy of the selected 2.37 MeV 
beta-ray. Since according to Fig. 7, the 1.71 MeV gamma-ray is coincident with that 
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g. 8. Coincidence measurements of 124Sb. Total spectrum (A) and coincidence spectra with the 

Ise analyser set to select the 2.37 MeV beta-ray (B), and the gamma-rays at 0.60 MeV (C), and 
1.71 MeV (D). 
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at 0.60 MeV, the latter ray might show up in the coincidence spectrum because of 
the coincidences which arise in this way. However, as shown by numerical calcula- 
tion, several circumstances make the effect negligible. For example, the absorption 
of the gamma-rays is not very large in the thin crystal. Furthermore, the gamma- 
rays on absorption give a continuous spectrum with the result that the energy-sum 
mentioned but seldom extends beyond the 1.9 MeV level in the pulse analyser. 

In the beta-gamma coincidence spectrum there is an energy distribution ascribed 
to the 0.60 MeV gamma-ray. Knowing the counting rate in the pulse analyser, the 
geometry and the absorption coefficients, one can calculate the number of coincidence 
pulses to be expected if the beta-ray at 2.37 MeV and the gamma-ray at 0.60 MeV 
are coincident. The number thus calculated agrees, within the limits of error, with 
the experimental data. One may conclude that the most energetic beta-component 
leads to the 0.60 MeV level. 

Fig. 8 C shows the gamma-gamma coincidence spectrum when the analyser channel 
is set to select the 0.6 MeV peak. With that setting one cannot avoid the 1.71 MeV 
gamma-rays, but the rays at 0.65 and 0.73 MeV are excluded rather efficiently by 
putting the channel not exactly at 0.60 MeV but somewhat lower, in this case at 
0.53 MeV. The back-scattering produces a strong peak at 0.2 MeV. Furthermore, 
one can see the Compton distribution and the photo-peak of the 0.60 MeV radiation. 
The peak is now, however, located at a higher energy and has an irregular shape, 
which suggests the presence of a strong 0.65 or 0.73 MeV photo-peak (or both), 
The Compton distribution and the photo-peak of the ray at 1.71 MeV can also be 
seen. Around 1.1 MeV there is a peak in the curve located at the same place as 
in the total spectrum. This peak was explained above as caused by pair production 
of the 2.06 gamma-ray and that explanation still holds. The fact that the peak has 
increased relative to the corresponding Compton distribution may be explained by 
the following arguments. After a pair has been produced in the upper crystal two an- 
nihilation quanta are emitted. If they are absorbed by the lower crystal a coincidence 
pulse is obtained. The absorption of the annihilation radiation is larger than that 
of the 0.60 MeV ray. If the channel is placed at 0.53 MeV as is the case here, the frac- 
tion of the absorbed radiation which is accepted by the channel will be larger for 
the annihilation radiation than for the 0.60 MeV ray. Furthermore two quanta 
are emitted for each pair produced. All this increases the size of the peak in com- 
parison with its size in the total spectrum. In some other exposures the channel 
was set at 0.6 MeV and then the pair peak was smaller. The increased magnitude of 
the peak shows how easily secondary effects may give rise to trouble in coincidence 
work, 

This curve accordingly shows that the gamma-ray at 0.60 MeV and that at 1.71 
MeV are coincident. Furthermore, one or both of the gamma-rays around 0.7 MeV 
(0.65 and 0.73 MeV respectively) must be coincident with either the 0.60 MeV or 
the 1.71 MeV rays. 

With the channel set at 1.2 MeV one records the spectrum of Fig. 8 D, which is 
thus coincident with the 1.71 MeV gamma-ray. Besides the back-scattering peak at 
0.2 MeV the spectrum seems to include only the photo-peak and Compton distribu- 
tion of the 0.60 MeV ray. From the symmetrical shape of the photo-peak one may 
safely infer that the gamma-rays at about 0.7 MeV are missing. The conclusion is 
therefore that the 1.71 MeV ray is coincident with the 0.60 MeV ray only. 

Fig. 9B shows the coincidence spectrum obtained in an attempt to determine the 
coincidence relations of the gamma-ray at 2.06 MeV. As mentioned above its position 
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ig. 9. Upper parts of the total spectrum of 124Sb (A) and of coincidence spectrum with the pulse 
analyser set to accept pulses above 300 keV (B). 


1 the decay scheme of Fig. 7 is not quite satisfactory. It is conceivable that it leads 
) the 0.60 MeV level instead of going to the ground state. Because of its low inten- 
ty and the shape of the spectrum it is very difficult to separate it with the pulse- 
nalyser. Therefore the analyser was arranged so as to accept all pulses above 0.3 
leV. By examining the changes that may occur in the upper part of the coincidence 
yectrum one can decide whether or not the 2.06 MeV ray is coincident with any 
ther gamma-ray. In Fig. 9 the coincidence spectrum (B) is compared with the total 
yectrum (A). The exposures have been adjusted so as to give about the same blacken- 
ig to both plates and the spectra have been normalised to make the heights of the 
71 MeV Compton distributions equal. The photo-peak at 1.71 MeV in the total 
yectrum has such a shape that one must assume it to be superimposed on the 2.06 
leV Compton distribution, the edge of which is at 1.85. MeV. There is also a small 
ace of the photo-peak at 2.06 MeV. It is evident that the two spectra have roughly 
1e same shape. Owing to the superposition of the different peaks and the low intensity 
‘the most energetic gamma-ray it is not easy to draw any definite conclusion 
om this measurement. It seems difficult, however, to explain the shape of the 
yectrum otherwise than by assuming that the 2.06 MeV gamma-ray is coincident 
ith some other gamma-ray. The only possible one is that at 0.60 MeV. 
Summarising, one can state the following results about the coincidence relations 
'1248h: The gamma-ray at 0.60 MeV is coincident with the 1.71 MeV ray and prob- 
sly with the one at 2.06 MeV. The rays at 0.65 and 0.73 MeV cannot be separated 
it one or both of them are coincident with the 0.60 MeV gamma-ray. The beta- 
mmponent at 2.37 MeV leads to the 0.60 MeV level. 
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These results on the whole agree with the decay scheme of Fig. 7. The only dis- 
agreement is that the 2.06 MeV gamma-ray does not lead to the ground state but 
to the first excited level. This demands one more beta-component with an energy lower 
than those reported to date. Kern et al. (24) and Cook et al (25) point out that the 
possibility of a sixth component cannot be excluded. This component may be very 
weak and, consequently, difficult or impossible to detect. 


Measurements on 1/°Ag 


Irradiation of silver with neutrons induces a long-lived activity which decays 
with a half-life of 270 days. This has been acsribed to 11°Ag. Early investigations 
(33-36) showed the beta- and gamma-radiation to be complex and more recent 
experiments by SrEGBAHN (37) and by Cork et al. (38) have revealed the pres- 
ence of four beta-components and no less than eighteen gamma-rays. In spite o1 
the complexity of the radiation, it is possible to arrange the measured energies and 
intensities in a decay scheme into which they fit extremely well. Fig. 10 shows part 
of the scheme proposed by S1eGBAHN. Only the two strongest beta-components and 
the six strongest gamma-rays have been included. The remaining rays are omitted 
because their relative intensity is so small that they cannot be resolved with the 
scintillation spectrometer. The rays which are omitted will not be discussed furthei 
in the present paper. 

Conventional coincidence experiments have been performed by a number 0: 
workers (37, 39, 40). In complicated decays such as that of 1°Ag, however, suck 
measurements cannot give detailed information about the coincidence relations. 

Metallic silver was irradiated at Harwell for four weeks. For gamma-gamme 
coincidence measurements a small part of the active material was enclosed in ar 
aluminium container, the walls of which stopped the beta-rays. For beta-gammée 
coincidence measurements the active silver was transformed into silver nitrate 
A drop of the nitrate solution was evaporated on the top of the reflector describec 
above, and the active material was then covered with a thin zapon film. The thick 
ness of the source was about 0.5 mg/cm?. : 

Fig. 11 A shows the scintillation spectrum of the gamma rays from 14°Ag. At 20( 
keV there is a peak arising from the scattered radiation. The peak at 650 keV con 
sists mainly of the photo-peak produced by the 656 keV gamma-ray, but the ray a 
759 keV contributes to some extent also. The Compton peaks of the 885 and 935 ke\ 
gamma-rays also fall within the same energy range. The photo-peaks of the two latte: 
gamma-rays cannot be separated from each other on account of the low resolutior 
of the spectrometer. The pulse-height distribution above 1000 keV is made up o 
the photo peaks and Compton distributions of the 1389 and 1516 keV caer 
Unfortunately the 1389 keV photo-peak falls in the gap between the Compton edg 
and the photo-peak of the 1516 keV ray. Because of that the pulse-height distribution 
above 1000 keV is rather smooth, making energy determinations very difficult in 
in this part of the spectrum. On the whole it appears that the 1°Ag gamma-radiatio1 
is too complicated to allow of energy determinations with a scintillation spectro 
meter. In spite of this one can decide fairly satisfactorily which gamma rays ar 
in coincidence, by examining how the shape of the spectrum varies with the pulse 
analyser channel setting. 


Fig. 11 B shows a beta-gamma coincidence spectrum. The crystal of the lowd 
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Fig. 10. Decay scheme of *°Ag (a simplified form of that proposed by SrEGBAHN). 


pectrometer was very thin (0.2mm) in this case, and this made the gamma-gamma 
oincidence background small. In the beta-ray spectrum the energy range around 
'50 keV was selected by the pulse analyser, so that only the 530 keV component 
yassed the channel. The figure shows clearly that the two most energetic gamma-rays 
re not coincident with the 530 keV component. Furthermore it is evident that the 
weak at about 900 keV has grown compared with the one at 650 keV. The 900 keV 
yeak may consist of one or both of the gamma-rays at 885 and 935 keV. At about 
00 keV there is a distribution which must be regarded as the Compton distribution 
orresponding with the 900 keV peak. Because of the presence of this continuous 
istribution it is difficult to compare accurately the relative intensities of the rays 
t 650 keV and at 900 keV. Making a reasonable assumption about the shape of the 
fompton distribution and knowing the absorption coefficients one arrives at the 
alue 0.47 for the intensity ratio. This can be explained only by assuming that the 
00 keV peak contains the 885 and 935 keV gamma-rays in equal intensity and that 
he 530 keV beta component is followed by the gamma-rays at 650, 885 and 935 keV 
1 cascade. This agrees with the decay scheme of Fig. 10. 

With the channel set at 650 keV one obtains the gamma-gamma coincidence 
pectrum shown in Fig. 11 C. It is impossible, naturally, to isolate the 656 keV radia- 
ion completely but it can be estimated that about ?/; of the pulses in the channel 
rise from the 656 keV ray. At 200 keV there is a large peak caused by quanta 
sattered backwards. The Compton distribution at 400 keV and the peak at 650 keV 
ave on the other hand decreased, indicating that the 656 keV gamma-ray is sup- 
ressed. It does not disappear completely from the spectrum, however. This is so 
ecause the channel selects not only the 656 keV ray but also other gamma-rays 
hich may be coincident with the 656 keV ray. The highly irregular peak at 650 keV 
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1 Fig. 11 C must be assumed to consist of several components. The photo-peak of 
he 656 keV gamma-ray is still present, but with lower intensity than in the total 
pectrum. The 759 keV photo-peak, which does not appear in the total spectrum, 
1akes some contribution to the 650 keV peak and the Compton distributions of the 
amma-rays at 885 and 935 keV play a part also. A closer examination of the upper 
art of the spectrum shows that the relative intensities of the other gamma-rays 
re apparently unchanged. This means that none of them goes directly to the ground 
tate but rather to the level at 656 keV. This coincidence spectrum also agrees with 
ig. 10. 

If the pulse-analyser channel is moved to 880 keV it is, of course, not possible to 
sparate completely the 880 keV gamma-ray from the more energetic ones. A con- 
iderable amount of the 935 keV ray as well as some small fraction of the two most 
nergetic gamma-rays also pass into the channel. The coincidence spectrum obtained 
; seen in Fig. 11 D. It differs in several ways from the total spectrum. The peak at 
50 keV is more symmetrical in shape and the corresponding Compton distribution 
t 400 keV is lower. The explanation is probably that the 885 keV ray is suppressed 
1 the coincidence spectrum, so that the Compton distribution of this ray no longer 
uiluences the pulse-height distribution around 400-650 keV. When the 885 keV 
amma-ray has disappeared the 935 keV photo-peak can be distinguished more 
learly, as is seen from the figure. In the energy range above 1000 keV the shape of 
he spectrum is markedly changed. It does not reach energies as high as before, 
nd at about 1100 keV there is a pronounced peak. To explain this one may assume 
hat the 1516 keV gamma-ray is absent. The 1389 keV gamma-ray then shows up 
learly because the 1516 keV gamma-ray is no longer superimposed on it. The peak 
t 1100 keV is that of the 1389 keV Compton distribution. Its edge lies at about 
150, which agrees with the energy value of this radiation. On account of the low 
itensity there is no pronounced photo-peak. From this coincidence spectrum it is 
nus to be inferred that the 885 keV gamma-ray is coincident with the rays at 656, 
35 and 1389 keV but that it is on the other hand not coincident with the 1516 keV 
uy. These facts lend further support to the scheme of Fig. 10. 

The coincidence spectrum of Fig. 12 B was obtained by setting the pulse analyser 
) as to pass on all pulses corresponding with an energy larger than 1100 keV. It 
4us shows which gamma-rays are coincident with those at 1389 or 1516 keV. The 
eak at 200 keV is particularly pronounced in this case, because the pulse analyser 
n this instance in the form of an integral discriminator) is set at the upper edge of 
1e Compton distributions of the gamma-rays at 1389 and 1516 keV. One can also 
bserve the photo-peak and Compton distribution of the 656 keV gamma-ray. A 
ump in the curve can be seen at 750 keV. This is very probably due to the 759 
eV photo-peak. On account of its relatively low intensity it cannot be seen in the 
tal spectrum. The strong appearance of the 759 keV ray is caused by the fact that 
ith the discriminator setting used the ray at 1516 keV is selected in preference to 
iat at 1389 keV. At 900 keV there is also a peak. It is very difficult to decide in 
hat proportions the 885 and 935 keV radiations are present in it. Its form and 
osition, however, suggest that its main component is the 885 keV ray. Above 1100 
eV there is a small background. Since the 1389 and 1516 keV rays have already been 
1own to be coincident with the 656 keV ray, coincidences between the first two 
nnot be responsible for the background, for if they were, one would be forced to 
ssume that all three rays were in cascade. This, however, is impossible, because the 
1m of their energies is greater than the available disintegration energy. The back- 
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Fig. 12. Coincidence measurements of MAg. Total spectrum (A) and coincidence spectra with 
the pulse analyser set to select the gamma-rays at 1389 keV and 1516 keV (B) and 
1516 keV (C), 
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ground may instead be accounted for by the following arguments: There is a certain 
chance that both the 656 and the 885 keV gamma-rays enter the lower crystal. 
Since they are coincident they give a pulse distribution which is the sum of the simple 
distributions of the two coincident rays. As stated below the gamma-rays at 656, 
885 and 1389 keV are coincident. If thus the 656 keV and the 885 keV quanta enter 
the lower and the 1389 keV quantum the upper crystal, the 1389 keV quantum will 
be recorded as a coincidence pulse. In a similar way the 656 and 883 keV quanta may 
enter the upper crystal and the 1389 keV quantum the lower crystal. In this case 
the sum of the energies given off by the first two quanta is registered as a. coincidence 
pulse. Quantitative calculations of this effect based on the measured solid angles 
and on the absorption coefficients, give results agreeing with the experimental 
figures. This addition of coincident pulses occurs in all measurements, to an extent 
depending on the solid angles. It is, however, important only at certain settings 
of the pulse analyser. Calculations show that the effect is important in only a few cases. 

The result of the coincidence spectrum in Fig. 12 B is accordingly that the gamma- 
rays at 1389 keV and at 1516 keV, taken together, are in coincidence with the rays at 
656, 759 and 885 keV. Most probably they are not coincident with the 935 keV 
gamma-ray. 

If the pulse analyser is adjusted to pass on only pulses beyond 1400 keV the coin- 
cidence spectrum of the 1516 keV gamma-ray will be obtained (see Fig. 12 C). Owing 
to the small counting rate in the pulse analyser the number of coincidences becomes 
small and the statistical errors consequently large. At 700 keV there is a well marked 
peak, the position and broad shape of which suggest that it is composed of two 
peaks of about the same intensity due to the gamma-rays at 656 and 759 keV. 
The Compton distributions appear at 400 keV. This explanation seems'to be the only 
reasonable one. Besides this peak there is a faint high-energy pulse-distribution 
probably caused by the above-mentioned addition of two gamma-rays in cascade. 
From this spectrum one concludes that the 1516 keV ray is coincident with the rays 
at 656 keV and at 759 keV. This conclusion agrees with the decay scheme of Fig. 10. 

Summarising the decay of 11°Ag one may state the following: 

The beta-component at 530 keV is followed by the gamma-rays at 656, 885 and 
935 keV in cascade. 

The gamma-ray at 656 keV is coincident with all other gamma-rays. As regards 
the gamma-ray at 759 keV nothing can definitely be said on account of its low 
intensity. 

The gamma-ray at 885 keV is coincident with the 656, 935, and 1389 keV gamma- 
rays but is not coincident with the gamma-ray at 1516 keV. 

The gamma-rays at 1389 and 1516 keV are together in coincidence with the gamma- 
rays at 656, 885 and 759keV but are probably not coincident with the ray at 935 keV. 

The gamma-ray at 1516 keV is in coincidence with those at 756 and 656 keV. 

All of these results agree with the decay scheme of Fig. 10 (which is a simplified 
form of the one suggested by SreGBAHN). Conversely, one can arrive unambiguously 
at this scheme by using the coincidence results reported here, without accurate 
knowledge of the energy of the rays concerned. 


Discussion 


The measurements described in this work show that it is possible to investigate 
a decay scheme fairly satisfactorily by using two scintillation spectrometers 1n coin- 
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cidence. Circumstances are especially favourable when the number of beta- and 
gamma-rays is not too large and the energy values are well separated. Further, it is 
easiest to investigate low-energy gamma-rays since they give rise to strong photo- 
peaks in the pulse-height distribution and produce continuous Compton distributions 
only to a minor extent. When these conditions are satisfied (as is the case with 1°*I) 
the coincidence relations of a spectrum can be found with great certainty. On the 
other hand the measurements are much more difficult if the spectrum contains 
high-energy gamma-rays or if two or more gamma-rays of nearly equal energies 
are present, especially if the intensities of the latter are very different. The measure- 
ments described have shown that it may be possible to obtain positive results even 
in such cases. 

In a decay with many rays (for instance that of 1!°Ag) it is of course impossible 
to investigate the weak gamma-rays. If, however, the coincidence relations of the 
strongest rays have been determined, the problem is rather simplified. A number 
of levels of the daughter nucleus may be found, and the scheme is built up by 
inserting the weaker rays in the framework provided by the known levels. Most 
radioactive decays are, however, simpler than that of 14°Ag. In these cases the 
method described here offers the possibility of determining or checking the decay 
scheme. In such simple cases, of course; the certainty is very much greater. 

When one is examining a decay with one or more gamma-ray energies which are 
very close together one may have to determine the coincidence relations from changes 
in the shape of the peaks. It is then necessary to record a large number of coincidence 
pulses in order to prevent the statistical fluctuations from obscuring details of the 
spectrum. The number of coincidence pulses recorded in the measurements described 
seems to have'been sufficient. In some investigations it may, however, be necessary 
to have still more pulses. This can be accomplished in two ways. As mentioned above 
it should be possible to increase the resolution of the coincidence arrangement and 
so enable the use of higher counting rates. Further, the exposure time may be in- 
creased. In this work it has been about one hour, but it is possible to increase it to 
5-10 hours. This demands large stability of the apparatus, and, besides, makes the 
measurements rather time-consuming. 

On account of the high sensitivity of the scintillation spectrometer one can use 
rather weak sources in these coincidence measurements. In this work activities of 
about one wC were used. Another advantage of employing a coincidence spectro- 
meter of this type is the possibility it offers of investigating shortlived activities. The 
decay of the source need not be taken into account provided the number of coin- 
cidence pulses recorded is sufficiently large. 

As shown above, many secondary effects occur in coincidence measurements of 
this type. Therefore it is necessary to make sure that a recorded coincidence spectrum 
arises from a genuine coincidence effects. If the counting rates, the solid angles and 
the absorption coefficients are known, the number of pulses expected can be cal- 
culated and compared with the experimental value, this giving the necessary check. 
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Communicated 9 January 1952 by G. Boretius and H. ALFviN 


The paramagnetic susceptibility of AuFe alloys 


By Esse Kronevist 


With 3 figures in the text 


§ 1. Introduction 


The paramagnetism of the AuFe alloys has recently been investigated ex- 
perimentally by Kaurmann, Parr and Crark in a work also including the 
ferromagnetic properties of the alloys (1). The investigation was mainly limited 
to temperatures below room temperature, and the paramagnetic measurements 
were consequently confined to alloys with rather small concentrations of Fe, 
which remain paramagnetic at such temperatures. In the present investigation 
alloys with higher concentrations of Fe have been studied at high temperatures 
n order to complete the measurements mentioned above. 

In the AuFe system there is a gap of solubility, the maximum solubility 
of Fe at room temperature being about 2 at% and at 400°C 17 at% Fe. 
In this work measurements have been made on homogeneous alloys from the 
solubility limit up. to about 700°C. By quenching to room temperature, it 
nas also been possible to keep the supersaturated alloys homogeneous and to 
xxtend the paramagnetic measurements to such supersaturated alloys in an 
mterval from room temperature to about 100° C. 

In the following an account is given of the method of measuring and the 
preparation of the alloys, and thereupon the results and a discussion follow. 

The investigation has been made at the Physical Department of the Royal 
Institute of Technology, Stockholm, the Director of which, Professor G. BorEttus, 
1as followed the work with great interest and given valuable advice. 

The work has been subventioned by a grant from Statens Naturvetenskapliga 
orskningsrad. 


§ 2. Experimental arrangements and preparation of the samples 


The magnetic susceptibility was measured with the same apparatus as de- 
scribed by GusTAFSSON (2). 

Only the electric furnace in which the samples were heated to the desired 
temperatures, was changed in some details. Fig. 1 shows a cross section of 
the furnace placed between the water-cooled poles NS of the electro-magnet. 
The frame (A) was made of silver. Between the silver plates, heating wires 
of kanthal (B) were placed with the turns electrically insulated by cement of 
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Fig. 1. The electric furnace. The letters are explained in the text. 


alundum powder (C) and mica foils close to the silver plates. The silver frame 
was surrounded by thermally insulating plates of silocel (D), and then about 
twenty layers of aluminium foils (Z), between which glass wool was placed, 
were wound in order to improve the insulation further. The quartz tube (Ff) 
of the magnetic balance, into which the samples were placed before the 
measurements, went through a quadratic hole along the entire length of the 
furnace. The furnace measured 2285x250 mm and a temperature of 850° C 
could be attained. 

The temperature was measured by a Pt-PtRh thermocouple, placed in the 
quartz tube as shown in Fig. 2, with its hot junction only about 1 cm from 
the end of the sample. In order to reduce the magnetic force on the ther- 
mocouple wires in the homogeneous magnetic field, they were drawn out to 
a very small cross section. The emf of the thermocouple was measured by 
an accurately checked compensator. 

The furnace was intended to give as constant a temperature as possible 
along the whole length of the sample. For temperatures below 400° C, when 
water cooling of the poles was not necessary, no variation in the temperature 
was found along 15 cm in the middle of the furnace. When the poles were 
cooled, however, the temperature was less constant. Its distribution in this 
case is shown in Fig. 2. The temperature of the quartz tube varied several 
degrees along the specimen, but considering that the magnetic force chiefly 
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320 


Fig. 2. The temperature distribution in the furnace. 


riginated from a small part of that end of the specimen which was put into 
he magnetic field, the uncertainty in the temperature determination should 
lot exceed a couple of degrees. In order to reach such an accuracy it was 
lecessary to determine the temperature exactly at the point where the end 
f the specimen is situated, with a carefully calibrated thermocouple. 

_A series of alloys was made of very pure metals. The gold came from 
Adelmetall-Aktiebolaget, Malm6. The iron was bought through the medium of 
dr. Rosspaup in 1931, and iron of the same kind was used by StTrIerRstTapt, 
vho stated (3) that it contained less than 0.001 % impurities. Quantities of 
he metals were weighed to 0.1 mg, enclosed in evacuated quartz tubes and 
nelted together in a tube furnace which was heated to a temperature just 
\bove the melting points of the alloys. 

After that the components were well mixed by a second fusion in a high- 
requency furnace, and after checking their weights, the samples were rolled 
ut to a length of 1 or 2cm. After being homogenized at 800°C for about 
me day, they were quenched to room temperature. The alloys were then 
lrawn to small threads of circular cross section, from which samples of 10 cm 
enoth were cut. The composition and homogenity of the alloys were controlled 
yy resistance measurements along the entire length of the samples. The composi- 
ion was also chemically analyzed at the Institute of Metallography in Stockholm. 
"he AuFe alloys were very sensitive to oxidation and it was always necessary 
vyhen they were exposed to high temperatures, to enclose them in evacuated 
‘uartz tubes. 
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§ 3. Results 


The paramagnetic susceptibility has been measured from 300°C to 700° C. 
Moreover, measurements have been made from 20 °C to about 100° C on 
quenched alloys, which seem to be homogeneous although they are in a two- 
phase region. 

The experimental values of the paramagnetic atomic susceptibility of an 
alloy ys, less the diamagnetic atomic susceptibility of the Au component Yo, 
gives the value of the paramagnetism of the Fe component dissolved in the 
alloy zy. We have then 


Np hse? 
where 
to = %o (1 —«) 
where 7 = — 29-10°° for pure gold and « is the atomic fraction of Fe. 


3500 


200 


+ Kronqgvist 


100 


© Kaufmann ea. 


| Sk eS) Oe ee 
200 400 600 800 1000 1200 °K 
Fig. 3. The reciprocal of the paramagnetic atomic susceptibility multiplied by the atomic 


fraction of Fe. (The figures marked on the curves represent the corresponding Fe-concentra- 
tions in at %). 
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The results are given in a diagram (Fig. 3), which shows = as a function 
of the absolute temperature 7’. it 


a ork 6 
The ——T curves become rectilinear at high temperature, which means 


Pp 
that here Curie-Weiss’ law is valid. This may be written in the form 


aed AR 


(raed BC. 


where C is the Curie constant, from which the paramagnetic magneton number 
can be calculated, and @ is the paramagnetic Curie temperature. 

In Fig. 3 some of the results of Kaurmann, Parr and Crark (1), mentioned 
in the introduction, are inserted for comparison. At room-temperature the two 
series of measurements agree quite well; at high temperatures, however, the 
experimental points of Kaufmann e.a. are generally lower than the present 
measurements. 


§ 4. The atomic moments 


It is possible to calculate the atomic paramagnetic moment of the Fe atom, 
dissolved in the alloy, from the Curie constant C. We have 


ain Bel 
yas 


where P,; =the Bohr magneton number, é is the Boltzmann constant and N 
is the Avogadroan number. The most reliable values of the moments are 


obtained for the alloys with 10.8 and 14.3 at % Fe, the * _ 1 curves of which 


Dp 
are rectilinear in a fairly wide range of temperature. The magneton values 
for the other two alloys, with 19.3 and 22.3 at % Fe, are calculated with 


5 f : Kg 
somewhat less accuracy from the straight lines, asymptotic to the — curves at 


high temperatures. The P, values, thus determined, are inserted in Table 1 

and compared with values from KAUFMANN e.a. (1) and Suin. The best agreement 

is obtained with the P, values of the latter, which are calculated by Voer (4). 
Inserting the P, values in ‘‘the spin only formula” 


P2}=48(S +1) 


the total spin quantum number of the Fe atom, S, and the number of vacant 
3d electrons, f, = 2S, may be calculated. As a result of this investigation the 
value of /, is found to be 3.2, almost independent of the Fe concentration. 
KauFMANN e.a. (1) have also determined /, values from ferromagnetic meas- 
urements. Their results, interpolated to the same concentrations as the alloys 
in this investigation, have also been collected in Table 1. The concordance 
between the paramagnetic and ferromagnetic fy values is obviously bad except 
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Table 1 
nS — —————_—___) 
fo Pia 
Composition erromagn. 
at % Fe. Px ew iee measurements 
cree Te ape (KAUFMANN e.a (1)) 
This investigation 10:8 4.07 Bt 
14.3 4.09 3.2 1.9 
19.3 4.12 2.8 
22.3 4.14 3.0 
KAUFMANN e.a. (1) 2.7 4.09 
6.4 4.35 
16.2 4.39 
Sun (4) 11.4 4.03 
15.7 4.11 


for the alloy with 22.3 at % Fe. In this case the difference is small enough 
to be explained by second order effects such as the influence of remaining 
orbital momenta or small temperature variations of the atomic moment. Ac- 
cording to the results of KAUFMANN e. a. the ferromagnetic moment increases 
with the concentration from zero for somewhat more than 5 at % Fe to a 
maximum reached at about 25 at % Fe. The paramagnetic atomic moment, 
on the other hand is, as mentioned, approximately constant. In order to cor- 
relate the values of the ferromagnetic and paramagnetic atomic moments it is 
necessary to assume that in dilute alloys only a certain part of the Fe atoms, 
which increases with the concentration, is able to form ferromagnetic domains. 
Accepting this hypothesis, the paramagnetic and ferromagnetic results are con- 
sistent with the assumption of a single electronic configuration of the Fe atoms, 
the number of vacant 3d electrons in the Fe atom being about 3. 


REFERENCES. (1) Kaufmann, Parr and Clark, Rev. of Mod. Phys. 17, 91, 1945. — 
(2) Gustafsson, Ann. d. Physik 25, 545, 1936. — (3) Stierstadt, ZS. f. Physik 67, 725, 
1931. — (4) Vogt, Ann. d. Physik 18, 777, 1933. 
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On the emission of sound waves from an electron in a 


metal and the theory of superconductivity 


By O. KLEIN 


The purpose of the following calculations of the sound radiation from an 
lectron in a metal with energy above that at the Fermi surface is to estab- 
ch a simple criterion for the occurence or nonoccurence of superconductivity 
long the lines of the Fréhlich-Bardeen theory (1), the progress of which 
, impeded by mathematical difficulties. Like this theory the considerations 
1 question have as point of departure Londons wellknown remark that super- 
mnductivity would occur, if the electron states were only slightly disturbed 
y a magnetic field, or more generally, by external influencies. In terms of 
1e electron-phonon interaction theory this means that the stationary states 
f the electron-phonon system in the energetical. neighbourhood of the normal 
ate — they are of course mixtures of different combinations of undisturbed 
ectron and phonon states — would contain a comparatively small amount 
f excited electron states. 

In a temperature equilibrium below the transition temperature we should 
len expect only a correspondingly small part of the electrons to be in ex- 
ted states. At first sight this might appear paradoxical, however, since the 
yuilibrium between electrons and phonons is just analogous to that between 
ectrons and electromagnetic temperature radiation; and we should expect 
1e emission and absorption processes to keep the ordinary distribution of the 
ectrons among the excited states in statistical equilibrium with the sound 
aves distributed according to the Debye formula. Such a consideration would 
nly be valid, however, as long as the interaction between electrons and 
und waves is weak enough for the electron states to be well defined. If, on 
1e contrary, the emission probability of an excited electron were so large 
at the corresponding indeterminacy of its energy were larger than or of the 
une order of magnitude as the excitation energy itself, then we may expect 
iat in the corresponding stationary state of the whole system the electron 
ill spend a considerable part of its life in an unexcited state. Within the 
ergy range, where this is the case, excitation will then mainly touch the 
yund-waves, an excited electron losing its energy almost immediately, i.e. in 
time too short to fix its energy state. 

We shall thus expect superconductivity to occur when and only when the 
ergy indeterminacy Ae as calculated from the lifetime is larger than the 
‘citation energy ¢ for small excitations, while for higher excitations Ae gets 
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less and less significant in comparison with ¢«. And moreover, since at % 
temperature 7’ the main part of the excited states correspond to an excitatior 
energy of the order of magnitude x 7, where x is the Boltzmann constant, w 


: é 
shall expect the transition temperature to be of the order of magnitude — 


for that excitation for which Aé= e. 

These crude considerations based ‘on calculations, which are strictly valic 
only when the electron-phonon interaction is weak, cannot, of course, replac 
a more rigorous calculation of the stationary states of the electron-phono1 
system. On the other hand the direct connection of these considerations witl 
simple physical ideas is an advantage; and it would seem that their lack o 
precision would hardly invalidate the estimates in question. 

We shall now apply these considerations to the sound-wave emission of al 
electron according to some simplified models of the electron-soundwave inter 
action. Hereby we shall see that this emission has the same “‘bow wave’ 
character as that from a fastmoving projectile in the air or the Cerenkoy 
radiation from an electric particle moving faster than the phase velocity ©: 
light, the reason being that an electron above the Fermi surface has a velocity 
greater than that of sound. In fact, the degeneracy of the electron-phonor 
system, which is a main reason for the mathematical difficulties of the electron 
lattice vibration problem, corresponds directly to the wellknown conditioz 
governing the angular distribution of a ““bow-wave”’ in threedimensional space 
Since only the longitudinal waves will play any roéle for this interaction we 
shall limit ourselves to them, assuming that the displacement vector q is curl 
free, so that we may put 


q-Vi (1 
where q and y are functions of the coordinate vector r. Moreover, we put 
Q=divq= Ax, (2 


and take as Lagrangian for the soundwaves 


a] 2 
b- frol(sf-ee ; 


where o is the density of the metal, s the velocity of sound in it, ¢ the tim 
and dt an element of volume. Where nothing else is stated, volume integral: 
are to be carried out over a large parallelepiped of volume V containing ar 
integer number of elementary lattice cells, the functions considered being 
periodic with respect to this parallelepiped. 

From (3) we get 


§ftae~ ff araro (FP 240) 07, (4 


from which follows the wave equation for free soundwaves 
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Bea oie (5) 


= 0 (5 a) 
which (5) is an immediate consequence. From (1) and (5 a) follows also 
a2 
a =sVQ. (5 b) 


The energy density W of the waves is given by 


that 


us we get the energy equation 


OW 
Ot 


+ div S=0, (7) 
bh the oer current vector given by 
Oq 
Ea MES NG pee 
S as?Q ae (8) 


r a wave of given direction we have 


zn i(—**), (9) 


s 


ere f is an arbitrary function and k the direction unit vector of wave 
ypagation. It follows 


ES k-r Oq Sal = 
g=—*r( *) and Fae a t e ’ 
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and further 


so that 
S=oF0' k. (10 


In the following we shall be interested in the total radiation energy pass 
ing pro unit time through a spherical surface enclosing the sources of ver 
large radius r. Since at a large distance from the sources the part of th 
wave lying within an element dQ of solid angle may be regarded as a plan 
wave moving in the direction of the radius vector, we have according to (10 


ok 2 3 2 ()2 
FE ais [reae. (11 


Let now Les denote the Lagrangian belonging to the interaction betwee! 
the electron and the soundwaves. It is given by 


Les =e{ glydr, (12 


where g is that part of the electric potential (governing the motion of th 
electron) which depends upon the soundwaves, and e the elementary quantun 
of electricity, y being the wave function of the electron. The equation fo 
the soundwaves produced by the electron is then obtained by adding th 
variation of | Lesdt with respect to y to the expression (4) and putting th 
result equal to 0 in the usual way. In this way we get a relation of the forn 


1 2Q 
rare 


OR =—4x u(r, t), (13 


AQ 


where yw depends linearly on |p|. | 
The solution of (13) representing an outgoing wave will then be a 


agian : 


in sen] 


Q (r, i= 


and if the point r is distant from the sources we shall have 


_i / a rer , 
Qin = 7 fulrye—" + : Jar, (15 


where 
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being a unit vector in direction of r, the origin being placed inside or near 
the sources. 


According to Biocu an electron wave function of the unperturbed metal 
longing to a state k’ of energy Ep is given by 


einrient ah.) (17) 


ere the function ug’ (r) is periodic in the lattice and normalized with respect 
the volume V, fi being the Planck constant divided by 272. 
Let now Pe be the Einstein probability coefficient for the spontaneous 


ynsition from the state k’ to a state k’” of lower energy Hp” corresponding 
the emission of a phonon of momentum fik and energy isk, where 


k=k’—k’” and k=|k|. (18) 
en quantum radiation theory is known to determine At, in the following 
y. In (11) we have to substitute for @? the quantity 2|Qr re’ |?, where 
pz 1s obtained from (15) by replacing |»|? by yR pe’. In this way we get 

isk AR, = 208° {7 |Qe er Pda. (19) 


As we shall see below, the expression for @ will take the form 


Op! k" : taf 


i wp pr (t-*) : wee 
Qe’ e" (r, t) = © i [vee Up' UR" ma A *) an (20) 


ere 
Toow we” = Ey — Ep’, (21) 


d ype’ a function of r’ periodic in the lattice, which may also depend 
on r. Since the wavelength of the soundwaves in question will be very 
ge compared to the dimensions of an elementary cell of the lattice we may, 
was already done by Buiocn (2) in a similar case, replace yp' p” uR' UR” of 


£ Ip pe" 
» integrand by some where 
Ip pr" = ve Ri Up Up det. (22) 
us we obtain 
Op! Rl" » 
1 i t-Riae oe, : 
deer = [tent] fo! , ) ale (23) 
tting 
= Ok! k"’ r— k, (24) 
8 
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and remembering that e’*°" is periodic with respect to the volume V th 
space integral in (23) is immediately evaluated, and a simple consideratio 


shows that 
pf eer ae’ 


where 6(g) is a threedimensional Dirac 6-function of the vector g. Thus w 
get approximately for large V 


2 
-> 8298 (g), (2! 
Vo 


823 
7? |Qe'r’ |? = [Ire P y o(8)- (26 


Let now f(r) be an arbitrary function of the unit vector. Then we hay 
identically 


[iid Q= f[t(r)o(r|—1)dr (27 


where /{(r) is obtained from f(r) by replacing the components of r by th 
corresponding components of r. In this way we get 


3 ‘pe 
J Plewe Pag = FF [tea ta(2## rk) a(r|—1ar = 


3 Sea a 
Flags) eeralation)s a 


V \or' rR" k 
where Jp'p” means the result of replacing r in Ip p” by eek From (28 
and (19) we now get 
; 162? hs os° sk 
Ak, = ——|Ip pl? é 1): 29 
k V | Zee" | hk op pr (25 ( : 


If k is small compared to k’ we have from the general relation betwee! 
energy, momentum and velocity : 


hope = Ey — Epv = hv’-k, (30 
: 


where v’ is the velocity of the electron in the state k’. Thus the 6-function i 
(29) means that only such emission processes will take place for which 


= 0k, (31 


k being the unit vector in the direction of k. But this resonance relation i 
just the wellknown “‘bow wave” condition. 


Let us now first regard the type of interaction between electrons an 
lattice vibrations which according to the wellknown theory of Biocu (2) i 
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responsible for the ordinary temperature dependent electrical resistance of 
metals. It depends upon de assumption 


? (r) = %(r—q)— w (r) =—q:-VH=—Vi-VM:; (32) 


where Po(r) 1s the potential which governs the unperturbed motion of the 
electrons in question. From (12) we obtain then 


fLedi=—eff|pPVy-Vydrdi=eff div|yP2PVqdéxzdrdt, (33) 


so that 


e 
URE ga ae div (|p|? V %). (34) 
It follows that 
e 
rb = = ee dj or netk-f top’ pt 
Uk! k' (r,t) dao gt OY (ui UR’ V Go) eR kt, 


which after partial integration gives 


rorr 
| esew (we ae : Jar - 


5 5 Un r 
2€ WR' k" top: p’ (t-*) * Xs i(op RT —k) or i 
ae er eg . \ / U. 'U the dt 

4n083 (r Po) k' UR e€ ) 


from which follows 


und 
te WR’ k" 


T , Sa 
ca 4706 8° 


| (r-V Qo) UR! Up dT. (35) 


As shown by Buocu (2) the integral in (35) may be transformed by means of 
he Schrodinger equations satisfied by the functions uz and wp, where the 
otential qm, enters. In this way we get 


f eke one (7 gy: Adc = Sf (eV ub) FV uae) de — 


2 
— f (Be Ey h (k? wy) uly (r- V upr) dt, (36) 


2m 


vhere m is the mass of the electron. 
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Following Broce we ‘shall disregard the latter term, which vanishes for free 
electrons and is always small as long as the energy change 1s small. Since in 


Tp pt = k we are then only concerned with the integral 


= f FV ue) (FV tte) dz, (37) 
which as shown by Buiocu (2) is approximately constant and equal to the 
inverse square of the diameter of the atom, i.e. ~ 10% cm’. With this we 
now get 

¥ h? wp pk 
Fh a en ores 38 
ay 8amoas* (38) 


and thus by means of (29) 


; az h® C2 kae\ sk 
Wit eee = =1}4 39 
fn Aig i a Fi : ES k’ (39) 


We shall now calculate the sum > A, of the transition probabilities for a 
E 


given initial state k’, which is equal to the decay constant yr’ of the state 
in question. When V goes towards infinity we may in a wellknown way 
replace this summation by an integration with respect to & and obtain 


V ; hi? C2 s 8 
we ve AR = 
Vk | ges4t nde aaa! ts i)dn, 


where dt, denotes the volume element in k-space. Taking the direction of 
v’ as the polar axis and denoting the cosine of the angle between k and v’ 
by ¢ we get after integration with respect to the azimuthal angle! 


+1 
he 2 3 
Apr ore [vas [ ae *9( cme) amet 
<1 


l6amoas® v’ v'C 48amoasv’' 


1 
where *& in the last expression corresponds to the excitation energy e of the | 


state k’ above the Fermi surface, i.e. 
e=hsk. (40) 

Thus we get 
: at peek she Pat 4] ' 

YR 485m? ost v3 (41) 


A Mite . 
* It should be observed, that with the energy expression HR’ = 9 for free electrons, 
m 


the validity of this formula is not limited to the approximation (30), which implies the ne-— 
glect of recoil. : 
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7 


md, if we define the indeterminacy of the state k’ by Ae=h VR' 


“Ae, hC? 


€ 48 am?v' os! 


é, (42) 


: : u oe aenee ; 
Since according to this formula — increases with increasing ¢, we see that 
é 


he above criterion for the appearance of superconductivity cannot be fulfilled. 
Moreover, as is seen when reasonable values are assumed for the quantities 


As 
n the formula, = is small compared to unity for excitations of the order 


yf magnitude x7T,. Now, as the above calculations show, the dependence of 
Ae on é given in (42) follows from the assumption contained in formula (32) 
hat p(r) is a linear function of the displacement vector q at the same point. 
[This assumption is probably justified when, as in the ordinary electric con- 
luction problem, the main effect is due to scattering of the electrons by the 
eparate atoms of the lattice and not on small long range changes of the 
otential. 

Now it is certainly doubtful if changes of this kind could be of such magni- 
ude that they could play any réle in connection with superconductivity. On 
he other hand the electron-lattice vibration theory has such attractive and 
yromising aspects that it is tempting to try, at first only formally, if the 
xpected effects would occur on modified assumptions as to the interaction 
yotential g. As the simplest model I have thus tried the assumption that a 
mall part of the electron density remains stationary during the lattice vibra- 
ions. This would lead to an extra term in p produced by the change — @ divqg 
ff the average, positive excess density @ not balanced by the average electron 
lensity. Considering only this part of m we have then 


Agp=4nodivg=420 Ay. (43) 


n deriving the expression for mw in formula (13) we may therefore take 
\p = 470064, and obtain then from (12) 


ge pel i a 


os? 


= . 44 
Le Be w 2, ( ) 


vhere N is the number of atoms pro unit volume in the metal, « being a 
mall, positive fraction. In the same way as above we obtain the formula (20) 


ut now with 


a N e? 
Vk' k" SS yD ; : (45) 


os? 
nd from (22), since the integral will be very nearly the same as with k” =k’, 


TS age aeeinae (46) 
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And thus according to (29) we get 


, 1696 Aa es 8 ( sk 
koe ee Se 1}- 47 
Ay V o hk Oy pr \@k'R" (a 


From this follows in the same way as above 


4ac(a Ne)? (dk 
hin hov's k2 


: (48) 


‘ 


or from (40) and by means of 4e=fhyg and o = MN, where M is the mass 
of the atom 

48ahiN (de 
“M0 & 


Ae=o2 (49) 


As is seen, this formula diverges at ¢=0, giving thus rise to an infrared 
catastrophe, which certainly demands closer investigation. Without entering 
here on this problem, which is connected with the problem of the theoretical 
justification of the model we shall assume tentatively, however, that the main 
limitation of the emission of low energy phonons is due to radiation-damping, 
and provisionally we shall simply replace the denominator «? by é? + (4 «)?. 
In this way we get instead of (49) 


2 


ee ee ps 
Ae aa arctg =e (50) 
where 
Anh N\'2 
—- 2 % F 
ei ( an) (51) 


mee. Pe ‘ 
According to (49) ~ 38 now seen to decrease from infinity to zero when ¢ 
increases from zero to infinity, showing thus just the behaviour expected for 


a superconductive substance. For «= 4Vae we have Ae =e, so that accord- 
ing to the above considerations 


Vel, Sees (52) 


: { 
We see from (51) and (52) that the inverse proportionality with atomic 
mass follows in this way, since the other quantities entering in (51) would 
be practically unchanged from one isotope of the same element to another. 
Although in the absence of a theoretical foundation of the model we cannot 
know if there is a finite value of « in the important region of slow vibrations, | 
it could hardly depend on isotope mass. As to the values of « that would give | 


the correct order of magnitude of 7. it follows from (51) that # is of the | 
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rder of magnitude 104-10 erg, while the Boltzmann constant is ~ La 1or* 
rg/degree. We see therefore that « will be of the order of magnitude 0.001 
0.01. 


Stockholms hégskolas institut fér mekanik och matematisk fysik, Januari 
952. 
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Tons produced in the air at atmospheric pressure by 
ultra-violet light from a quartz-mercury are 


By Haratp NorinDeR and REINHARDS SIKSNA 


With 21 figures in the text. 
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1. Introduction 


It may seem that an investigation of ions produced in the air at atmospheric 
essure by ultra-violet light could not be of interest today. By this contribution 
the investigations of the effect we will show that this mind is not correct. 

It is known since long that ultra-violet light can make air more conductive for 
ctricity, or as we say today, ionize the air. By numerous investigations of the 
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lower pressure and in pure gases. And this may also be expected, for example, becaus 
of the composition of air (O,, No, CO, ete.). It could not be expected that result 
obtained for separate gases (O and N ) should be available also for the mixture of ( 
and N. Besides the properties of O and N the properties of the different compound: 
of O and N must also be considered, because these chemical by-products will b 


charge and during the discharge itself. It must be taken into account for example 
that during the initiating phase the electrical conditions in the gap and in its sur- 
roundings are such as are called glow or brush discharge. During this form of dis- 
charge ozone may be formed, and this may react with N of the air producing the dif- 


velocities because of their low mobilities. In the best case it will be accepted that 
the ions can produce a space charge which could deform the distribution of the 


reactions between O and N , and j 
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lecules of the components of air could be ionized, and ozone could be produced, 
1 from the latter oxides of nitrogen could be formed. 

By the mentioned considerations the importance of the investigation of the pro- 
ses of production and transformation of ions in the air at atmospheric pressure 
ms to be shown. Such investigations could be of importance also from another 
mt of view. Even if the observed phenomena might not be “pure’’, and if it might 
5 always be possible to give their explanation completely, the significance of the 
juaintance with the phenomena might be found by the statement that under 
en conditions (in the air, at atmospheric pressure etc.) the effect is such, and in 
ne cases this statement is perhaps more important than the finenesses of the “pure’’ 
cesses. 

Investigations of the processes of production, transformation and destruction of 
s in the air under atmospheric pressure under artificial conditions in the laboratory 
y be of importance also for clarification of the interaction between the ions of 
ferent kinds and the condensation nuclei in the free atmosphere. This problem is 
ently considered by GisH and SHERMAN [3], v. SCHWEIDLER [16], Isratx [7], 
LAN [11], who claim a revision of the present state. GisH and SHERMAN [3] sum- 
izing the different obtained values of the combination coefficients have come to 
> conclusion that “ a thorough test of the equilibrium relations for average condi- 
ns would require a considerably more elaborate programme of observations than 
s thus far been undertaken, but there seems to be no alternative way of making 
ther advance in this subject unless it be to investigate these relations under care- 
ly controlled conditions in the laboratory’. v. ScHWEIDLER [16] has indicated 
ut only the last alternative of the laboratory investigations may be accepted as a 
pmissing success. 

Such were the reasons why it was decided to attempt to investigate the processes 
ronization in the atmospheric ar in a closed room using artificial conzers. Objections 
ich may arise against such investigations may be the same as one has renounced 
‘lier from laboratory investigations of the related phenomena: (1) inconstancy of 
» effects under given conditions, and (2) impossibility to reproduce them, especially 
shey are a superposition of several events with smaller ability to control. Our ex- 
rience has shown that in general these objections are not of importance. It is 
ssible to arrange the measurements in such a way that the phenomena may be 
xoduced and pursued. A circumstance must yet be mentioned by which such 
restigations may be facilitated. Nowadays we know more exactly than earlier 
ne of the basic effects and by-processes which play a réle in the complete phe- 
mena. 

Investigations of similar subjects in recent years of other authors show that the 
ociated phenomena are of interest today. A short abstract on an investigation of the 
-content of air irradiated by ultra-violet light is given by Warr [19]. VAssaILs 
| has investigated the large ions produced by different ionizers in air under atmos- 
eric pressure irradiated first by ultra-violet light; a description of a technical 
plication of ions produced in air at atmospheric pressure is given by WuITE [20]. 
e general consideration of the present state of the investigations of ions in gases 
der atmospheric pressure given by WuiIrTE coincides in principle with those men- 
ned here, and such a statement must be accepted by everyone who will investigate 
wadays the ionization processes in gases under atmospheric pressure. 
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23 Experimental arrangement 


2.1. The room in which the ionization processes were tested 


The intention was to pursue the ionization processes in a larger closed room. Sine 
it was not possible to find one in the Institute building a wagon used at the movabl 
field stations for other purposes was chosen as the room in which the ions were pro 
duced and their transformations were tested. The volume of the used room was 16. 
m3. The wooden walls and the ceiling of the room were covered inside with rathe 
thick pasteboard and the floor with linoleum. All splits, also at the doors and th 
windows, were stopped up by strips of pasted paper. It seemed that in such a way 
it succeeded in building a room in which ions could not be introduced from outside 
although the outside air could come in through the pores of the walls and the pett 
splits, but by passing through them ions and condensation nuclei must be absorbed 
It is evident that an absolute tightness was not reached, but that was not necessary 
because in the trend of measurements air must be sucked out from the room, and ; 
renewal of the air takes place through the pores. 


2.2. The devices for measurements 


The intention was to measure the concentration of ions of different kinds in th 
room in which they were produced. For this purpose the measuring apparatuse 
used till now for the investigation of the ions in the free atmosphere at the Institut 
have been found to be best, because the measurements of the ions in the free atmos 
pheric air are one of the main subjects of the investigators of atmospheric electricity 
and it seems that the apparatuses and the methods elaborated by the atmospheri 
electricians have some advantages. The used apparatuses were two EBERT small-ion 
counters of discharging type and an IsRAEL counter of large ions. A description of th 
arrangement of the apparatuses used by us is given in our earlier publications 01 
our measurements of the ions in the free atmospheric air carried out at the Institut 
in recent years [13], [17]. At the present measurements the used IsRA&L ion-counte 
was not the same as earlier but a better model bought from Dr Israitn. : 

The apparatuses were placed in the hut used at the open air measurements. Th 
suction of the air into the ion-counters followed through a suction box which couk 
be closed from the outside air. This box was connected through three side-slide 
with the room from which ions could be aspirated. This suction box has been user 
in the summer of 1950 for investigation of the height variations of the ionic densit; 
in the open air. A detailed description of this arrangement will appear in a public 
tion on this subject. \ 

The observation hut with the apparatuses remained during the present measure 
ments at the same place as during the out-of-door measurements [17]. The wago. 
with the room for production of ions was placed beside the hut, and the three opening 
to the suction box in the hut were connected through c. 0.6 m long flexible mete 
tubes of 33 mm diameter with three openings in one of the side-walls of the wagon 
These connection tubes to the room, where ions were produced had been made tigh 
by wrapping with an isolation tape. By this arrangement it was possible to suck th 
air from the room in the wagon to the suction box and into the ion-counters in th 
observation hut. Mostly only one of the connection tubes was used. 
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3. The source of ultra-violet light — a quartz-mercury are 


As the source of ultra-violet light for ionization of the air in the test-room a quartz- 
reury arc of an ordinary type of the Belmag-Ziirich model K 100 E was used. The 
atrol of the switch of the arc could be carried out outside the test-room in a smaller 
9m in the wagon beside the test-room. 


4. Some auxiliary devices 


For maintenance of a definite temperature in the test-room an electric heater of 
1500 watts was placed in the room. The step-switch of the heater was arranged 
the side-room. By using a heater in the room where ions could be measured at- 
ition must be paid to the disturbances which may arise because of production of 
is from the heater itself, as shown in [13] and by a detailed investigation of ioniza- 
n processes in a closed room using various ionizers. The conditions under which 
> production of ions from the heater may be avoided are as follows: the temperature 
the heater must be below glowing, or the glowing elements must be covered thus 
venting a direct contact with the air. These conditions have been regarded using 
eater during the present investigation. For the trial of the temperature and humid- 
a thermometer and a recording hair-hygrometer were placed in the test-room. 
e observation of the instruments was possible to carry out from the small control 
ym through a glass window in the test-room. 


3. Measurements 


J. Arrangement of the measurements 


By the preliminary measurements it was shown that the number of ions measured 
sh the large-ion counter was high and variable by variation of the adjusted limit 
bility, when the test-room was irradiated by the ultra-violet light. The number of 
S measured with the Ebert counter was also comparatively high and varied with 
pect to the potential at which the inner electrode was charged. This statement was 
id for the ions of both signs, though the number of negative ions was higher. It 
med that the number of real small ions might be small, if in general present, and 
ions caught with the Ebert counter were not small ions, but larger ones caught 
sause of the property of the apparatus to count ions with lower mobilities when 
sh were present in greater amounts. Therefore in the following measurement series 
general attention was devoted to the large ions. 

mm order to obtain an insight into the rates of the distribution of the ions with 
pect to the mobilities the measurements were carried out at different adjusted 
it mobilities kx. Both condensers of the large-ion counter were connected in paral- 
for the air-flow. A positive potential was applied at one of the condensers and a 
yative potential at the other. The applied potential was usually c. 132 volts. The 
jation of the adjusted limit mobility followed by variation of the air-flow. Alto- 
her four limit mobilities were used 


(22.55, 5.1, 7.65, 10.2 x10 cm sec”: volt cm™ 


n some cases ions of only one polarity were measured, one of the condensers re- 
ined at the same potential of c. 132 volts, at the other a potential of c. 6.4 volts 
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of the same polarity was applied in order to catch ions with higher mobilities. B 
variation of the air-flow the adjusted limit mobilities were in this case 


kx—0.53, 1.06, 1.59, 2.12 x 10 cm sec: volt em™ 


3.2. General course of the number of caught ions 


Some of the results of the measurements of the number of caught ions are re 
presented in Fig. 1-6. On the right-hand side of the figures above the ordinal numbe 
of the series of measurements is shown in a circle, and in another circle the corre 
sponding designation of the kind of the represented curve is given, in this case th 
designation is n=the number of counted ions. In order to get an insight into th 
relations between the trend of the measured number of ions n, the calculated numbe 
of ions in the different regions of mobilities V, and the corresponding spectral distri 
bution function / the further corresponding figures are denoted by the same ordine 
in the first circle and by N and / in the second circle. The following general propertie 
of the obtained curves may be stated: 

(1) Before the mercury arc was switched on only a small amount of ions of dif 
ferent kinds were present. These numbers were not at all greater than 1000 em™?. 

(2) By switching on the ultra-violet light-source an increase of the number c 
ions of both polarities counted with the large-ion counter, and of the number c 
negative ions caught with the Ebert counter may be stated. 


(2.1) The increase of the negative large ions was more rapid than that of th 
positive ions. 

(2.2) The number of positive ions counted with the Ebert counter decrease 
below the normal value during the first few minutes after the switching in orde 
to increase after that similarly to that of the other ions. This is perhaps nc 
markedly indicated in the figures, because of the small scale, but this decreas 
is always present (Fig. 7). 


(3) The increase followed during a time period in order to reach a maximum. Fe 
the lowest adjusted mobility this period is of the order of 40-50 minutes, for th 
higher mobilities the maxima were reached earlier. 

(4) After reaching the maxima a decrease follows approaching a lower level afte 
c. 2 hours, which level is also much higher than without irradiation. 

(5) During the following time the values of the number of caught ions remai 
constant or increase somewhat. 

(6) After switching off the light-source the number of caught ions of all kiné 
decreases, that of negative ions more rapidly than that of positive ions. 


3.3. The trend of temperature and humidity during the measurement — 
series 


An advantage was obtained using the wagon as the room in which the ionizatic 
was produced. The measurements were carried out in winter; and thus it was possib 
to have comparatively low temperatures in the test-room. By the electric heater 
was possible to enhance the temperature. The quartz-mercury arc has enhanced tl 
temperature during the operation of 4-5 hours only a few degrees. The height | 
the temperature and its variations is denoted in the figures. With the present m: 
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Fig. 3. The number of caught ions at different adjusted limit mobilities. 


rial at hand it could not be possible to give a definite dependence on the mode of 
e variations of the number of measured ions with respect to the temperature, but, 
seems, that at a lower temperature the number of ions is higher, and the decrease 
ter reaching the maxima is slower at a higher temperature. 

Besides the temperature also the recorded relative humidity is denoted in the 
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Fig. 6. The number of caught ions at different adjusted limit mobilities. 


figures. It was comparatively constant with smaller variations about the value of 
c. 65%. Only during the measurement series at 


50% (Fig. 6). 


No correlations with respect to the relative humidity may be given. A mode of 
small but regular variations of the relative humidity may be stated in Fig. 3, 4 and 
5. A sharp decrease of the humidity followed after the light-source struck and re- 
mained constant during the irradiation. A similar sharp variation followed after 
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Fig. 7. The number of ions counted with the Ebert counter at the beginning of irradiation. 


switching off of the light-source, though the return to a constant value followed 
gradually. In other cases the decrease of the relative humidity might be brought 
mto connection with the elevation of the temperature of the air in the test-room, 
out in the mentioned cases this is not the fact, because the enhancement of the 
emperature of air caused by the mercury are may not follow so suddenly. Perhaps 
zone and the nitrous oxides produced by ultra-violet light may act on the hair of 
she hygrometer in another way. 


4. Distribution of the ions with respect to the mobilities 


As has been mentioned, already the preliminary measurements have shown that 
she great many of the ions produced by the light of the mercury arc must be sought 
n the region of heavier ions. Therefore the further measurements were carried out 
t four adjusted limit mobilities chosen in the region of Langevin large ions. Ref- 
ences concerning the arbitrary division of the ions with respect to the mobilities 
nay be found in [17]. The further intention was to calculate the distribution of the 
vumber of ions with respect to the mobilities using the measured values of the num- 
yers of the ions caught at the selected adjusted limit mobilities. 


|. 1. Characteristics 


It is well-known that, if we have series of the number of ions caught in the con- 
lenser of a counter at different adjusted limit mobilities, it is possible to set up the 
haracteristic by which the number of ions present at a definite mobility may. be 
letermined [17]. For this purpose we have drawn up straight-lines parallel to the 
rdinate axis in the figures representing the course of the numbers of ions caught 
+ the selected four limit mobilities and have determined the crossing points with the 
urves. Doing so we obtain the values of the number of caught ions at the adjusted 
mit mobilities at a definite point of time. This operation was carried out at the 
nds of different time intervals (after 10, 20, 30, 40 ... minutes). The obtained values 


: i} 
nay be drawn up on a diagram with respect to kx or ke’ Examples of some of these 


haracteristics are shown in Fig. 8 and 9. In general we have had only four points 
or the characteristics, only in some cases we have had four points more at the higher 
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mobilities. It is evident that in general this number of points of the characteristic 
is not sufficient for complete evaluation of the distribution of the number of ions 
with respect to the mobilities, but, because of the mode of distribution of the ions 
in our case and with some plausible assumptions, it is possible to obtain a general 
insight into the subject also using the points at our disposal. For the evaluation of 
the ions on the lower mobilities kx characteristics were used, for the higher mobilities 
the : characteristics have more advantages. 
* 

In principle no difficulties may be expected in the region between the adjusted 
mobilities, if drawing of a smoothed curve succeeded. Therefore more definite results 
may be expected in the region of Langevin ions. Drawing of the smoothed curve is 
facilitated by the regularity of the time variation of the measured numbers. Dif- 
ficulties arise at mobilities below the last used limit mobility. An eventual form of 
the curves at lower mobilities is shown in Fig. 8 with dashes. With the present ma- 
terial at hand it is not possible to determine exactly the trend of the number of 
ultra-large ions. Therefore an extrapolation was made continuing the tangent on the 
characteristic at the lower adjusted limit mobility to the crossing point with the axis 
of the number of caught ions. This point is assumed to be the value of the saturation 
of the number of ions caught by diminishing the adjusted limit mobility. This value 
is of importance for the determination of the total number of ultra-large ions. It 
seems, that with the mentioned simplification we have not introduced too great 
deviation from the true values, but, it is clear that for a more definite examination 
of the distribution of the number of ions in this region the lowest adjusted limi 
mobility must be taken lower. At higher mobilities the conditions are simpler in our 
case. The measurements with the Ebert counter and these with the higher adjusted 
limit mobilities at the large-ion counter, as mentioned above, have shown that 
occupation by ions of higher mobilities is low (Fig. 9). 


4.2. Considered mobility groups 


As has already been mentioned, the general region in which the present ions 
have been heaped up is the region of lower mobilities. Therefore the used adjusted 
limit mobilities have been chosen in the region of Langevin ions. For this region 
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between k=(2.5—10) x 10 cm sec: volt em™ we will further give the distribution 
functions, in this section only the total number of jons between the given mobilities 
will be considered. For the region of ultra-large ions with mobilities below k—2.5 x 
10+ cm sec: volt em“ only the total number of ions may be calculated. In a similar 
way the total number of ions may be calculated for the mobilities from 10 x 10-4 
em sec: volt cm™ to co. In two cases, when the higher kx has been used this group 
may be divided into two subgroups with limits between (10—53) x 10-4 cm secz!: 
volt cm™ and 53 x 10-* cm sec”: volt em— 00, 


4.3. The mode of calculation 


The calculation of the number of ions present in each of the mentioned groups has 
been carried out according to the definition 
Ky 


Nis = [ f(k)dk = NP —NS = fiaa—fpaar 


where N;:? is the corresponding number of ions in em? in the interval of the mobilities 

k, and ky, f{(k) the function of occupation or the function of spectral distribution of . 

the ions with respect to the mobilities [17]. 
As shown in [17] 


is dn 1-dn 
[idk =n + kere Beir (3) 
ky a= 

kx 


where is the number of ions caught in the counter using the adjusted limit mo- 
bility kx. The last expressions have been calculated in part graphically, in part 
numerically from the characteristics, mostly kx characteristics. 


4.4. Trend of the different groups 


The trend of the calculated number of ions included in the quoted groups of 
mobilities is shown in Fig. 10, 11, 12, 13, 14 and 15. The groups are denoted as fol- 
lows: 

Region of mobilities 


BE stenelion in em sect: V em 1 

0° 0—2.5 x 104 

2.6 2.5—10 x 10-¢ 

{0 10—co x 10-* 

10 NOI SALES alee 

53 53—oo x 10+ 
‘The curves of positive ions are denoted with full lines (~——), and the curves of 
negative ions with dashes (— — —) 


In Fig. 10 and 11 it is shown that the fraction of ions with mobilities higher than 
53 x 10-4 are of smaller importance in the general composition of the present ions. 
With the material at our disposal it is not possible to state the portion of real small 
ions in this group, but, if such might be present, their number must be comparatively 
small. The shape of the trend shows an increase after the light-source have been 
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Fig. 12. Distribution of the ions in several groups of mobility, 
negative ions. 


positive ions, — — — — 


: 
switched on, during the first c. 10-20 minutes of the irradiation a maximum is 
reached in order to show a decrease after that in the next 20-40 minutes to a lower 
value. The anticipation that the number of small ions must be small, if present at all, — 
may be confirmed by some additional facts. In the discussion we will show that. 
production of positive small ions could not be expected at all. The course of the 
number of ions counted with the Ebert counter has shown a dependence on the num- 
ber of counted ions with respect to the applied potential, which fact may be con- 
sidered as an indication that the counted ions are of mobilities below those of small 
ions. By this the group of ions with mobilities above 53 x 10-4 must be regarded as 
composed of intermediate ions. Only a part of the negative ions might be real small 


482 


ARKIV FOR FYSIK. Bd 5 nr 23 


Nfem? (c} 25| | 

20000 ue @® 
i} 

15000 he \ 

Dive! ~O ‘| 
10000 S t a= 
s o ~— 
50001 Nio —_ - i Se ae 


Nem? eran? | 
20000 — tg — t= No | 
E i a ¢ === ey 
F x loaiteseeeee 
15000}?! et vk 
f 10 N 
a 8 Nas | “i 
I 
10000 rh es é ty N 
Aes te ee — at aos isa 
rho ae ae? ta 
) ve 1, so 
SI asa Sr ea A) I |W ? f S955 
0) 60 120 180 240 0 60 min 


Fig. 13. Distribution of the ions in several groups of mobility, 
: negative ions. 
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Fig. 14. Distribution of the ions in several groups of mobility, ———— positive ions, — — — — 
negative ions. 


ions, and in fact the number of negative ions with mobilities above 10 x 10 is in 
yeneral greater than that of the positive ions. 

In further figures the ions above 10 x 10 (region of intermediate and small ions) 
are not divided. In general the shape of the curves is the same as in the two first 
figures. 

The next group N24 —the Langevin ions — seems to be best defined. The shape 
of the course during irradiation is similar to those of the previous groups with an 
nerease from the beginning, a maximum after c. 40 min. for positive ions and after 
3. 50 min. for negative ions, and a slow increase after that. The decrease after reaching 
maximum is slower in the case of negative Langevin ions. The group of ultra-large 
ons N2° is of a similar feature, only the maximum is reached after 60-100 minutes, 
und the decrease after that is slower and its duration is longer. The slow increase in 
she following time may be stated only in one case (Fig. 10). 

After switching off the light-source a general decrease of the number of ions of all 
yroups may be stated. This decrease is more rapid for the ions with higher mobility. 
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Fig. 16, 17. Variations of the function of spectral distribution of present Langevin large-ions. 
positive ions, ——-— W— negative ions. 


As a matter of fact a slower decrease of the Langevin ions after the first 20 min. 
following the switching off of the light might be considered. Almost in all the figures 
the first point after switching off is higher than might be expected from the further 
trend of the curves. ; 

Summarizing the results of the examination of the trends of the different groups 
the following conclusions may be drawn: 

Ions with higher mobilities predominate from the beginning of irradiation, this 
prevalence moves to ions with lower mobilities during the irradiation. The pre- 
domination of larger ions (especially of ultra-large) remains also during the increase 
after the irradiating source has been switched off. 
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fig. 18, 19. Variations of the function of spectral distribution of present Langevin large-ions. 
positive ions, —-——- — — negative ions. 


5. Mobility spectra of the present Langevin large ions 


Having at our disposal the measured number of ions caught at four adjusted limit 
nobilities in the region of Langevin ions an attempt to calculate the spectral com- 
0sIition of the ions in this region of mobilities was carried out. The mode of calcula- 
ion was the same as used earlier for investigation of the ionic spectra for the free 
itmosphere and described in detail in [17]. The assumption was made that the 
listribution of ions with respect to the mobilities is continuous. The obtained spectra 
ire shown in Fig. 16, 17, 18, 19, 20 and 21. Some of the spectra from the beginning 
yf the irradiation have been omitted because of the uncertainty by interpolation of 
he points for the characteristic on the beginning of the curves. 

By examination of the shown spectra it may be stated that 


(1) In the region of mobilities of Langevin ions only a wing of the distribution 
and is present, which band must be continued in the region of ultra-large ions. 

(2) Besides the main band in the region of ultra-large ions and in a part of the 
egion of Langevin large ions with lower mobilities a separate lower band comes in 
rom the side of intermediate ions during the irradiation. This separation of the 
econd band is shown more markedly for positive ions (Fig. 17, 18, 19). 

(3) The spectral distribution function is of a different shape for negative and posi- 
ive ions, which fact might be considered as an indication that the processes of pro- 
luction and transformation of the ions of different polarities are not the same. 

(4) A moving of the bands to lower mobilities follows during irradiation and in 
smaller scale after irradiation takes place. 

(5) At the beginning of irradiation the ions are distributed more evenly over the 
nobilities in a wider band. 
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Fig. 20, 21. Variations of the function of spectral distribution of present Langevin large-ions. 
—— positive ions, —-—-— — negative ions. 


(6) A separation of a band of lower mobilities and the appearance of a band of 
higher mobilities follows during irradiation. 

(7) At the end of irradiation, when it lasts for several hours a more even distribu- 
tion is shown. 

(8) After switching off the light-source a new separation of bands appears, a 
movement of the bands to lower mobilities follows and at the end a more even 
distribution may be seen. 

(9) As indicated in figures of the trend of the measured numbers of ions the 
temperature and the humidity conditions during the measurement series shown in 
Fig. 2, 3, 4 and 5 are comparatively similar to one another, and the spectra given in 
Fig. 16, 17, 18 and 19 show also similarity. : 

(10) More different shapes of the spectra are shown in Fig. 20 and 21. The measure- 
ments from which the first spectra (Fig. 20) were obtained have been carried out at 
a higher temperature and at a lower humidity, and therefore by this the influence 
of the temperature and of the humidity on the feature of the distribution of ions 
with respect to the mobilities is perhaps shown. 

In a smaller degree the same is valid for the spectra shown in Fig. 21. : 


6. Discussion 


That a real ionization of the molecules of the main constituents of air (O, No. 
CO,) may be done by absorption of a light-quanta only by the Schumann ultra-violet 
(A=1250-1450 A, transmitted through selected pieces of fluorite, but not through 
quartz) was shown nearly simultaneously by Hueues [5] (by ultra-violet light ob- 
tained from a discharge in hydrogen, and passed through a fluorite window) and by 
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ENARD and RamsavER [9] (by ultra-violet light from an intense condensed Al- 
park also passed through a fluorite window). 

It must be noted here, that a want of clearness exists yet about the ionization of 
ir molecules by ultra-violet light limited with fluorite beyond 1250 A, because the 
ave-lengths corresponding to the ionization potentials of O., N,, CO, are 990, 760, 
60 A [6], [4]. 

The ultra-violet radiation used by us is obviously limited by c. 2200 A, and there- 
re a production of small ions by direct ionization of the molecules of the constituents 
f air could not be expected. 


. 1. Photo-effect of the surfaces of the walls and of other solid bodies in 
the test-room and production of negative ions 


By a surface photo-effect of the walls and of other solid bodies in the test-room, 
‘hen illuminated, photo-electrons may be lost. If the lost electrons associate to 
1olecules or condensation nuclei negative small, intermediate and large ions may be 
med. But the number of condensation nuclei present might not be great at the 
eginning of the irradiation, because the number of measured large and intermediate 
ms before illumination is low and the ratio between the total number of nuclei and 
1e uncharged nuclei in the air of the room may be maximally 3, as shown for example 
y Noxan [11]. And the ions with a lower mobility (large and intermediate) have 
een measured in prevailing quantity during irradiation. Therefore we must seek 
nother source of nuclei which could be charged negatively by the electrons emitted 
om the solid bodies in the test-room. 


.2. Formation of nuclei by ultra-violet light 


That ultra-violet radiation contributes to the formation of nuclei has been shown 
y many authors [8], [9]. 

AMELUNG and LaNnpsBERG [1] showed in quantitative measurements that in the 
irroundings of a mercury-quartz-lamp used for medical irradiation the number of 
uclei was enormously greater than in the uninfluenced air. 

Compounds of nitrogen are important among the nuclei formed by ultra-violet 
ght [8]. Ozone seems to play a significant réle in the formation of oxides of nitrogen. 
Vhile it has been proposed to regard O, itself as forming active centres for condensa- 
on (references [8]), it was shown by Prineat [14] that ozone forms nitrous gases 
om the air, which act as nuclei. 

Thus nuclei could be formed in the air of the test-room, when irradiated by ultra- 
iolet light, and their associating with electrons emitted from the solid bodies in 
1e test-room may form negative intermediate and large ions. 


.3. Formation of positive intermediate and large ions 


The formation of positive intermediate and large ions may be explained by direct 
hoto-electrical effect of the liquid condensation nuclei, when they lose photo- 
ectrons under the influence of the ultra-violet light. 
Lenarp and RamsaveEr ([9] III p. 21) notice that by their experiments in air and 
O, it has been shown that the rate of formation of carriers by light gets stronger 
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than the intensity of light. The meaning of the authors was that light forms in gases 
a product which favours the phenomenon. It was supposed that nuclei established 
in the gas play the réle of this product, and indeed not by their own photo-effect. 
but by a conserving action to the electrical carriers, for, if the photo-electric effect 
of the nuclei themselves might be of an essential importance, the number of positive 
larger ions must be considerably greater than the number of positive small ions. 
which fact has not been present during the experiments of LENARD and RAMSAUER. 

In our case the number of positive large and intermediate ions is much greater 
than that of small ions, if the last ones in general are present, and therefore we must 
assume that the positive ions, established by our measurements, must be formed by 
the photo-effect of the nuclei already present. 


6.4. Formation of negative ions by electrons lost from nuclei 


The electrons lost by the photo-effect of the nuclei may contribute to the process 
of formation of negative ions, and in such a way negative ions may be formed by the 
electrons emitted from the walls and other solid bodies in the test-room and also 
by the electrons emitted from the nuclei by their own photo-effect. Therefore the 
total number of negative ions formed in a room by irradiation with ultra-violet light 
must be greater than the total number of positive ions, and this fact is stated by our 
experiments. ‘ 

Lenarp and RamsavEr ([9] II p. 19) consider the total number of positive ions 
as a quantity by which the action of the light direct on the gas is given, and the excess 
of negative ions as the quantity by which the action on the walls and other solid 
bodies in the test-room is determined. 

An indication that such an interpretation may be accepted, could be found by our 
measurements shown in Fig. 2 and 4. The conditions during these measurements 
have been nearly similar, the curves of the trend of distribution of the ions in the 
groups of mobilities (Fig. 12 and 13) and the spectra (Fig. 18 and 19) show also 
similarities, but some differences may also be stated and these may be caused by 
another arrangement of the light-source in the test-room. The measurements shown 
in Fig. 6 are carried out in the same arrangement as those shown in Fig. 5. 


6.5. Small ions 


The electrons lost from the nuclei and walls and other solid bodies in the test- 
room may associate not only with the uncharged nuclei, producing in such a way 
negative intermediate and large ions, but they may also form small ions by building 
clusters of molecules of the gases present. Thus negative small ions might be produced 
by irradiation with ultra-violet light. 

A corresponding event for production of positive small ions could not be given, 
if the air was irradiated by the ultra-violet light, which cannot directly ionize the 
molecules. Therefore presence of positive small ions could not be expected in our 
case. 

A certain fact may be mentioned here. Immediately after switching on the light- 
source the number of negative ions measured with the Ebert counter increases 
instantly, but the number of positive ions measured with the same counter decreases 
from the beginning somewhat below the level before irradiation to increase only 
after a time (Fig. 7). The following explanation of this event may be given. Without 
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radiation and during the first time after switching on the light-source small ions 
id a part of intermediate ions are measured with the Ebert counter. After switching 
1 the light electrons are produced by photo-effect of the solid bodies in the test- 
om, and by clustering with air molecules small negative ions will be formed. 
ositive small ions will not be produced and because of the enhanced number of 
sgative ions present recombination will also be enhanced and the number of meas- 
red positive ions will decrease. Later, because of the enhanced number of inter- 
diate and large ions produced a part of those will also be measured with the 
bert counter. For a more definite investigation of the question about small ions a 
unter must be applied without the properties of the Ebert counter by which also 
termediate and perhaps large ions will be caught, if present in greater quantitics. 


.6. Some considerations on the chemical side of the phenomenon 


It seems, that by the given discussion of the subject the importance of the chemical 
rocesses in the production of nuclei by ultra-violet light is shown. Unfortunately 
ur knowledge of the chemical side of the phenomenon is poor. 

We have no definite information even about the nitrous oxides which could be 
med by ozone and which may play a role in forming the nuclei. May it be so that 
20 is also of importance here, because of its marked affinity to water especially at 
wer temperature? The suggestion to consider N,O as a substance of importance 
r production of nuclei arose during our measurements. Air aspirated through the 
pparatuses streamed into the observation hut, and we have had a more or less 
xalted state of feeling during the measurements. May it be in connection with 
mixture of N,O to the aspirated air? Davy describing his experiments with N,O 
uid that “he danced about the laboratory as a madman” after breathing the gas. 
lay it be possible to connect these observations with the general state of feeling 
hich could be found in a room with ozonized air? 

As known, Lenarp and RaAmsaveEr [9] have found that nuclei have not been 
resent in air and CO,, when irradiated by ultra-violet light, if the gases have been 
urified by cooling below —78° C. They have also shown the important role of 
mixture of water vapour and NH, even in very small quantities by formation of 
uclei, when air is irradiated by ultra-violet ight. LaEnarp and RAMSAUER supposed 
vat NH; reacts with nitrous oxides formed by ozone and nitrogen of air, and am- 
onia nitrite and nitrate play later the réle of nuclei. Also H,O, is mentioned as a 
ibstance forming nuclei. The presence of NH; in the air may be expected in our 
use. Ammoniac is spread everywhere, especially in rooms, where dead organic 
ibstances are present [10]. In our case the ceiling and walls of the test-room were 
uilt with such a dead organic substance, the pasteboard. 

An effect of formation of nuclei similar to those of air is observed also in CO, [9], 
8]. A question arises, if ozone may be formed also from CO,, or if another photo- 
1emical reaction takes place here. ; . 

By the mentioned chemical processes, which must be considered, if we will obtain 
detailed insight into the processes of formation of nuclei by ultra-violet irradiation, 
1e problems are shown, which must be solved, if we shall have a complete survey 
the phenomenon. 
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6.7. On the trend of variations 


Because of our ignorance of the mentioned subjects we must desist from an at- 
tempt to explain the variations of the number of ions present and their spectra during 
irradiation and after it. The causes of these variations may be the following: — during 
illumination — (1) variation of the radiation of the light-source, (2) variation of 
absorption of radiation in air because of change of its composition, — during all the 
processes — (3) variation of the chemical composition of air. As shown, the change 
of the chemical properties of the substances produced in air during illumination 
must be of great importance. 

Besides the mentioned causes of variations, change of the size of ions and nuclei 
present and their recombination and combination processes must also be considered. 

Respecting the difference of the number of caught positive and negative ions, of 
their trend, of the mechanism of their formation, of their spectra and of the trend 
of the spectra we can set up a question, if the nature of the primary nuclei for both 
the different ions might not be also different. The nuclei from which positive ions 
could be formed must have more pronounced photo-electrical properties, the nuclei 
from which negative ions could be formed must have a more marked affinity to 
electrons. By all the mentioned considerations a series of new interesting problems 
is given, but at first direct measurements of the number of nuclei formed by ultra- 
violet light must be carried out besides the measurements of ions. The expected 
number of nuclei must be great and therefore only devices similar to the photo- 
electrical apparatuses described by BRapBuRY and MrurRon [2] and by NoLan and 
Potiak [12], must be used. 
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SUMMARY 


Investigating the ions formed by ultra-violet light from a quartz-mercury are in 
the air of a closed room the following facts have been inferred: 

(1) Formation of ions of both polarities during irradiation. 

(2) The number of negative ions formed is greater than that of positive ions. 

(3) The difference between the number of negative and positive ions formed is 
greater at lower than at higher temperature. 

(4) The prevailing quantity of formed ions is of the kind of large ions. 
(5). From the beginning of irradiation ions with higher mobility are formed, during 
illumination the mobility of the ions present will be transformed into lower values. 

A discussion of possible causes of the processes of formation of observed ions is 

given. The probable chemical processes playing a role in processes of formation of 
ions by ultra-violet light are considered. 


Institutet for hégspiinningsforskning vid Uppsala Universitet, May, 1951. 
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1. Introduction 


In our previous work (1)! we have reported some new observations on the develop- 
nent of electric sparks in a strongly inhomogeneous field, at positive polarity. The 
easons which led us to undertake that series of experiments: are- given in detail 
1 the introduction on the above paper. Chief among these was the fact that even 
he streamer theory, which is an attempt to expand the Townsend theory, fails 
9 explain satisfactorily the phenomena of sparkover in air at great gap-lengths, 
-e., in inhomogeneous fields. 

In the present work, which is the second in the series, it appeared to be of interest 
9 carry out experiments at negative polarity. The experimental method used, and 


1 Bibliography at end of paper. 
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also the layout of the apparatus, are the same as in the first research. We recapitulate: 
briefly the conditions under which these investigations were carried out: 

1) The sphere-plate configuration was chosen for the electrode system, but for 
part of the experiments the point-plate arrangement was used. Sphere diameters) 
of 6,2-15-25 and 50 cm were employed. Special care was taken to ensure that the 
plate, which was made of stainless steel, was accurately flat. 

2) Because we were specially interested in large gap-lengths, they could be varied 
up to a maximum of 120 cm. 

3) An impulse generator with a maximum voltage of about 1.1 MV and a waveform 
of about 1/50 us served as a voltage source. No series resistances were used. 

4) The development of the discharge was observed photographically, using a 
quartz-rocksalt lens, F =1:5, f=18 cm. It is to be specially noted that each individual 
photograph represents only a single discharge. 

5) Further conditions were: Air at atmospheric pressure, a darkened room, no 
artificial irradiation of the spark-gap and absence of radioactive preparations. The 
gap was shielded from the influence of other gaps working in the near vicinity. 
Clearly, the discharge developed in its natural condition. 

6) A measuring-gap (D=150 and 50 em respectively) connected in parallel, served 
to determine the voltage, and it was also used as a chopping-gap. The voltages were 
reduced to normal temperature (20°C) and pressure (760 mm Hg). 


2. Voltage-characteristics 


Just as in (1) for positive polarity, the voltage characteristic for negative polarity 
is measured here: viz., the voltage (V) as a function of the gap-lenght (6). This is of 
great importance for an understanding of the region of occurence of the different 
forms of discharge. Here we wish to give only a schematic picture, reserving more 
detailed discussion for a later paper. 

Fig. 1 shows the typical form of such a voltage-characteristic obtained with a 
negative impulse-voltage with a wave of 1/50 usec. The curve a—b (V,-curve) repre- 
sents the beginning of the corona-phenomenon; here one observes the first light- 
phenomenon at the electrode, but only in darkness and with accommodated eyes, 
The initial appearance of the corona can also be observed by a photographic method, 
Because of the statistical scattering of the occurence, it is of course impossible to 
set exact limits for this V,-curve, so that we must be satisfied to indicate the origin 
of the three percent appearance of the initial corona. In practice the measurement 
is made such that we observe the voltage (equivalent to the voltage in the literature 
usually called the “corona onset-voltage’’) at which only one out of thirty successive 
impulses results in this occurrence. 

The curves O-a-c and O-d are the limiting curves of the breakdown region: the 
curve O-a-c is the 3% and O-d the 97% discharge-curve, i.e., those where one or 
twenty-nine, respectively, out of thirty successive impulses leads to a breakdown. 
For brevity we shall in future designate these curves the 3% V,- and the 97% V,- 
curves. The curves divide the coordinate plane into four regions: A, in which no 
light-phenomenon follows the application of a voltage; B, in which every impulse 
yields a corona but does not lead to a breakdown-discharge; C, the scattering-region 
of the breakdown-discharges and D that of certain (100 %) breakdown-discharges. 
Finally it should be mentioned that the section O—a of the curve is valid for both 
the V,-curve and the 3% V,-curve. Here the appearance of corona alone is impossible. 
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tig. 1. Schematic voltage characteristic for negative impulses and the sphere-plate arrangement. 

V — voltage, 0 — gap-width. The curves show: ab— corona onset (Vo), Oac — 3% breakdown 

3% Vs), Od -—97 % breakdown (97 % — Vs). The regions mean: A — dark, B- corona, C — 
breakdown, D — overvoltage. 


3. Corona-onset 


For photographing corona-onset, the experimental gap must be adjusted in accord- 
nce with the V,-curve. These pictures show in their initial stages a diverging light- 
yundle which emerges from a small (ca. 0,5 mm) strongly-luminous point lying on 
he sphere. These bundles have a weak and even light-intensity, and are oriented 
nore or less in the field direction. (Fig. 2 a, b.) 

At slightly higher voltages the appearance of the bundles alters. They become 
rolonged and extend into fine points. (Fig. 2 c, f.) These “light-clubs” have a non- 
mniform intensity, which is weak near the electrode, increases again at the constric- 
ion and reaches a maximum at the point. 

The following characteristics of the corona-onset phenomenon must be emphasised: 
he shining base-points are distributed at random over the surface of the sphere, 
nd at each impulse they change their poimts of origin: these points, however, are 
o be found as a rule on the undermost hemisphere, 1. e., on the one closest to the 
pposite electrode. In this way single as well as multiple onset-phenomena can 
ppear during a single impulse. In the second case they have, however, different 
tages of development, for we can find besides the first form (diverging hght-bundles) 
_ fully-developed light-club (second form) also. This indicates either delayed times 
f origin or different initial energies of the individual occurrences. Sometimes. more 
han one may arise from a single base-point, but then, however, they are aligned 
+ a well-defined angle to one another. (Fig. 2 d.) Quite often one observes several 
ase-points lying even closer together, with very closely-spaced clubs whose points, 
evertheless, are separately distinguishable. (Fig. 2 e.) The clubs, further, seldom 
ave the pure form described, but proceed in a fine and scarcely visible thread in 
he direction of the field. The clubs are very similar to the avalanche-pictures which 
re known from the streamer theory, only with this difference, that they are turned 
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Fig. 2. Origin of the corona-onset. a, b, c, f — development of the initial club; d — several clubs 

arise at one point and form a bush; e — several base-points lie densely together, and each forms 

its own club; g — following on the initial club the second (weakly-diverging) club: complete stem; 
h — complete corona element with stem (strongly-luminous part) and thread-crown. 


through 180°, i. e., the point always points towards the positive electrode, while 
according to the streamer theory the avalanche tip touches the negative electrode. 

When the voltage is raised further, we get the third form: the thread, arising from 
the point of the club, becomes thicker and its light-intensity increases, so that it 
now forms two light-clubs standing one on another with their points touching. The 
brightness of the new club decreases, however, with increasing thickness until finally 
an uniformly bright thread results. (Fig. 2 g.) The chief feature of the thread is 
its uniform and not too great brightness, and its tendency to branch in the direction 
of the plate. We must look on this form as a fully developed corona-element. It 
consists therefore of two clearly separable parts: the strongly-luminous part, in 
future called the stem, and the weakly-luminous thread. (Fig. 2 h.) That the stem 
actually consists of two parts can only be seen from photograph the V,-curve, and 
at taken smaller distances. 

It was not possible to observe all three forms described at every sphere-diameter 
used. Only with small spheres (D= 6.2 and D=15 cm) was it possible to observe 
and record the first two forms. At D=25 cm, success was still obtained with the 
second form, while at D=50 em only the fully-developed corona (3rd form) was 
visible as the first phenomenon. Presumably this is because of the amount of field- 
inhomogenity: at weakly diverging fields, such as with the 50 cm sphere, the initial 
stages of the corona obviously have a labile character, so that they are not observable, 
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Fig. 3. Single-stage corona, consisting of (a) one, (b) three and (c) several elements. 


for here a certain threshold value must be reached before the corona can begin, 
and the phenomenon then goes over immediately into the third stage. The stem of 
the fully-developed corona shows a non-uniform composition. The club mentioned 
can be seen as a thickening at the electrode, followed by the constriction and the 
second flat club which is the origin of the thread. (Fig. 2 g, h.) 

The light-intensity of the corona is, further, dependent on the sphere-size, in the 
sense that with the 50 cm sphere very good photographic records are possible, while 
the brightness falls off so strongly with decreasing sphere-diameter, that the negatives 
obtained with the 6.2 cm sphere give only a single basis for evaluation, for a further 
copy is no longer possible. With still smaller spheres and with a point, photographic 
registration of any value is no longer possible. 


4. The corona region 


a) Review. In this region, represented by B in Fig. 1, every impulse, with the excep- 
tion of those bordering on the V,-curve, leads to a light-phenomenon which does 
not result in a spark discharge, and which will be classed in future under the general 
title of corona. The corona assumes different forms according to the field-condi- 
tions prevailing, the component parts however, remaining approximately the same. 
Therefore a relatively simple description of these phenomena chan be given, though 
in the general case manifold and complicated changes are observable. 

Every corona consists, in its fully-developed form, of many similar elements, 
which themselves consist, as we have seen in the previous pargraph, of a stem and 
ts resulting “thread-crown’’. The stems, which start out from the surface of the 
sphere, can themselves be either simple or compound. At a low voltage (near V,,) 
she corona consists only of one or a few elements (Fig. 3 a, b). With increasing voltage 
‘he number of elements increases. In this case the elements have the tendency 
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Fig. 4. Two-stage corona. a — pure second stage, because the new elements arise at the edge 
of the first glowing-cloud. b — intermediate stage, because the new elements arise within the 
first stage. 


mentioned, i. e., they spread out from one another (Fig. 3 c), and since this deviation 
is not in the same sense as that of the field, but directed oppositely, it cannot there- 
fore be ascribed directly to the influence of the field. 

Outside of the number of elements, yet another fundamental feature can be distin- 
guished in a corona. That is the number of stages appearing. By stages we understand 
the number of successively-arising combinations of stem and crown, of which up 
to three were observed. 

The stem of the first stage always sets out from the surface of the sphere (Fig. 
3c). Under certain conditions a change of state of the space filled by the first stage 
may occur; this indicates the beginning of the second stage (Fig. 4 a). The potential 
difference of the first stage has probably reached the limiting value. Simultaneously, 
a new state of ionisation sets in. Up to this only a visible filamentary ionisation 
existed throughout the stem and thread. In the photographs these changes are 
visible, inasmuch as a new light-phenomenon appears: a diffuse and uniform more- 
or-less luminous glowing-cloud fills the volume of the first stage. This cloud obviously 
has properties different from those of the thread-crown, for it permits new stems, 
with thread-crowns at their surfaces, to arise, and it builds up the following stage 
from them. The glowing-cloud need not, however, fill the whole volume of the first: 
stage, but may content itself with only a part of the long dimension (approximately 
the stem) (Fig. 4 b). As regards the breadth, it may spread itself over several stem- 
thread elements, or it may also surround only some threads or even a single thread. 
It should, however, be noticed that the last kind appears relatively seldom; the stage 
is spanned over its whole breadth, or else in considerable part. The question of whether 
the change of state of the volume actually corresponds with a special state of ionisa- 
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Fig. 5. Stem types with large electrodes; a — compound, 6 — single channel stem. 


ion, or to a state of excitation, can be answered only after further research. The 
tem- and thread-lengths of the different stages are not the same, and also stand 
n no discernible relation to one another; not once are those of the same stage compar- 
‘ble. Probably the reason lies in the different field conditions at the surface of the 
loud, which conditions are not amenable to calculation. 

With large electrodes (25 cm and 50 cm) only the single-stage corona appears 
n the whole corona range. The most important change which sets in when the voltage 
3 raised, is the elongation of the threads. Nevertheless, the stems can have a different 
omposition, for with the 25 cm sphere they are scattered over the undermost part 
f the sphere (Fig. 3 c), but against this, with the 50 cm sphere, they press together 
ato a single broad (Fig. 5 a) — or more seldom a narrow (Fig. 5 b) — channel. 
Vith the 15 cm sphere one can observe the single-stage corona only at small voltages, 
nd with the 6.2 cm sphere only at voltages near V,. On account of this the single- 
tage corona dominates the corona region only when the field is not too divergent. 

The many-stage corona needs a very great field-divergence for its existence; as 
rule it arises only with small electrodes. With a 15 cm sphere the two-stage corona 
rises only in the upper, and with the 6.2 cm sphere in the whole, corona region. 
in the photographs of the corona at the highest voltages it is also possible to observe 
he three-stage corona. (Fig. 6a, b, c.) ; 

A further interesting phenomenon is the building up of the plasma-channels 
1 the cloud; they have a typical positive character, they are not well-marked, not 
apable of development and their starting points are the stems of the first corona- 
tage (Fig. 6d). We know these channels from (1), and it is presumed that they 
rise aS an indirect phenomenon at voltage-collapse; the ‘“‘charged’’ glowing-clouds 
ischarge themselves across the electrodes during the tail of the impulse-wave. 


b) Formation of the electrode-stems. We have defined the stem as the strongly- 
iminous part before the thread, whose place of origin lies on the surface of the sphere 
r the glowing-cloud. The origin of the stem at the electrode has been described 
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Fig. 6. Three-stage corona with glowing-cloud (a, b, c). Plasma-channel oi positive type in the 
glowing-cloud (d). 


earlier under ‘“‘corona-onset’’; but its structure is subjected to a change when the 
corona develops further, and it is necessary to give an explanation of the stem-changes. 

Although the parts of the stem varied greatly in length, their total length was 
found to be nearly constant. We wish to keep this fact in mind as we go through 
the following series of stem-transformations: later on we shall investigate the ques- 
tion in detail. 

The basic form of the stem described in “‘corona-onset” we shall call in future 
the path: it can, when further developed, build up the components of a compound 
stem. 

The paths beginning on the surface of a small (i.e., strongly-curved) sphere are 
widely splayed out and can exert no appreciable mutual influence on each other. 
On account of this, simple stems which consist only of one path arise, and they 
persist also under slight increase of the voltage up to a certain limit. With decreasing 
curvature of the sphere (i. e. at bigger radius) a mutual influence gradually sets 
in. This is first noticeable at the base-points of the path. The base-point of the primary, 
i. e., of the first-formed and more strongly developed path, is the preferred position 
at which the secondary path arises. The originating process of this path is the usual, 
with a diffuse underpart and an upper part terminating in a point (Fig. 7 a). The 
secondary threads fan out from one another and make up a compound bush-shaped 
stem (Fig. 7b). The paths of the bushes influence the paths which have arisen 
nearby (Fig. 7 c), which now proceed no more in the field direction, but turn towards 
each other and fly together. The light-intensity of those paths which have appeared 
in the same neighbourhood does not persist at its original small luminosity, but 
increases strongly at both ends, so that it presents the appearance of a strongly 
luminous path, interrupted in the middle. An example at still smaller electrode 
curvature is visible in Fig. 7 d, e, where the influence of the secondary paths, which 
initially travel parallel to one another, first begins to operate at their points. At 
very small electrode curvatures (50 cm sphere) the influence of the paths on the 
points disappears also; in place of them, an effect sets in over the whole surface 
of the primary paths; the initiation of neighbouring paths, specially in their immediate 
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Fig. 7. Development of the stem at the electrode. 


vicinity, is favoured. They also possess the interrupted structure just described. 
[he stem consists of many single paths and gives a non-uniform image. The paths 
n the stem travel in parallel, or occasionally slightly curved paths, with a small 
onstriction before the end, and each carries at its end its own threads, which together 
make up a fan-shaped crown. (Fig. 7 f.) In addition, the thick stem is sometimes 
srossed by a more distantly-travelling path. (Fig. 7 g.) 

The types of stem-formation mentioned up to this apply only the lower corona- 
egion. Now we wish to follow up the stem-transformations at rising voltages. A 
tem consisting of only a single path increases continually in brightness, and its 
jlace of constriction moves more or less towards the electrode. An apparent break 
some mm) lies shortly before the electrode, followed by a short (5 to 10 mm long) 
trongly-luminous dash which ends on the electrode. (Fig. 8 a, b, c.) Because of the 
mallness of the break, it is not possible to determine with certainty what the nature 
f the dark space is. It appears, however, that it either shines very weakly, or else 
yasses into a very fine point. From a certain voltage on, also, the positive plasma- 
hannels put in an appearance. (Fig. 8 d.) They do not emerge from the ends of the 
tems, and are rather ill-formed. Simultaneously the dark space dissappears, and the 
tem travels as a brightly-luminous uninterrupted channel as far as the electrode. 
Ybviously the stem has now itself become the plasma-channel. 

The compound stem, if it appears, may retain its form up to the highest voltages; 
ts illumination increases notably. (Fig. 5 a, 7 f.) It is plausible to suppose that the 
tem has in this state assumed the function and properties of the glowing-cloud. 
\t smaller gap-lengths, one obtains photographs (Fig. 5 b) which instead of a com- 
ound stem show a strong bright channel, which possibly represents a plasma- 
hannel. 
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Fig. 9. Origin of the pace-stem from the electrode-stem. 


c) Formation of the space-stems. Formation at the electrode is not the only pos- 
sible mode of origin for the stems. One finds among the photographs several phenomena 
which lead to the formation of stems not directly at the electrode, but at some distance 
from it. The already-existing stems, the secondary paths and expecially the glowing- 
cloud, as examples, may serve as starting-points for the development of a stem in 
the space. 

The formation of the space-stems from the already existing electrode-stems 
should first be described. The phenomenon proceeds with the help of single weak 
paths coming from the middle part of the electrode-stems, which paths, converging 
in the space, build up the new stem (Fig. 9 a, b, c,). The paths either stick out from 
the electrode-stem, or else additional paths come out from the electrode in the 
very near vicinity of the electrode-stem. 

The second mode of origin, that of the secondary paths, begins either with a diffuse 
club travelling crosswise (Fig. 10 a) or else with a new stem-base appearing directly 
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Fig. 10. Origin of space-stem in stem region. 


ig. 11. Origin of the space-stem at one point (a, 6). Anomalous stem (c).*The space-stem starting 
from the glowing-cloud has an appearance similar to that of the electrode stem (d, e). 


t the path (Fig. 10 b). In the first case the new stem carries at its end only a poorly- 
eveloped, and in the second case a normally-developed thread. Sometimes a space- 
em. also arises at the confluence of the secondary path with the first, whereby a 
iffuse light-phenomenon becomes observable in the solid angle between the sec- 
ondary path and the newly-arisen stem. (Fig. 10 c.) This figure also shows that a 
rongly-developed space-stem can travel along the secondary path almost as far 
s the electrode. Its track may, perhaps, be interrupted by a dark space. This stage 
in be thought of as a phase intermediate between the two types, electrode- and 
yace-stems. This phase perhaps represents one of the occurrences related to the 
ympound stem (see 4b), as may be seen from Fig. 10d. Here some discontinuous 
condary paths setting out from the electrode, pass the primary and build up, 
ter a constriction, a new space stem. This is also visible in Fig. 9c. 

Next a seldom-observed phenomenon should be mentioned, the occurrence of a 
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Fig. 12. Origin of space-stem from the glowing-cloud. 


space-stem at a point. This source point can come about in different ways. One 
possibility is seen in Fig. 11 a; some of the paths setting out from the electrode join 
each other in a point, at which two new space stems arise. They are powerfully- 
developed, club-shaped, and resemble the second form of the corona-onset picture. 
The pictures appear as if a small dark space lay between the junction point and 
the club-origin. But this, because of the small scale, is not certainly observable. 
Cases also exist in which the new clubs do not rely on several paths, but on a single 
channel only (Fig. 11:b). In Fig. 11 ¢ a further interesting case is to be observed: 
a sharply-defined cylindrical beam sets out from the electrode, and after traversing 
two almost right angles, finally becomes the point of origin of several fan-shaped and 
divergent space-stems. 

All the cases mentioned so far are directly related to the space immediately 
surrounding the electrode, the order of magnitude being approximately that of the 
electrode-stem length. Finally we consider how the space-stems arise from the 
glowing-cloud. The gtems take root in the cloud with almost invisible offshoots. 
These offshoots do not all meet the stem in a common point, but their junctions 
are distributed over a certain lenght. (Fig. 12 a, b,c.) In these pictures one sees 
only the lateral roots of the stems, while the further paths are scarcely visible. 
as also is the case in the reproductions of the pictures. The effect of stem-junction 
we know already: it has the same character as the formation of the electrode-stems 
(Section 4 b, Primary and secondary paths). Therefore one may assume that the 
formation of the space-stems from the glowing-cloud and from the electrode-stems 
follow the same laws. These assumptions are verified by experiment,-as a comparison 
of Fig. 11 d, e, for the space-stems, and Fig. 10 a, b, for the electrode-stems, shows. 

It is impossible to say whether the paths which make up the roots of the space- 
stems are identical with the threads of the corona-crown. For, though the paths 
of the electrode-stems show the same structure and properties as the roots of the 
space-stems, the paths of the electrode-stems exhibit a definitely different structure 
from the crown-threads, and it seems that equating the crown-threads and the 
space-stem roots is not admissible. We have some photographs which show unambig: 
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ig. 13. Comets. a, b, ¢ — arising from the glowing-cloud, d — at the electrode, e — two comet 
units lying one behind the other. 


ously that the glowing-cloud consists of stem-paths as well as of crown-threads. 
‘his however, does not entirely exclude a common origin of both types. As a reason 
or the change of form of both types one might suppose the existence of a type of 
harge movement in the threads, through which they become changed into paths. 


d) Comets. In spite of the fact that the name for this phenomenon does not appear 
90 suitable, we wish, nevertheless to retain it, for Allibone and Meek (2) have already 
iscussed this kind of discharge and given it the name “Comet-discharge’’. 

It should be mentioned that the comets put in an unhindered appearance only 
1 very inhomogeneous fields, i. e., at very small electrodes and especially with a 
oint. Doubtless similar processes in somewhat altered form also exist with other 
lectrode dimensions, where they are more difficult to identify. 

The fully developed ‘“‘comet-unit”’ consists of a fine short stem, from whose end 
diffuse club ending in a thread starts out. The light-intensity of the different parts 
not the same; as a rule the stem is the brightest, while the thread has the smallest 
rightness. The possibility exists that the comet arises without one part or another. 

The first part, the stem, is mostly strongly luminous; it can however, be less 
right, but never darker than the club. Its form changes: it may be straight, curved, 
nd even have a small point on the end (Fig. 13 a). 

The second part, the club, corresponds fully in its appearance with'the second form 
f the corona-onset; therefore we prefer to use the description “‘club’”’ in this case 
so. The configuration of the club with respect to the stem can vary; both can 
6 straight, but they can also subtend an arbitrary angle to each other. (Fig. 13 b.) 
urther the case occurs in which the club displays a stem which consists of some 
aths, or in which a single stem bears several clubs. (Fig. 13 c.) 

The third part, the thread, seems to be fully identical with the corona-thread, 
ily that it is not so strongly developed. When the comets are weakly marked the 
read is no longer visible on the photographs. ; 

A comet arises mostly in this way: it itself develops a path from the electrode or 
om the glowing-cloud, at whose end a comet element is affixed (Fig. 13 b, ¢); in 
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this process several, as well as one path may take part. But however, a comet may 
arise at the end of the crown-thread (Fig. 13); in the same way it may seat itself 
with its end directly on the electrode. (Fig. 13d.) With comets the same mutual 
influence which we have described under electrode- and space-stems, respectively, 
is noticeable, though not to the same extent. In this way a comet with its thread, 
for example, may merge with a neighbouring comet-element or a thread. Because 
of the phenomena discussed, we may conclude that a comet is nothing other than 
a corona-element which is incapable of full development because of the quickly- 
collapsing field. As an illustration we give the following examples. We may observe 
in Fig. 13 ¢ how several paths fly together and form the origin of three new processes. 
One of these is the normal corona-onset element (stem-thread), the remaining two, 
on the other hand, are more or less developed comets. In many photographs, for 
instance Fig. 11d, a comet grows out of the surface of the glowing-cloud and then 
forms itself into a stem. This signifies that the field-strength at the surface of the 
glowing-cloud is strongly inhomogeneous. Sometimes the glowing-cloud is richly 
adorned with comets; because of this only the strongly-luminous parts are visible 
on the photographs, for the weaker parts are suppressed by the bright background. 

Finally, one further interesting property of the comets should be mentioned: 
namely, the capbility of two comets lying one after the other to build up a chain. 
This has so far been observed only on photographs using point electrodes: the first 
comet is situated at the point of the electrode, while the second is joined to the first 
and separated from it by a short connecting thread. (Fig. 13 b, d, e.) 


5. Breakdown-region 


It is possible to subdivide this region into two, in accordance with Fig. 1. The 
first (C), so-called scattering region, does not pre-suppose certain breakdown. 
The probability grows, of course, as we approach the 100% breakdown curve O—d. 
The second region (D) should be called the over-voltage region, for the voltage 
applied to the electrodes is higher than the minimum necessary. In the following 
we shall confine ourselves to region (C). The region (D) is reserved for further re- 
searches. . 

In the scattering region either a corona or a breakdown occurs. Since the corona 
does not differ from that occurring in region B, it is only of interest to pursue the 
development of breadkown in region (C). 

The process of breakdown has a labile character: once arisen, it can lead only 
to the fully-developed occurrence of breakdown. Therefore it is obvious that it is 
possible to follow the process with the help of interruption only, i. e., chopping of 
the voltage. A measuring sphere-gap, connected in parallel, served as chopping-gap; 
the settings of the chopping-gap permitted the different stages of the discharge to 
be fixed. No measuring apparatus was used to find the duration of the chopped 
processes, so that the time values were only indirectly esteemed. This can be done 
with the help of the delays, known from the literature (3), of the spark in an uniform 
field, for the chopping-spheres had a large diameter (150 cm), and the gap-length 
could be kept small (below 35 cm). An impulse ratio of 1.0 corresponds with a time 
delay of approximately 5- 10~" sec and a ratio of 1.5 to one of about 2- 107° sec. There- 
fore the phenomena shown in the following pictures occur in a time of the order of 
magnitude 10" to 10°® see. | 
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fig. 14. Development of the discharge on the upper part of the curve O — a of Fig. 1. The light 
phenomenon on the sphere at the top is reflection. 


Although our investigations are based on several hundred photographs, they 
annot be accepted as being final: This arises principally from the complicated 
lature of the breakdown processes which consist of several non-unified phenomena. 
t is also extremely difficult to find any clear relation between the single details, 
or their occurrence is irregular and they seem to depend on each other through un- 
mown factors. Therefore the course of the breakdown can be described only in 
inst approximation. 

As is known, the thread-crown of the corona increases with the applied voltage; 
it breakdown, the crown already reaches the plate in one or more stages. That is the 
irst necessary, but not sufficient condition for breakdown, for cases of corona occur 
00 in which the crown reaches the plate without production of a breakdown. A 
urther condition is this, that as the pietures show, the threads undergo changes. 
‘hey can assume two different forms. One is exactly the same as those produced 
t corona, i. e., weakly luminous and with the tendency to branch already mentioned; 
hey can end in the space or alternatively meet at the plate. Presumably this form 
oes not involve significant charge-carrier movement. Another kind of thread occurs 
lso; strongly and thickly formed, its track is simple and without branches. These 
hreads reach either to the plate or join with neighbouring similar threads. These 
hreads, which we designate secondary threads in the following, play an important 
art in the building-up of the breakdown process. Their more powerful development 
; possibly a result of the enhanced charge-carrier transport. Both types of thread 
ave, if they reach the earth plate, a small brightly-shining base-point (Fig. 14 a), 
rith the exception of a few primary threads which taper directly into the plate, 
nd whose ends are already so weakly formed that the point is no longer observable. 
Ithough the plate-point resembles the base-point of the stem on the sphere-electrode 
t corona-onset, they both have different properties; the stem always grows out 
om the second type (see chapter 3), while the first is to be seen only as the end- 
oint of the secondary threads and gives them the characteristic stumpy end. The 
ase-point can never occur at the plate independently of the threads, and can never 
llow any light-phenomenon to grow out from it in the direction of the sphere. This 
llows us to express a fundamental conclusion: the development process of the 
reakdown proceeds initially in our case from the cathode sphere to the anode 
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plate. Only when a certain requirement, a requirement which allows secondary 
threads to arise, is fulfilled for the space, that is, when the last free interval is bridgec 
over, can the further stages of the breakdown-process proceed. 

The most clearly observable process is that along the curve O—a (Fig. 1); the proces: 
should indeed be specially simple at the beginning of this curve, where the gap-length: 
do not exceed the stem-lengths. Here the threads are completely absent and th 
discharge develops itself from the beginning to the end of the stem-channel, Thi 
region was not more closely investigated by us, for our interest lay only in great 
gap widths. The pictures taken along the upper part of the curve O-a, i.e., at gap 
lengths greater than the stem-length, show that we are dealing here with a transi 
tion form of discharge. The thread following the stem can build itself up as a continua 
tion of the stem and bridge over the interval with a straight channel in a singl 
stage. (Fig. 14a.) In the stem part of the channel a sucking-in of the weak neigh 
bouring thread is to be observed, while the underneath part — the part resting or 
the plate — shows a stumpy form, typical for secondary threads, with a strongly 
luminous base-point. Besides this form af discharge, which in general appears only 
when single elements exist, other forms with more elements also arise. The centra 
and presumably initially-arising element is the same as that just described, th 
rest, which are grouped around this, each consist of a stem, primary and following 
secondary threads. Fig. 14 f shows that the secondary threads have a property 0: 
collecting the primary threads along a definite interval. We shall be able to convinee 
ourselves later that this property is to be regarded as the general property of the 
secondary threads. After further progress the bright stem grows along the threac 
channel to the plate. (Fig. 14 b,c, d, e.) Obviously this thorough-channel has become 
a plasma-channel, for when it reaches the plate a breakdown occurs. If there are 
several elements, then each presumably forms a channel, and thus a certain time 
delay arises, so that the first-developed — mostly the central — channel assumes ¢ 
preferred position relative to those later developed. In this case the downward 
moving and outward-spreading channels show a distinct constriction at one well 
defined place. (Fig. 14 f.) This place, which presumably lies on the central channel 
therefore has the property of attracting the channels coming from the electrode 
We already know a similar case from stem-formation, so that it is to be considerec 
as a general phenomenon in discharge-processes. Fig. 14 g shows that at this plac 
new threads can also appear, which either go to the plate or join together in a thread 
In the figure two such places exist. 

The development of the breakdown proceeds in a more complex way in region C 
where the threads initially have not enovgh energy to bridge the whole gap. As 
the first stage a corona is formed, which however has no stable state (such as the 
corona in region B has); it fills the whole gap in uninterrupted flight with the helf 
of a glowing-cloud of one or several stages. The last corona stage completes the 
bridging of the gap with the aid of secondary threads. These arise in the last glowing: 
cloud through thread-collection: many primary threads feed one secondary; presum: 
ably its powerful development is to be related back to this fact. The photograph: 
show the primary threads rush together in front of the junction, that they shine 
out brightly and that their junction-points are distributed over a certain length 
of the secondary thread. (Fig. 15 a, b,c.) The secondary threads have besides th 
strong single stem, several subsidiary stems. On the photographs the primary threads 
themselves are sometimes hardly observable; the small bright stems which ar 
always clearly visible, give to the secondary threads typical decorations. The lengtl 
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Fig. 15. Origin of secondary threads. 


of the secondary threads can vary, for the glowing-cloud can assume different forms, 
whose runners can be more or less pushed far forwards towards the plate. 

The stage the formation of the secondary threads is the most difficult and consists 
9f many single phenomena which have no uniform character. The task of this stage 
s the production of a contact between the upper part of the discharge and the 
late. This contact is always produced in the form of a single dash. For they have 
1 limited length at all electrode sizes and they form themselves as sharp bright 
shannels; they are called plate-stems in the following. It is to be specially noted 
shat in no case does the glowing-cloud fly diffusely over a wide surface to the plate. 
['o get an overall view the following observed forms and properties of the plate-stems 
should be mentioned: 

1) The space in front of the plate in which the plate-stems arise does not exceed 
(3 cm in height, which value is valid for all electrodes; in the Discussion we shall 
eturn to this with more detailed data. 

2) The plate-stems take their origin in the glowing-cloud and are built up from 
everal thin, hardly visible threads which fly together. In its flight the stem constricts 
tself and after reaching a fine point a change sets in; the part following assumes 
. completely different appearance, which will be described under 4). The length of 
he first part is presumably determined by internal processes, for it pays no regard 
o the gap at its disposal. 

3) The plate-stem can also use the secondary threads as its track: it either flies 
Jong for its whole length in their centre or it emerges form the space and. travels 
nly in the underneath part together with the threads (Fig. 16 a). The junction of 
he stem with the thread can happen in different ways: either tangentially or at 
. sharp kink (Fig. 16 b, e). 

4) In the case where the stem travels in the space and consists of two parts (see 
inder 2)), the first tapers into a fine point. Afterwards a short apparently dark 
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Fig. 16. The plate-stems. 


space follows (possibly brigded by a very fine channel) from which the second part 
goes on to terminate at the plate (Fig. 16 b, c, e). The composition of this can be of 
different forms: a diffuse broad channel very similar to the secondary thread, or 
several thread-shaped tracks, or a strongly-illuminated and almost straight channel 
(Fig. 16 a). It is striking that the underneath stem part is not constructed as a 
continuation of the upper; the transition point can moreover appear as a crack. Often 
indeed both parts shift opposite one another, and a small kink arises. 

5) In one case it was possible to observe that the part travelling directly to the 
underneath part of the plate-stem, or the underneath part itself, was built up as 
if it were a comet-unit (Fig. 19 b, right), and even that the plate-stem consisted 
of two comets lying one after the other. 

6) Figs. 16 d, 17 b and 15 d show that the growth of the stem is from the glowing 
cloud to the plate. In no case was it observed that the plate-stem began to grow 
out of the plate. 

7) The existence of a thickening on the secondary threads‘is interesting. This 
can be seen on the photographs as brighter thick points (Fig. 17 ¢, d, e). The measure- 
ment made of the distances shows that they vary partly with the changes of the 
plate-stems. From this one may conclude that the changing point which appears 
later on during the formation of the plate-stems is already predetermined in the 
secondary thread. This assumption is supported by Fig. 17 a where such a point 
serves as the source of a new thread. 

The building up of the plasma channels at the plate occurs as the last stage. 
The photographs show that the initiation of the plasma-channels presupposes the 
existence of plate-stems. The process begins in the underneath part of the stem, 
which first changes into a plasma channel. The formation occurs in different ways 
according to the field conditions, that is the distance and properties of the glowing- 
cloud, but the occurrence is controlled by an understandable factor. It is at first 
important that the glowing-cloud have a contact with the plate through the stem. 
By this an opportunity of carrying off the charge is given, whereby the underneath 
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Fig. 17. Thickening on the secondary threads. 


Fig. 18. Beginning of the plasma-channel at the plate. 


part stands out in great brightness. This could indicate the occurrence the plasma- 
shannel. A brush-shaped light-phenomenon emerges from the upper end of the plasma- 
channel (Fig. 18 a,b), from which a further similar phenomenon can arise stage- 
wise (Fig. 18c). The brushes are not to be seen arising from the above plasma- 
channel, but are instead to be observed as diffuse thickenings of the glowing-cloud 
which joins in with the channel. In this manner the plasma-channel grows step by 
step through the glowing-cloud in the direction of the electrode sphere. The brightness 
yf the plasma-channel increases in the downwards direction, as is expressed in the 
yictures by thicker drawing. It is evoked by the higher current. (Fig. 19 a.) The 
ingle directions determined by chance give to the plasma-channel a zig-zig appear- 
nce. The process of building up the plasma-channel is introduced by several stems 
imultaneously. (Fig. 19 b.) The glowing-cloud can be split up into several branches, 
ut only one — or rarely two — of the plasma-channels finally serve as paths for 
he principal sparks, thanks to their times of origin. 
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Fig. 19. Discharge shortly before breakdown. Initiation proceeds as a one-stage corona. 


With the formation of the plasma-channel at the plate the plasma already existing 
at the electrode in the stem-region extends itself also. During their growth, neither 
of them extends the glowing-cloud which lies between them; the cloud increases in 
brightness in spite of the apparent incréase in electron-transport (Fig. 19 b). 
For since the development of both processes takes place inside the glowing-cloud 
(this experiences no enlargement of its size), the plasma-channels hardly branch 
at all. Finally the indeperidence of the development mechanism of both plasma- 
channels should be emphasised. On this we can base the observation; that both 
channels meet approximately in the middle or in the upper half of the discharge 
path: whereby complicated loops are often formed — a wellknown fact with nega- 
tive discharges (4). 

As soon as both plasma-channels have met, a conducting link between the sphere- 
electrode and the plate is established. In this channel the last stage of the discharge, 
i. e., the main stroke develops. 

It should be mentioned finally that the discharge develops in the same way in 
the overvoltage region D as it does in region OC (Fig. 14 f), a fact shown by some pre- 
liminary experiments. Fig. 20 reproduces a pre-discharge picture at 50 cm sphere- 
diameter; at about twice the overvoltage the discharge was chopped by the sphere- 
gap, whose diameter was 150 cm and whose impulse ratios were 2.1 (Fig. 20 a) 
and 2.0 (Fig. 20 b) respectively. From this one can conclude that the duration of 
the pre-discharge was of the order of magnitude 2.10-® sec. The threads — here 
the secondary ones — cover the whole gap, except for some of the later ones which 


seep away in the space. Besides this a thickening on the thread, which serves as a 
source for some new threads, is visible on Fig. 20 a. 
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Fig. 20. Pre-discharge at (approximately double) overvoltage. Chopping-gap 150 cm @, impulse 
ratio 2.1 at a and 2.0 at b. 


6. Evaluation 


a) Measurement of the length. It was possible, with the help of the several hundred 
photographs taken, to subject the dimensions of the indivudual parts of the discharge 
to comprehensive measurements with respect to all existing parameters (voltage, 
gap-length, sphere diameter, discharge region). Starting from the knowledge that 
the single phenomena of the predischarge are governed by chance, 1. e., are strongly 
scattered statistically, no great accuracy can be achieved in these measurements. 
The individual lengths are often characterised by two values (maximum and mini- 
mum) which represent the scattering. In the diagrams both values are joined by 
a line. Because of this we get for the plotted curve an appreciably wide band, on 
account of which the accuracy suffers. 

The total length (s) as well as the distance of the junction points from the electrode 
(c) — where possible — were measured for the electrode-stems. Although the varia- 
tions of the lengths with the different experimental parameters were considerable, 
a certain increase in the lengths with increasing sphere diameter only could be 
observed. A small influence on the lengths results from the discharge region, but 
it is clearly represented only by o. In Fig. 21 the dependence of individual lengths 
on the sphere diameter, with the discharge region as parameter, are represented. 
The rectlinear path of the stem-lengths at 3% V, and the small deviation at corona 
(region B) and at V, are specially striking. As regards the great scattering of the 
measuring-points, the substitution of a single average curve for the three s-curves 
could undoubtedly be justified. This however is not permissible for the o-curve 
whose V,- and corona-curve indeed coincide (curve e in Fig. 21), but differ strongly 
from the 3% V, curve, so that a combined representation of both by an average 
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Fig. 21. Length of the electrode-stem as a function of the sphere diameter. s — total lengths, 

6 — distance of the constriction point from the electrode. The curves correspond with the following 

discharge regions: a, d — 3% Vs-curve, b — region B, c — Vo-curve, e — common to Vo-curve and 
region B. 


300 600 900 kV 1200 


Fig. 22. Lengths of the space-stems as a function of the electrode voltage. 


curve is no longer possible. To Fig. 21 should be added that o with small spheres: 
(6.2 and 15 cm) where the glowing-cloud is easily formed, was measurable only 
in a few cases (at small voltages); the glowing-cloud which arises at higher voltages. 
completely hinders the carrying out of the measurements. 

The space-stems, i.e. the stems which arise from the glowing-cloud, behave in 
a completely different way. Only the influence of the voltage on them succeeds in 
showing itself, while the other parameters do not. The curve is a straight line with. 
a maximum value of 6.3 cm at about 1.1 MV (Fig. 22). This value of the space-stems. 
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Pig. 23. The distribution curves: a separations of the thickenings on the secondary threads 
6 — length of the plate-stems: Abscissa — number of measurements. 


sorresponds roughly to the length of the electrode-stems at 25 cm sphere diameter. 
The dependence of the space-stems on the voltage and not on the sphere diameter, 
4s was the case with the electrode-stems, is probably to be explained by the voltage- 
Jlependence of the form of the glowing-cloud. 

In the same way the lengths of the plate-stems were measured for all parameters. 
The values gave an irregular scattering band, so that no dependence was to be 
observed. Not once were the many single plate-stems of the same length on a photo- 
sraph. Fig. 23 gives an overall view (curve-b) of the measured lengths; the values 
wre set out in the form of a distribution curve for the point and for four sphere dia- 
meters. The scattering band includes the values from 1.7 to 11.8 em, and hence 
she single values for a certain electrode are uniformly distributed over the whole 
yand width. Excepted are the values over 9.5 cm, which occur more rarely than 
he rest. Because of this we think we can prove that in no case is the occurrence 
yf the plate-stems determined by the experimental parameters, but that other 
actors are responsible for their development. As we mentioned already in section 
), the plate-stem mostly has not a straight track, but may be subdivided two or 
nore times. An experiment was undertaken to discover the law governing the lengths 
f the single parts. Comprehensive measurements have shown that the individual 
yarts are mostly either the same length, or else stand in a definite relation to one 
nother. The first part of Table 1 may clarify this. Although we find no exactly equal 
ralues, we undoubtedly have to deal with such a subdivision in the case of each 
tem. 

Still more interesting are the results of measurements on the distance of the thicken- 
ngs on the secondary threads just in front of the plate. As is visible from the second 
art of table 1, these intervals have approximately the same values as the stem 
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Table 1 


Length of different parts of the plate-stems, and distances of the thickenings 
on the secondary threads. 
a ee 


Interval lengths Total 
Elektrode |Gap-width| Voltage lengths 
etre ee a I WI I em 
Me eS SS ES eee 
Point 79 898 3.8 3.8 — 7.6 
Sphere 6.2 25 373 1.4 1.4 1.5 4.3 
6.2 25 373 2.8 2.9 — 5.7 
6.2 92 1083 1:3 1.3 1.4 4.0 
15 42 552 1.9 1.9 3.2 7.0 plate-stems 
15 65 898 4.0 4.0 — 8.0 
25 24 373 2.3 1.6 2.3 6.2 
25 42 552 2.8 1.9 1.9 6.6 
50 85 896 2.6 2.8 2.7 8.1 
Point 40 1083 4.2 4.2 4.0 12.4 ‘ 
Sphere 6.2 92 1083 3.4 2.6 3.7 9.7 tickenings on 
15 65 898 4.2 4.0 4.1 12.3 the secondary 
25 42 552 2.3 2.3 — 4.6 threads 
25 42 552 1.9 1.6 1.5 5.0 
50 42 552 7.7 — — we 


parts, and follow a similar law. A series of measurements is represented by curve 
a in Fig. 23, and shows that the values for different electrodes, just as for the plate- 
stems, are distributed uniformly over the whole curve; and thus they appear with 
the same frequency. They lie between 2.3 and 13.7 cm, and the scattering band 
shows, then, the same band width approximately, as that of the plate-stems. For 
since the secondary threads and their thickenings already exist before the stems 
arise, it is to be supposed that stem-formation is predetermined by the secondary 
threads and that the subdivision appears in the form of thickenings. But this holds 
only for the thickenings on the plate-stem region; the rarely-occurring ones lying 
higher in no case influence the development of the plate-stems. : 
There remains still the discussion of the thread-lengths. By this title we understand 
the distance between the crown-end and the electrode, i. e., the crown and the 
stem belonging to it. When dealing with more stages it means the length form the 
electrode to the last crown-end. The measurements present a perplexing picture, 
which appears to be explicable on the basis of the possibilities of origin of the stages 
or of the sub-stages. If the next stage arises at the end of the first crown (called. 
up to this /,) it will be called the “second stage’ and the total length “J,”. But 
this is not the only possibility for the development of further stages. If it does not 
take its origin at the end of the first crown, but somewhere inside the first stage, 
then it will be called the intermediate stage and the total length will be represented 
by lo. The intermediate stage can be considered as a transition between the pure 
single-stage and the pure two-stage corona. It is therefore connected with a certain 
voltage range, below which only the single-stage, and above which only the two- 
stage corona appears (Mig. 24). In this definite range the first corona stage can appear 
as well as the second or intermediate stage, either alone or in combination. Because 
of the facts mentioned, it is clear that the evaluation of the measurements is attended 
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Mig. 24, Lengths of the threads of the first (1,), second (J,) and middle stages (J,). The points joined 
oy arrows are taken from the same photopraph. a — 6.2 cm, b — 15 em, c — 25 em, d— 50 cm 
sphere diameter. 


oy great difficulties, for the pictures do not always allow one to see what kind of 
‘tages one is dealing with. When however, the direct evaluation of the photographs 
s not easily possible, graphical representation allows the relationship to be clearly 
p0inted out. There arise several curves, each of which is to be related to a certain 
ype of stage. On Fig. 24 the corresponding curves for the different electrode-dia- 
neters used are assembled. The points joined by two arrows are taken from the 
ame picture, i. e., the picture allowed measurements of both stages. Regular occur- 
ence of the second stage is observed only at 6.2 and 15 cm sphere diameter, as is 
on in the diagrams. For the 25 and 50 cm spheres, the applied voltage (up to 

.1 MV) was not enough to obtain the length-curve of the second stage (/,). It is 
triking that the J,-curve is ee marked for the 25 cm pss and the Jp-curve 
or the 50 cm sphere. 


b) Field-calculations. The field-strength and its distribution in the space undoubt- 
dly play a fundamental role as the principal factors in the development of the dis- 
harge. To obtain the field, one can start from simplifying assumptions similar to 
hose given in (1), and so relate the calculations only to the normal from the electrode 
mn the plate, using for this the formulae there given. This method, in the following 
alled “the first method’’, gives us the field strength when the space-charge is 
eglected. This assumption is, however, a very restricting one, for one must undoubt- 
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30 60 90 em 120 


Fig. 25. a —field-strength at the sphere surface along the 97% Vs-curve (continuous), and the 
3% Vs-curve (dashed). b — the same along the Vo-curve (corona onset). Abscissa — gap-length. 


edly reckon with the existence of a space-charge when a pre-discharge appears. 
For since no experimental bases for the space charge distribution, applicable to 
the accurate treatment of the above-mentioned problem is at hand, we content 
ourselves with the well-known propositions of the corona theory, in which the space 
where the existence of a space-charge is considered (as for instance stem- and crown- 
space), 1s thought of as a good conductor. The potential drop in this space is left 
out of consideration in the calculations, and this involves the assumption of a growing 
sphere-electrode whose potential remains constant. This method, called in the 
following the “second method”’ allows the calculation of the field at the end of the 
stem and of the thread-crown, using the formula 


pe 
x 7 / 
The notation is: 
X = field-strength, 
V = voltage at the electrode, 
d = distance between the growing sphere considered and the plate, : 


coefficient. 


~~. 
I| 


The expression for this coefficient is, for the arrangement sphere-plate: 


f=1/4 [29 —1) + VQp — 1)? + 8] 
where p=1+d/R. 
Obviously the field-strength obtained is to be considered only as an approximate 


value, for in reality the space-charge does not grow spherically, nor can the potential 
at the bounding surface be the same as that at the sphere. In order to get an accurate 
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verall view of the field conditions at the limits of the predischarge the following 
eld strengths were calculated by both methods in all discharge regions: first at 
he sphere surface, at the point most nearly opposite the plate; secondly at the end of 
he electrode-stems and thirdly at the end of the thread-crown. Some of the results 
© be discussed in the following allowed a good graphical representation, but some 
ave scattered points through which no satisfactory curve could be drawn. In this 
ase we are obliged to give the values in the form of a table. 

The field-strength at the electrode, which obviously was calculated only be the 
rst method is graphically represented in Fig. 25 for all four spheres, along the 
urves V,, 3% V, and 97% V,. The curves show that the field-strength increases 
ith the gap-length. For even at the onset of corona (V,-curve) where one could 
ssume that the field would remain the same for all spheres, this is not the case: 
he field increases firstly with increase of the gap-width and of the voltage, respec- 
ively and secondly with decrease of the sphere diameter. Therefore it is doubtful 
rhether the field at the electrode exercises a direct influence-on the development 
f the discharge. 

The fteld-strength at the ends of the electrode-stems shows such a strong scattering 
hat a graphical representation appears useless. The results are given in Table 2. 


Table 2 


Field-strength at the electrode-stem-ends and at the junction-points. 


Field-strength, kV/em 


Sph | Stem-end | Junction-points 
pnere | Region}, 
© em 1st Method 2nd Method Ist Method 2nd Method 
, aver- : aver- || _. _| aver- ; aver- 
oe LES ae ee ee ee ee eee 
| 
Vo 21.2 21.2 35.4 35.4, | 21.2 21.2 35.4 35.4 
22 B 38.4 61.5) 51.2 | 55.0 97.0} 80.6 || 


Vo -||18.5 25.4) 21.7 | 29.0 34.8] 31.3°]/18.5 25.2) 21.3.) 29.0 33.2) 31.0 
15 B 15.8 64.2) 38.2 | 30.6 96.5] 58.5 29.2 29.2 36.6 | 36.6 © 
3% Vs| 31.8 65.0} 48.0 | 42.3 101 67.1 | 


Vo P71 222) 194 27.6 295571 228.37) 22.8.5 27 24.85 129.90 32.5) B.2 


Ze B 127.5 40.1} 33.8°/41.2 63.1) 51.8 


Vo 14/3 17.4 | 18.3. |.94.8. 26.1), 26:4 | 21.1 27.3] 24,6 | 28.2 31,2) 29:8 
50 B 16.9 18.9] 18.1 | 28.2 31.7] 30.1 || 26.0 34.6} 30.3 | 33.4 39.8] 36.5 
Baro, Well te:Sig 2 kel | lel 3 31.0 || 21.0 32.1] 26.0 | 29.1 37.8) 32.9 


b 

oo 
or 
© 


ince the stem-ends show a striking light change, one would expect that they 
1ould retain a constant field-strength at all parameters, for we obviously have 
ways to deal with the same processes. However, the results of the calculations 
ever confirm this. The influence of the sphere size is in fact appreciable in all regions, 
sofar as the field-strength fall of with increasing sphere diameter. The numbers 


1 See Figure 1. 
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on the V,-curve have a fairly small variation and reasonable values. The values: 
resulting from the first method have an average between 15.3 and 21.2 kV/cm, 
which agrees well with the numerical values for the onset of collision-ionisation. 
The corresponding values for the corona region and for the 3% V,-curve increase 
strongly with decreasing sphere diameter, and can no longer be related to the assumed 
cessation of collision-ionisation at the end of the stem. 

Results better than those previously given for the stem-ends were obtained for 
the field-strength at the junction-points, as table 2 also shows. The avarage values 
for all the regions represented in the table are scattered very little through all these 
regions: from 21.2 to 30.3 kV/cm for the first, and from 29.8 to 36.6 kV/cm for the 
second method. From this fact, the junction-points should have a special importance 
in the development of the discharge process. 

In the same way the graphical representation of the field-strenght at the thread-ends 
may be neglected, for the values show no continuous track. The corresponding values, 
arranged according to corona stages, are collected in Table 3. 


Table 3 
Field-strength at the thread-ends. 


| Field-strength kV/cm 
sane) Curve? | 2nd Method 
San urve | Ist Method =n evno' 
| 
min—max Average | min—max Average 
2 | 8.2—19.8 tN 29.0—48.9 41.7 
6.2 “ Bares Fes Bee 3.4 25.8—42.8 32.0 
‘5 Be a Be 5.1 21.2—40.0 27.8 
Pi 48—119 7.9 22.4 35.9 29.7 
15 he L481 ia 29.9—43.7 38.8 
i ieee Hvac 5.3 26.1—47.6 35.9 
i | 4,512.0 6.8 16.2—29.2 22.1 
25 l, I 2.8 2.8 27.9 27.9 ; 
ly 3.7— 6.8 4.9 16.9—23.8 19.4 
oe ly 5.2— 6.8 55 || 19,1-—25,6 21.3 
aa im 3.0— 5.5 4.0 | __ 29.7—40.2 33.2 


The averages of the first method are striking because of their extraordinarily small 
values, their scattering being spread over all curves between 2.1 and 12.7. Such 
field-strengths are absolutely insufficient, either for evoking ionisation in the space 
or for maintaining it. Since the light phenomena in the thread crown presuppose 
the existence of such ionisation, one may conclude that the first method for calcula- 
tion of the field strength at the thread-ends is inapplicable. The results of the second 
method appear more suitable. They are scattered between 19,4 and 41.7: this signifies, 
that they move in an order of magnitude compatible with that of the limit between 
two spaces, viz., those with and without a visible ionisation-phenomenon. Therefore 
the second method appears to give usable values. 


' See Fig. 24. 
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200 400 600 kV 800 


ig. 26. Values of fadz along the whole stem (continuous curve) and up to the constriction point 
(dashed): calculated from the Vo-curve values. 


7%. Discussion 


a) Search for the avalanche. The streamer theory regarded the avalanche as the 
irst stage of the discharge. The attainment of a certain length, i. e., the production 
ff a certain number of secondary electrons or of a certain field-strength at the point, 
vas thought of as a necessary condition for the start of the next stage — which 
vould lead immediately to breakdown. According to the ideas of this theory the 
walanche had a club-formed appearance. It hung itself by its point from the cathode, 
nd its stumpy end, lying in the direction of the anode, was supposed to be the point 
f origin of the next stage. 

We can observe a phenomenon similar to the avalanche of the streamer theory 
n the foregoing experiments: namely, the club of the corona-onset. A later-occurring 
tage takes the place of the further development, and has, in its form, no more 
imilarity to the avalanche. If one compares the avalanche with the club of the 
orona-onset, one finds full agreement in form, though not in direction: the club 
roceeds in a direction opposite from the avalanche; it is attached to the cathode 
yy its stumpy end and its points towards the anode. The experiments show in addi- 
ion that the predischarge shows no divergence stemming from electron-multiplication, 
S was assumed in the case of the avalanche. In reality one must reckon with a 
onvergence. A second club, joined onto the point, and this time diverging, forms 
tself only during succeeding stages of the development: it bears threads at its end. 
n this way a fully-developed corona element arises. The upper part of the element, 
-e., both clubs (which were known under the common title of “stem”’) is strongly 
uminous, and it is reasonable to assume that we are dealing here with collision ionisa- 
ion: it would be possible to consider the stem as a whole, or at least its first part, 
9 be an avalanche. In order to vindicate this assumption, a series of calculations 
vere undertaken, viz., of {ada between the limits electrode and junction-point, and 
lectrode and stem-end, respectively. The calculations were carried out assuming 
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an undistorted field (first method), and the values of the integral were followed 
along the V,-curve. In Fig. 26 the results for all four sphere diameters are represented 
graphically. Two facts deserve our attention. Firstly, the values for the whole stem 
differ but little from those up to the junction-point. The reason for this is to be 
sought in the negligible collision-ionisation in the second — diverging — club. 
The collision-ionisation evidently happens principally in the first club. The ionisation 
coefficient decreases here from an appreciable value to unity, to sink to a still lower 
value in the region of the lower club. This assumption is strengthened by the field- 
strength values given in the forgoing section; at the constrictions-point these were 
21.2 to 24.8 kV/cm, and at the stem-ends they were 15.3 to 21.7 kV/cm. Further, 
as a second point, the calculated integrals lie much higher than those known from 
the streamer theory. One obtains the smallest values for all four sphere diameters 
at the beginning of the corona-curve (point a in Fig. 1). They le between 24 and 
36 (average 31), and therefore can be considered constant, on account of the not 
excessive accuracy of the values on which the calculations are based. As the V,-curve 
proceeds the values, surprisingly, do not remain constant, but rise very quickly 
for all spheres. The integrals at point b of Fig. 1 reach improbably high values, 
viz., between 56 and 116. One sees by a trial calculation of the total number of 
electrons (expressed in coulombs) which must have arisen in this case by collision- 
ionisation, that these values are quite fantastic. 


N=e® -1.59-10-19= 3.3-10° coul. and 
N= e1l6.1.59-10-19=3.8- 102 coul. 


(for comparison the charge of the impulse generator is: Q= 2.5: 10-* coul.). 


These values would certainly become no less fantastic in the corona region (B in 
Fig. 1), for the voltage rises, but the stem-length remains approximately constant. 
For completeness, we have carried out this rather unnecessary calculation. In the 
same way, it is superfluous to mention that the values of the integrals which we 
calculated by the second method as a trial, for they gave throughout bigger values 
than those calculated by the first: method. 
Because of the above, the following summary may be given of the relation between 
the stem and the avalanche: . 
1) Collision-ionisation evidently exists in both clubs of the stem. If one is to judge 
by the calculated field-strengths, the principal part of the ionisation occurs in the 
region of the first club. The coefficient a falls to the value unity at the junction- 
point, to sink at the end of the second club to the value zero. ; 
2) The calculated value of ada for the avalanche — and even for the V-curve 
— gives an unusable value, although the field-strength at the constriction point is 
in good agreement with the laws of collision-ionisation. : 
3) The form of the stem is the reverse of that of the avalanche. ; 
4) Experiment shows that the stem is not a significant factor in the triggering 
of the breakdown. ; 
We wish to keep in mind that other types, namely space-, plate- and comet-stems 
exist beside the electrode-stems just described. They all have great light-intensity, 
from which fact collision-ionisation can be concluded present, but they have not 
always a club-like form. None of them is alone decisive for the occurrence of a break- 
down: each of them furnishes only the energy for a local sub-process of the pre- 
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lischarge. From what has been said, it follows that no phenomenon, completely 
orresponding with the conventional notion of an avalanche, is to be found in the 
oregoing experiments. 


b) The concentration-phenomenon. There is one occurrence frequently appear- 
ng in the discharge development, which is observed not only at corona-onset, but 
Iso during comet- and stem-formation. We wish to discuss the first specially. The 
nitial form of a corona is the club, which sets out from a point on the electrode- 
urface; it begins with a hemispherical stumpy end, in further development concentrat- 
ng into a fine point, from which point a second, oppositely-directed club, can grow. 
the development of this form — the stem — signifies that a force, first diverging, 
hen concentrating and finally diverging again is operating. A striking similarity 
xists between this phenomenon and the cathode-ray beam in a gas-filled discharge 
ube. It is well known that in this case the beam is self-concentrated. (5.) The ions 
roduced along its path by the cathode-ray beam are considered to be the reason 
or this: because of their greater mass and consequently smaller velocity they travel 
way from the beam-axis more slowly than the secondary electrons produced simul- 
aneously with them. A positive space charge and with it a field, therefore arises 
o the path of the beam, and this concentrates the electrons which diverge form the 
eam-axis. Fig. 15 of the above-mentioned work shows that the beam, at a pressure 
f 10-10-? mm Hg, has an amazing similarity with our stem. It also consists of two 
arts; after the converging part a knot occurs, and after this again a diverging part. 
t is possible to terminate the beam in within the gas-space. a fact which emphasises 
he similarity even more. It appears also that there is a relation between the two 
henomena, and one can assume similar accurrences in our case also. We try to 
uterpret the phenomena in the corona with the help of this assumption. 

The electrons are emitted at high speed (greater than that of the voltage rise 
uring the applied impulse-wave of 1/50 us). The sluggish positive ions which remain 
ehind concentrate the electrons which try to diverge. Since the point has the greatest 
oncentrating effect, it must be considered to be the origin of the greatest density 
f positive ions. Since this density is strongly decreasing in the second club, 
he club acquires its diverging character. At the end of the last club, 1.e., at the 
fem, collision-ionisation and the existence of positive ions, ceases. The continuing 
isible light-phenomenon (threads) can be thought of only as the track of the elec- 
rons which are carried away. The experimentally-seen divergence of the thread- 
rown could be proved by this means. The question remains whether or not the elec- 
‘ons carried away are 1) distributed along the thread in the form of negative ions 
) accumulate at the boundary of the thread-crown or 3) reach the underneath plate- 
lectrode with a small velocity and consequently darker track, and there give up 
ieir charge. The second assumption must be considered as improbable, for no light- 
henomenon from which the existence of an electron accumulation could be inferred, 

visible on the photographs. The third assumption is no less subject to criticism, 
r on account of the small fields the traversal of the space needs too long a time, and 
. the meantime the electrons are probably captured by the neutral molecules. 
ne must therefore consider the first assumption to be the most probable: since a 
ald sufficient for collision-ionisation does not obtain in the thread region, the elec- 
ons at the end of their path gradually crowd about the neutral molecules and 
rm negative ions. Therefore the threads are to be considered as the tracks of these 
-ocesses. The fact that this process prefers a certain space-region for its development 
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and proceeds with branching is probably to be referred back to the different “‘affinity” 
of single parts of the space for free electrons. The idea that during corona the electrons’ 
attach themselves specially to the neutral oxygen molecules has already been put: 
forward by Loeb (6). Loeb considers the field-strengths at X/p = 40 (i.e., 30.4 kV/cm) 
to be specially suitable for this. The field-strengths at the thread-ends, calculated 
by the second method according to section 6 b (Table 3) gave, when the space charge 
was considered, average values of 19.4 to 41.7 kV/cm, i. e., 30.5 kV/cm on the average, 
which is in good agreement with Loeb’s data. 

Thus far the concentration at corona-onset. The concentration occurring during 
stem-formation can be explained by the same hypotheses. Mostly a single club 
first arises during stem-formation; positive-ions put in an appearance, with the greatest 
density at the constriction point. The neighbouring clubs, arising later, turn with 
their points — where the existing electrons are compressed together — towards 
the constriction point of the first club. Such processes are visible in Figs. 10 and 11. 
The space- and plate-stems also display similar phenomena; in the same way the 
constriction of the compound stem (Fig. 7 f) may be referred back to the same reason. 
If several clubs arise exactly simultaneously, i. e., if they start from one or from 
several base points lying close together (vide Fig. 2 d, e, 7 a, b, c), then the collision 
ionisation processes proceed at the same time, and therefore the clubs spread out 
from one another fan-wise. In this case concentration occurs only inside each club, 
for each alone is without influence on the neighbouring clubs. The fanning-out of 
each individual club is determined by the fact that at a given time the charges of 
the same sign stand opposed to each other at the head of the growing club. 

Only once in 800 photographs did we encounter an anomaly in the corona-pictures, 
and this is given in Fig. 11 c. The stem, starting from the electrode, has a sharply- 
limited rectilinear propagation, and shows neither convergence nor divergence: it 
has a great and uniform light-intensity along its whole length. The stem is kinked 
after 3.6 cm, and after a further 2 cm serves as the source of several space-stems. 
The lengths mentioned show, in comparison with Fig. 21, that we are here dealing 
with an ordinary stem-configuration, and that the kink has arisen from the constric- 
tion-point. The cylindrical construction of the electrode-stem and the appearance 
of the source-points at its end remain inexplicable. 


c) Mechanism of the discharge. To eliminate misunderstandings, we wish to 
point out that the following considerations related to the conditions obtaining 
during the experiments, namely: 

1) 1/50 us impulse wave of negative polarity, 2) sphere-plate electrode configura- 
tion, 3) large gap-width, 4) inhomogeneous field, 5) air at atmospheric pressure. 

It is of course not easy to draw a simple picture of the manifold complex discharge 
development, on the basis of the optical investigation alone, with the help of some 
known ideas. The principal use of the present description is seen to be that it describes 
the occurrence of the discharge as a whole in a way true to nature. We realise that 
the description given is to be regarded only as a first sketch, which needs further 
changes and corrections. 

The beginning of the light-phenomenon, which is seen by us as the beginning 
of the corona-discharge also, arises at the V,-curve. It always begins at a bright 
base-point which is situated on the surface of the sphere. At this instant no further 
optically-observable phenomenon exists in the remaining space. The diffuse light 
spreads out divergently during the first stage, from the point; in the next stage, 
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1owever, the concentrating forces prevail more and more, so that finally a club, which 
souches the sphere with a hemispherical stumpy end and a bright base-point, arises. 
from the tip of this initial corona club the weakly-divergent second club grows 
urther, this club terminating in one or on several branching threads. In this way 
me of the two parts comprising the fully-developed corona element arises: the parts 
wre, the brightly-luminous stem (which consists of two parts) and the uniform weakly- 
uminous thread-crown. The increase of voltage necessary (between the initial light 
shenomenon and the fully developed corona) lies inside the limits of the scattering, 
30 that it is possible for the full corona to arise also on the V,-curve. 

On leaving the V,-curve, we arrive at the corona-region (B in Fig. 1), which is 
listinguished by the fact that no breakdown, but only corona in different stages, 
xists. In the region of higher voltages the corona is subject to some changes. The 
stem-length remains constant throughout the whole region B: the increasing voltage 
{fects only on elongation of the thread-crown. The different field-conditions of the 
zap make possible two kinds of elongation: the crown can finish its growth with 
. change of structure, 1. e., it can form the single-stage corona, or a new phenomenon 
Nay appear, viz., the first thread-crown which has arisen is bridged over by a diffuse 
slowing-cloud, which allows new stems (space-stems) and their associated thread- 
srowns to arise at its boundaries. In this way the second stage is formed, on account 
yf which the corona is represented as “‘two-stage”’. We have observed the three-stage 
sorona at most in our experiments. In this way the thread-crown (one- or more-staged) 
sovers the whole distance up to the plate. 

The threads of the last stage differ somewhat from the other stages; they are 
bicker and more luminous and base themselves with a stumpy end and a bright 
oint on the plate. The contact between the upper ionised space (glowing-cloud) 
nd the plate is: produced by these so-called secondary threads. This contact fulfils 
he requirement for the initiation of the breakdown, so that the termination of 
he corona by secondary threads happens only at the beginning of the breakdown 
egion C, i.e., at the 3 % V,-curve. This contact is of a type similar to that at the 
phere-electrode: it forms many so-called plate-stems, which initiate electron flow 
rom the glowing-cloud to the plate. The currents arising in this way in the plate- 
tems are the immediate reason for changes in the stems in the plasma channels. 
‘he process begins simultaneously at many plate-stems. Some of these through 
heir exposed situation have, of course, a preferred position for the collection of 
lectrons. For since the plasma channels show a blinding bright track, which must 
e related to the remarkable currents in them, a certain conductivity must be attrib- 
ted to the glowing-cloud in this stage,.as also must an approximately uniformly- 
istributed Jength gradient and hence a more facile electron motion. 

The growth of the plasma channels begins at the plate and proceeds in the follow- 
1g way: the underneath part of the stem first changes itself within the plasma 
hannel, to whose upper end the electrons of the glowiug-cloud fly and form a short 
rush. A new plasma-channel forms itself in such a brush, and at the end of this 

new brush is again ‘formed and so the plasma channel can grow. These successive, 
mall, irregular part-processes give the canal a zig-zag appearance, while, because 
f the limited and no longer increasing dimensions of the glowing cloud, scarcely 
ny branching occurs. A similar occurrence also appears with. the sphere electrode, 
ut both processes proceed independently. They meet approximately in the middle 
f the gap (more frequently in the upper than in the lower streach) at which place 
omplicated loops often appear. In this way, cases can be imagined in which the 
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plasma-channel is for the most part developed from underneath, for none of the : 
many similar electrode-stems, changed in the plasma channels, can playa leading : 
part. This is especially the case with big electrodes. ee 

When both channels have met, a well-conducting quasi-metallic connection 18 § 
formed between sphere and plate, through which the impulse generator discharges | 
itself and builds up the principal spark. The resulting current strength is dependent | 
on the total resistance, which is composed of the resistance of the external circuit | 
and that of the spark channel. 


d) Details of the discharge. After the general review given some individual 
details may be discussed. 

Whether or not the optical methods applied by us allow a complete knowledge of 
the discharge mechanism, or whether one must deal with some dark pre-stages, is 
a question which must be considered open. It is obvious from Fig. 25 b that some 
doubts are in order. The electrode field-strength necessary for the first visible phe- 
nomenon (V,-curve) varies over a wide range. With small electrodes it can assume a 
value up to 60 kV/cm. Obviously the gap remains dark for voltages which lie some 
percent lower than this threshold value. The field-strength in the space immediately 
before the sphere electrode, remains, however, big enough to evoke local collision- 
ionisation in this space. The light-emission, as has been shown by Lenard (7) is not 
always to be seen as a phenomenon connected with secondary electron emission. 
We must therefore reckon with the fact that there may be some initial stages missing 
from the discharge mechanism sketched by us, the more so since it is well known 
that the dark pre-current rises quickly, a little before the beginning of the discharge, 
and since its share in the propagation of the processes has not yet been clarified. 
Because of this, the mechanism sketched is valid only for the visible part of the dis- 
charge. 

The points of origin of the corona-onset club do not prefer any certain place on 
the surface of the sphere, but instead arise at a different place at each impulse. 
Therefore they do not occur because of point-effect — that is, because of small 
unevennesses on the surface. Also, from the purely mechanical point of view, this 
is completely impossible, for the sphere surfaces were carefully polished. Further 
experiments on the clearing-up of the reasons of origin of the points were outside 
the scope of this work. The number of points which have arisen is always distinguish- 
able; only one or a few points exist at the onset voltage; at higher voltages the number 
of points increases too, but, however, they never lie so densely that they are not 
distinctly separable one from the other. : 

The length of the electrode-stems, which as already mentioned remains unaltered. 
from the onset up to breakdown-discharge irrespective of the strongly-increasing 
field at the stem-ends, remains unexplained. The following could be a probable 
explanation of this phenomenon: the lengths in the first stage of the corona are 
already fixed by the fact that the collision-ionisation which has arisen has expelled 
all electrons from the stem-space; the stemtis to be seen as the track of this process, 
and consists of the sluggish positive ions which remain behind. The ionisation process 
proceeds one to two orders of magnitudes quicker than the rise of voltage. As soon 
as the voltage has reached the threshold value, collision-ionisation results — practi- 
cally instantaneously in comparison with the voltage rise — and the field distribu- 
tion obtaining at that instant determines the length of the stems. Because of the 
absence of electrons in the stem the voltage as it grows further does not lead to 
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extension of collision-ionisation, and it can exert no further influence on the stem 
right up to the end of the impulse. Similar grounds for the failure of the calculation 
of f ada for the stem and also for its parts, probably exist, for this calculation is 
admissible only for the field distribution reigning at the instant when the threshold 
value is reached. However, other factors can have an influence also, in our case for 
example, invalid a-values or other type of collision-ionisation present, as Morton (8) 
has indicated. 

The thread crown — as opposed to the stem — is inluenced in an understandable 
way by the voltage. Presumably the building up of the negative ions proceeds 
slowly enough to keep pace with the rising voltage. The limits limiting of the crown 
are fixed by a minimal field strength which we have calculated with the help of 
the peak-voltage of the wave. ; 

The nature and the conditions of origin of the glowing-cloud cannot be interpreted 
without detailed experiments. Some clues should however be mentioned. The glowing- 
cloud arises only where negative ions exist: in the crown space. In this region, not 
only the threads, but the space between them is luminous. For since the glowing- 
cloud sometimes surrounds only a few threads, it appears that the threads produce 
the light. It is obvious to assume that photo-ionisation with short range is the reason 
for this. The edge of the glowing-cloud possesses a field of its own, produced by the 
space-charge and difficult to calculate, which moves the electrons out of the cloud. 
It may be concluded from the photographs that what we have cited for the origin 
of the electrode-stems holds also for this phenomenon. We can follow single tracks, 
probably stemming from the electrodes (Figs. 4, 6, 11 d, e, 12): at whose ends arise 
small local collision-ionisation processes, which contribute to the formation of the 
space-stem that builds up the next thread-crown. 

From its behaviour during the tail of the impulse wave, it may be concluded that 
the glowing-cloud has a negative charge. The sphere electrode remains more positive 
than the negative charge of the glowing-cloud when the voltage collapses. In this 
mstant we therefore have a sphere of positive polarity which allows plasma-channels 
50 arise easily. (1.) They are actually to be found in the corona region while the glow- 
ng-cloud is forming. (Fig. 6.) — 

The secondary threads which are the last to brigde the gap, are strongly built, 
1s already mentioned, and base their hemispherical stumpy end on a bright point 
mn the plate. The secondary threads presumably owe their strong structure to the 
‘acilitated charge-carrier movement which is evoked by the enhanced length gradient. 
[his fact is confirmed by the progress of the breakdown along the upper part of 
she curve O-a (Fig. 1). Here the full voltage is applied to the thread-ends, and the 
lectrons coming from the electrode-stems move themselves downwards exclusively 
n the thread paths. (Fig. 14.) As for the base-point of the secondary threads, this 
srobably arises from the limited removal of the sluggish negative ions in the immediate 
vicinity of the plate. In this way the already-mentioned inability of the secondary 
hreads to develop themselves from underneath upwards, is understandable. The » 
yuilding up of the lower part of the secondary threads is interesting; its form agrees 
vell with the avalanche, but it shows unambiguously that in no case can it be such. 
firstly this form occurs only after the thread has reached the plate and built up a 
right point (during the growth the thread has pointed end). Secondly the formation 
f the plasma-channels begins from the negative sphere electrode, and, spreading 
ut, propagates itself forward, as is clearly visible in Fig. 14. The main stroke forms 
tself in a straight line in this case. It cannot be definitely stated whether or not 
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the plasma-channel just described really is such, or whether it represents only a 
preparatory stage which after the first has reached the plate, grows upwards into 
such a channel. But we have more evidence for the first assumption than the latter, 
The following are decisive: 1) The fact, known from consideration of the stem, 
that in the last stage of the breakdown the stem changes itself into a plasma-channel. 
The observed bright channel, growing downward, can very probably be thought 
of as a continuation of the stem plasma-channel; 2) It was not possible in fifty photo- 
graphs to obtain one which showed a second channel joining a downward-developing 
channel first channel, which should in this case develop upwards. The main stroke 
was always observed directly after the first channel. 

Further experimental work for the detailed explanation of the comet phenomenon 
is lacking, but some remarks are of interest. The phenomenon is most frequently 
observed with a point electrode. From this it is clear that a strongly-diverging field 
is necessary for the appearance of comets. But, however, further unexplained factors 
exert an influence. Comet and ordinary corona elements are often to be seen together 
in the photographs, either alone (Fig. 16 c, right) or combined with corona parts 
(as in Fig. 11 d, below — where a comet which develops itself from a glowing-cloud, 
carries a space-stem at its end). Comets occur even in the building up of the plasma- 
channels: in Fig. 19 b, right, for example, a comet travels from the glowing-cloud 
to the plate parallel to the plasma channel. The processes occurring in the single 
parts of the comets are as yet unexplained. Collision-ionisation in the stems is to 
be assumed because of their brightness. However, their cylindrical and often curved 
track, without concentration, is still not understood. In the club, on the other 
hand, a concentration exists, but the brightness is absent; it is always smaller here 
than in the stem. Only the last part, the thread, is understood, and it can with 
certainty be presumed identical with the crown-thread. 

Finally we wish to point out two facts, which have been given very little attention 
in the literature. These are the natural ionisation of the air and the chemical changes 
during the discharge. The first probably plays a large part in the first stage of the 
discharge, for it takes care of initial electrons. But one can also imagine a participa- 
tion in later stages. It probably plays the principle part in the statistical scattering, 
The chemical changes can be significant only in the stages succeeding the initial 
ones. We mention in this connection that nitrogen oxides and ozone, for example, 
appear as steady components of the discharge-phenomenon. A strong smell of ozone 
could be observed during the above experiments, expecially during the occurence 
of the glowing-cloud, and more markedly at positive than at negative polarities. 
But no sufficient knowledge of the role of this factor in the discharge exists. An 
explanation of these questions may be of great significance in the explanation of 
the discharge-development, for a comprehensive theory without regard to these 
factors is scarcely conceivable. 


SUMMARY 


The negative discharge at great gap-widths proceeds in a complicated way in 
several successive stages. It is not possible to discover a single main process. The 
discharge begins at the sphere electrode and forms corona elements consisting of 
a stem and thread-crown. The bridging of the discharge-gap necessary for further 
development is brought about with the help of a single- or many-staged corona. 
The condition for initiation of a further stage is the formation of a glowing-cloud in 
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the preceding. The last part of the gap is bridged by strong secondary threads; 
plate-stems arise at the plate and they cause plasma-channels (anode-leaders) to 
start from it. 

A similar channel (cathode leader) grows from the sphere electrode. Both leaders, 
which can develop themselves only in an unbroken glowing-cloud, meet each other 
approximately in the middle of the gap. The anode leader mostly covers bigger 
distances than does the cathode leader; it often bridges almost the entire gap. After 
the leaders have joined the spark develops in their track. 

That stage in which the occurrence of collision-ionisation may be presumed, i. e., 
the corona-onset, shows a concentration like that also displayed by the comets, 
An attempt to calculate Jadz for the stem at corona-onset, failed. The thread-crown 
of the corona was taken to consist of negative ions. It was attempted to calculate 
the field by two methods: an exact one, in which the space-charge was not considered, 
and which yielded usable values for the stem-ends: the second was an approximation 
{assuming the thread-crown region to be a good conductor), whose values stood in 
good agreement with the conception generally valid for the crown edges. The field 
at the electrode-surface presumably has little direct influence on the corona-onset. 
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Positive ions formed by an open electric heater 
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1. Introduction 


During our measurements of small ions in the atmospheric air carried out in recent 
rears at the Institute we have stated an elevation of the number of positive ions in 
he observation hut, when an electric heater was switched on to heat the hut [5]. 

The formation of ions from glowing bodies is a fact known since long [7], [8], 
rut because of some circumstances investigations of this subject in atmospheric 
ir have been neglected for a long time. An excellent characteristic of the state of 
he mentioned problems is recently given by Wurtz [11]. But it seems, however, that 
his state is past now. The importance of the investigations of ions formed by various 
onizers in air at atmospheric pressure is shown by the development of some apparatuses 
or technical use applying properties of ions formed under such conditions. As exam- 
les of such devices the following ones could be mentioned. An electronic simulator 
or sense of smell is developed by General Electric for testing of leaks [12], [4], [11]. 
3y L. M. Ericsson, Stockholm, a technical ionic fire detector is developed [13] using 
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ideas given earlier by GREINACHER [2], [10]. And, maybe, it is not exaggerated if 
Wuire [11] says “that our knowledge of positive-ion emission and its utilization 
today is about where the application of electron emission In vacuum was at the time: 
de Forest introduced the grid, and thus brought about the beginnings of a whole 
science.” ; : 

By starting the present work the intention was to investigate the disturbances. 
caused by the formation of ions which may arise if an electric heater is installed in 
a room. It is of great importance to know this event when ionic measurements are 
carried out. But besides, some insights into the whole phenomenon of the formation 
of ions by hot bodies in atmospheric air were obtained, and thus a contribution to 
the knowledge of this subject may be given, because a sufficient acquaintance with 
all the phenomena is not yet at hand even apart from the development of technical 
devices for utilization of the mentioned effects. 


2. Experimental arrangement and measuring technics 


The experimental arrangement and the measuring technics were the same as at 
our investigation of the ions produced by ultra-violet light [6]. The room in which 
the ionization processes were tested was a wagon used at the movable field stations 
of the Institute for other purposes. The volume of the test-room was 16.5 m*. The 
wooden walls and the ceiling of the room were covered inside with rather thick 
pasteboard, the floor with linoleum. All the splits, also at the doors and the windows 
were stopped up by strips of pasted paper. 

An ordinary electric heater of c. 1500 watts was placed in the test-room. The 
step-switch of the heater was arranged in a side-room, and thus it was possible to 
control the heater without entering the test-room. The heating elements of the 
heater were resistance wires supported by ceramic bodies. At the lowest position 
of the step-switch the elements were connected in series and their temperature was 
below glowing. At the second position one of the heating elements was connected 
with the network, and at the third position both elements were connected in parallel. 
At the second and third positions of the step-switch the heating elements were red- 
hot. 

The used devices for measurements of the ions were two EBERT small-ion counters 
of discharging type and an IsraL counter of large ions. The apparatuses were 
placed in the observation hut used at our open air measurements. The wagon with 
the room for production of ions was placed beside the hut and the openings to the 
suction box in the hut were connected through c. 0.6 m long flexible metal tubes 
of 33 mm diameter with three openings in one of the side-walls of the wagon. By 
this arrangement it was possible to suck the air from the test-room into the ion- 
counters in the observation hut. Mostly only one of the connection tubes was used. 


A more detailed description of the whole arrangement and of the measuring technics 
1S given in [6]. 


3. Measurements 


A test of the air from the room in which the electric heater was placed was carried 
out before the heater was switched on. The number of ions caught in the counters 
was comparatively low, in general some hundreds per em3, in any case below 1000 
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mm %. Switching on the heater without glowing no detectable enhance of the number 
yf ions was observed. By switching on the heater on the highest step (with red heat) 
the composition of the ions in the test-room changed considerably. 


3.1. Measurements with EBERT counters 


The number of positive ions caught with Ener counters increased from the begin- 
ung to values of 5000 cm-? and more (in some cases to more than 10000 ci), 
vhile the number of negative ions increased during the first 10-20 minutes only 
itle. Kxamples of measurement series are shown in Fig. 1, 2 and 3. During heating 
he number of positive ions counted with the Eserr counter decreased, but in general 
t remained at a higher level. Another property of the number of positive ions counted 
vith the EBERT counter was also stated, viz. the number of counted ions was depend- 
mt on the potential applied at the inner electrode of the counter — an indication 
hat the apparatus counted also larger intermediate ions present in a greater amount. 
[here were no chances to determine the composition of the ions with respect to the 
nobilities using EBERT counters. Therefore it was not attempted to make the measure- 
nents with such counters more correct regarding the applied potential, and the 
riven results of measurements with them must be regarded only as qualitative indica- 
ions of the ionic state of the tested air. 

The measurements with EBrertT counters were mostly carried out discharging the 
lectrometer of the counter in series of measurements. Each series of the obtained 
1umbers is connected through strokes, and in such a way series carried out with 
me charge are shown separately in the figures. The influence of the heights of the 
yotential of the inner electrode of the EBERT counter may be seen in the presented 
igures. During the measurements shown in Fig. 3 from 40 minutes after switching 
mn the heater the measurements with the EBERT counter were carried out with the 
ame potential for each point. The leaps stopped and the trend was more eveti. 

Similar effects were not observed measuring the negative ions. Mostly it was possible 
oO measure the negative ions with only one charging during the whole series, and 
vhen a new charging was carried out no changes of the levels of the number of 
aught ions were stated. 


3.2. Measurements with an IsrRAEL large-ion counter 


Tn order to determine the composition of the present ions with respect to the mobi- 
ities measurements were accomplished with an Isra&L large-ion counter in the 
ollowing way. Series of measurements were carried out changing alternately the 
djusted limit mobility of the counter by variation of the air draught through the 
ondensers. In such a way the trends of the number of ions caught at several adjusted 
imit mobilities ky» were obtained. Examples of the attained ordinary trends are 
iven in Fig. 1 and 2, where the results of the measurements of positive ions at 
lifferent adjusted mobilities are shown. The negative ions were present in a so small 
mount that a separation in different limit mobilities was not practicable using the 
ame arrangement, as shown also below in Fig. 3, where another form of observed 
rends of positive ions is given. Therefore negative ions were measured only in some 
ases. 


3.2.1. Ordinary trend of the measured number of positive ions. As mentioned the 
urves shown in Fig. 1 and 2 may be regarded as examples of the ordinary trends 
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Fig. 2. The ordinary trend of the number of caught positive ions at different adjusted mobilities (2)8 


of the number of positive ions measured with the Israx large-ion counter at dif- 
ferent adjusted limit mobilities. Increases of the number of ions may be stated 
during the first 1-2 hours after the heater had been switched on, after that a satura- 
tion seems to be reached for the lower adjusted limit mobilities, and a slower decrease 
follows for the higher adjusted mobilities. The increase at the end of the heating 
shown in Fig. 2 for all the mobilities may be caused by elevation of the temperature 
of the heater by variation of the net tension. An elevation of the curve at ky =53 x 10-4 


(denoted by dashes and points) over the curves at lower mobilities ky = 7.65 x 10-* 
and kx = 10.2 x 10-* must be noted. : 


This elevation could be regarded as a marked indication of the fact that a new 
group or band of ions is seized with displacement of the upper limitation of mobilities 


which limitation is caused by the effective fore-condenser as an equivalent for the 
end-effect of the condenser of the counter [9]. ' 


3.2.2. A special form of the trend of the number of ions. As mentioned a special 
form of the trend of the number of positive ions is shown in Fig. 3. An abnormal 
increase may be stated during the first 40 minutes after the heater has been switched 
on. After reaching a maximum the number of caught positive ions decreased during 
the following 2 hours to increase slowly again after that. A difference between the 
trend of the number of ions caught with the Epert counter in this case and the ordi- 
nary course is shown in Fig. 3. The negative ions measured with the IsraiL counter 
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Fig. 3. A special form of the trend of the measured number of ions (3). 


re also shown there. The increase of the curves of negative ions measured with the 
SRAEL counter (especially at the lowest adjusted limit mobility ky —= 2.55 x 10-4) 
fter switching off the heater is a fact of interest. In a smaller degree the same event 
nay be seen for the negative ions measured with the Eserr counter. 

In all the three figures the variation of the air temperature in the test-room during 
he measurement series is denoted. The measurements were carried out in winter 
nd therefore the initial temperature was comparatively low. 


4. Distribution of the ions in mobility groups 
The evaluation of the obtained results of measurements was carried out with the 


id of characteristics n = F z) or n=@ (kx) In a way simular to that used in [6]. 
* 


veferences to this matter may be found in [9]. Complications arose because of the 
orm of the distribution of the ions with respect to the mobilities by which the end- 
ffect of the condensers of the counter may play a réle. Therefore the: experience 
btained by earlier measurements of large ions in the free atmosphere [9] was applied 
valuating the characteristics, and so regions of mobilities scanned by the upper 
mit of adjusted mobilities were also taken into consideration. With the material 
t our disposal it was possible to divide all the present positive ions into several 
obility groups. 


Designation Limits of mobility in 


the groups 10°* cm sec?: Volt em? ABI gr 
ay 0-2.5 Ultra-large ions 
ne 2.5-10 . LANGEVIN ions 
on 10-100 Large-intermediate ions 
Noes 100-—co Small-intermediate ions and small ions 


The trends of the number of ions in corresponding groups are shown in Fig. 4, 
and 6. The correspondence of these figures to the trends of the measured 
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Fig. 5. The trend of the distribution of positive ions in several mobility groups (2). 


number of ions (Fig. 1, 2 and 3) is shown by the same ordinals in the circles abovs 
on the right-hand side. 

As may be seen in the figures the predominant amount of the present ions is 1 
the group with mobilities over k > 10 x 10-4 cm sec~!: Volt cm. The course of thi 
group with mobilities over k > 100 x 10-4 cm sec: Volt em (Fig. 4 and 5) show: 
that ions with higher mobilities (small-intermediate and small ions) are of som 
importance from the beginning of the heating, but later the large-intermediat 
ions with mobilities between k = (10-100) x 10-4 cm sec—!:: Volt cm! are predominant 
With the present material at hand it was not possible to answer the question abou 
the presence of real small ions so that it might also be assumed that the ions witl 
mobilities over 100 x 10-4 em sec! : Volt cm-! could be only intermediate ions. 

LANGEVIN large ions with the mobilities between k= (2.5-10) x 10-4 em sec 
: Volt cm~! are of the same amount as the ions with mobilities higher than 100 x 10- 
cm sec-? : Volt cm-!. 

The fraction of ultra-large ions shown in the figures is comparatively high, bu 
it might be the case that the given values are exaggerated because of uncertaint; 
of extrapolation. A definite answer to this question could be given by a specia 
investigation of this subject. The question about the fluctuation of the content o 
LANGEVIN large ions must also be left open. 

The trend of the ions with mobilities over 10 x 10-4 em sec-!: Volt em— show 
in Fig. 6 may be divided into two curves (I and II). The second curve (II) is simila 
to those in Fig. 4 and 5, and therefore it might be assumed that in this case we hav 
a superposition of two processes of formation of lighter ions, by the first one th 


curve I is given and by the second one the curve II. We will return to this questio 
in the discussion. 


536 


ARKIV FOR FYSIK. Bd 5 nr 25 


25000 ae 
Wes | @® 
ay = Heater switched on 
20000 a 
—}— il 
15000; ai 
» 10000 
15 
imal 
5000 
(0 
5 60 min 


Fig. 6. The trend of the distribution of positive ions in several mobility groups in the special 
case (3). 


5. The ionic spectra of mobilities 


5. 1. Representation of the spectra 


Having the characteristics at our disposal it was attempted to determine the spectra 
of mobilities of the present ions at definite moments during the processes of formation 
and transformation of ions. The used mode of determination of these spectra is given 
in [9]. Because of the appearance of the end-effect of the condensers of the counter 
the possibility existed to determine the spectral distribution of the ions with respect 
to the mobilities not only in the regions of mobilities scanned by the variation of 
the adjusted limit mobility but also in the regions scanned by the upper limitation 
of the mobilities. Therefore the ionic spectra can be given in the regions of direct 
variations of the adjusted limit mobility ky and also in the regions of corresponding 
mobilities akx, where a is the perturbation coefficient with a value of c. 100 introduced 
by Israiit. The separation of both the superposed spectra is not always practicable, 
as shown in [9], but it seems that in this case no greater complications were present. 
[t is not so easy to compare the ionic spectra in different regions of mobilities which 
vary in several orders. We have attempted to show the spectra in the following 
form. The scale of the distribution function f(k) is chosen so that the corresponding 
scale of the mobility & gives us for all regions of mobilities the same area for the same 
number of ions N in an interval of mobilities k, << k<k, according to the definition 


Keg 
Ni: = { f(k) dk. 
hy 


[his form of representation of the ionic spectra may be called the equal-areas represen- 
ation. It is evident that. it will not always be possible to show the individual occupied 
egions of mobilities in the same graph, and therefore regions shown in other figures 
with another scale are omitted in some figures. 
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Fig. 7, 8, 9, 10. Variations of the function of the spectral distribution ef present positive ions (1). 


5.2. Obtained spectra 


The spectra calculated for both the ordinary trends of the measured number 
of ions are shown in Fig. 7-14. The similarity between the spectra of both series 


of measurements could not be contested. 


The following properties of the obtained spectra may be noted: 
(1) Ions must be present also in the region of ultra-large ions. 
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Fig. 11, 12, 13, 14. Variations of the function of the spectral distribution of present positive ions (2). 


(2) Ions in the region of LANGEVIN large ions belong to bands which stretch out 
in the regions of ultra-large and large-intermediate ions. 
(3) A marked band is present in the region of large-intermediate ions between 


= (10-50) x 10-4 cm sec: Volt cm™. 
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(4) A band is present in the region between small-intermediate ions and small 
ions with k= [(300+400)-(1500+ 2000)] x 10~* cm. sec” : Volt cm7, 

(5) The presence of a movable smaller group is indicated in the region of small. 
ions with the mobility 0.3-0.8 cm sec!: Volt cm}. 

(6) Some transformations of the shape of the bands may be stated during the: 
observation period. 


It is evident that it could not be expected that the obtained shapes of the bands: 
are exact, nor could it be expected that in all the cases the individual bands are: 
established, therefore in some spectra some bands are absent, but because of the 
continuity of the sequence of the number of ions obtained from the measurements 
and the expected continuity of the processes of formation and transformation of the 
ions it may be expected that a general insight into the whole processes is obtained. 

The spectra from the measurements with the special trend of the number of caught 
ions (Fig. 3) are similar to those shown here and are not presented, also because 
only part of the whole regions of mobilities may be given when 4 adjusted limit 
mobilities are used. 


. 6. Discussion 


Unfortunately we cannot give any explanation of the observed effect. As mentioned 
at the beginning, the effect of formation of positive ions from glowing bodies in a 
gas at atmospheric pressure is known since long. References to these earlier investiga- 
tions may be found for example in [7], [8]. But no clearness may be obtained on the 
observed phenomena from these earlier investigations because of the impossibility 
to separate the individual processes which are mostly superposed over one another 
in the air at atmospheric pressure. 


6.1. Emission of positive ions from hot bodies 


As one of the conclusions of importance which have been derived from the great 
amount of facts the following one could be mentioned. Perceiving some similarities 
between the production of positive ions from hot bodies in gases and the emission 
of negative electrons from hot bodies free from disturbances of by-phenomena in 
vacuo, it is attempted to explain the formation of positive ions from hot bodies by 
emission of these ions from the body. Such a conception of the subject based upon 
numerous experiments of his own and of other authors has been developed by 
Ricuarpson [7], [8]. This conception of emission of positive ions from hot bodies 
has been accepted by many authors. DessaurEr [3] conceives the ions produced by 
heating of a piece of MgO in his generator of ions for medical purposes as charged 
small particles of MgO. Wurre [11] describing the positive ion-effect applied in the 


pppersu for testing of leaks makes use of emission of positive ions as the principal 
effect. 


6.2. Our measurement series with the special form of the trend 


It seems to us that only part of the positive ions formed by hot bodies may be 
considered as ready positive ions emitted from the body. As such an emission of 
positive ions from a glowing body we will regard the one shown by curve I in our 
series of measurements with the special kind of trend (Fig. 6), because in all the 
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experiments by which the emission of positive ions might be stated it is shown that 
the emission is high from the beginning and decreases comparatively rapidly, when 
the present material for the positive ions in the body and on the surface of the body 
is used up. The conditions are not here the same as by emission of electrons, where 
the amount of electrons for emission is not limited. Therefore the emission of ready 
positive ions from hot bodies must be characterized by its decay with time and this 
decay is often very rapid. The cause why we can consider the curve I (Fig. 6) as 
a representation of direct emission of positive ions is the following one. The trend 
of several of our previous series of measurements was similar to those shown in Fig. 1 
and 2. The trend shown in Fig. 3 was obtained by measurements carried out after 
longer series of measurements of ions formed by ultra-violet light in the same 
test-room. In the discussion of the phenomena concerning the ions produced by the 
ultra-violet light [6] it is shown that some chemically active substances which have 
been formed in the air by ultra-violet light play an important rdle in the whole 
processes. These active substances may react also with the substances of the electric 
heater. This was not heated during the measurements with the ultra-violet light, 
but it was located in the test-room all the time. Therefore it is possible that the surface 
of the heater was covered with different chemical compounds which might be the 
source of the emission of positive ions, when the heater was switched on. By glowing - 
of the heater the amount of these compounds decreased and with time ceased. The 
ions measured in the test-room after ceasing the emission of the ready positive ions 
from the surface of the glowing body must be formed in another way in the air around 
the heater. An affirmation of such a conception may be seen by the fact that the 
number of positive ions measured with the EBERT counter shows an increase in all 
the series of measurements, and after reaching a maximum it decreases to a lower 
level, but remains during the heating comparatively high over the normal value. 


6.3. The ordinary trend of the number of caught ions 


Now we return to the curve II (Fig. 6) which is similar to those in the ordinary 
trend (Fig. 4 and 5) and which could be regarded as the characteristic one of the 
normal phenomenon. The fraction of lighter ions (with the beginning from the large- 
intermediate ions) predominant in the whole composition of the present ions does, 
not decrease with time but even increases to reach a saturation. In which way this 
fraction is produced? 


6.4. Nuclei of condensation formed by hot bodies 


We can point out here the fact stated by Costs and Wricur [1] that nuclei of 
condensation may be formed by glowing bodies, and that the produced nuclei are 
not particles from the substance of the heated body but different compounds of 
the constituents of air — oxygen and nitrogen. _ : 

These products might be formed during all the time that the heater is glowing, 
und if the nuclei formed in such a way might be transformed into positive ions it 
sould be possible to understand the fact that a hot body can produce positive ions 
ininterruptedly. The fact that the properties of the atmosphere around the glowing 
ody play an important role in the formation of positive ions from a hot body 
's applied also in the leak detector described by Wuitx [11] (halogen compounds). 
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6.5. Some indications for further investigations 


The question in which way the nuclei of condensation might be transformed |! 
into positive ions near a hot body must preliminarily be left without any answer, 
but it seems that the sketched hypothesis may be used as a clue to the further in-- 
vestigations which must be directed to the chemical side of the effect. Measurements 
of the nuclei besides the ionic measurements could also be of great importance, . 
because without data on nuclei it is not possible to attempt to clarify all the ioniza-- 
tion and de-ionization or recombination processes in the phenomenon. The hot’ 
body must be more definite, if one should be able to determine the influence of the: 
temperature on the effect. 

The importance of the investigation of the associate phenomena may be seen 10 | 
several respects. Firstly, as already shown, our general knowledge about this subject ; 
is more than poor, but further our acquaintance with this matter may be of practical 
consequences. For example, if it is true that the ion-content of the air exerts some 
influence upon human health [3], the use of an open electric heater which produces 
positive ions might be regarded as unhealthy, if “‘the positive ions tend to produce 
headaches and discomfort”’ as indicated KoLier [3]. The question may be set forth 
if the ions or the accompanying chemical compounds are the cause here. Some pro- 
ducers of electrical heaters in U.S.A. supply their heaters with devices for keeping 
away from positive ions. 
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SUMMARY 


(1) By an electric heater with red heat positive ions were produced in a great 
amount. 

(2) An analysis showed that the predominant fraction of the produced positive ions 
belongs to the large-intermediate ions, but ultra-large, LANGEVIN large and lighter 
ions are also present, the two last groups in smaller quantities. 

(3) Ordinarily the number of produced positive ions increased during the heating 
reaching a saturation. 

(4) This increase may be regarded as an indication that the established ions could 
* not be produced by direct emission of ready positive ions from the heater. 

(5) Because the negative ions were present in a too small quantity no detailed 
investigation of them was carried out. 

(6) Some indications for further investigations are given. 


Institutet for hdgspinningsforskning vid Uppsala Universitet. May, 1951. 
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Mobility spectra of ions formed in a room by negative corona 


discharge 


By REINHARDS SIKSNA 


With 15 figures in the text 


1. Introduction 


An instantaneous increase of the number of small ions measured with an 
EBERT ion-counter is established in a room, if a sufficiently high potential is 
switched on to an isolated thin wire placed in the room (Fig. 1). Corona dis- 
charge is the source of ions in this case [9]. 

But besides small ions the presence of larger ions may also be established by 
simultaneous measurements with a large-ion counter. As shown in Fig. 1, curves 
of various trends of the concentration of these ions were obtained by variation 
of the adjusted limit mobility k, of the large-ion counter. 

It is well-known that difficulties arise during the measurements of the number 
of ions in open air because of time variations of the concentration of ions. 
Attempts have been made to avoid these difficulties measuring the number of 
ions caught at different adjusted limit mobilities by periodical variation of chosen 
adjusted limit mobilities [12]. It is not necessary to regard the periods of the 
return to a definite chosen k,, strictly, because the intention is to determine the 
trends of the number of ions caught at the chosen adjusted limit mobilities in 
order to be able to determine the characteristic (current-volt curve) of the ions 
at a definite time moment. The distribution of ions with respect to the mobilities 
or mobility spectra of the present ions could be determined by the characteristics 
obtained in such a way. We have used this method of periodical alternation of 
chosen adjusted limit mobilities of the ion-counter measuring the large ions in open 
air at Uppsala [11], [12] and by investigation of ions produced in a room by ultra- 
violet light [8] and by an open electric heater [13]. By measurements of arti- 
ficially produced ions it is shown that this method could be used with greater 
confidence because of the expected continuity of the variations of the distribution 
of ions with respect to the mobility, especially, if these variations do not follow 
so rapidly, and the number of present ions is sufficiently great. During open 
air measurements these conditions are not always given. 

It is shown that certain characteristic variations of the trends of the curves 
at chosen adjusted limit mobilities occur measuring the ions produced in a room 
by a negative wire corona and using the method of periodical alternation of 
chosen adjusted limit mobilities [9]. An attempt is made there to bring these 
variations into connection with some processes, which may be their causes, In 
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Fig. 1. Number of ions measured with EBERT ion-counters and with the IsRA&L large-ion counter 
adjusted at different limit mobilities kx. The present ions were formed by corona in a room 
when a sufficiently high potential was switched on to a thin wire. 
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Fig. 2. Number of ions measured with the Israiét large ion-counter adjusted at different limit- 
mobilities kx when the corona potential was gradually increased. 


this article a more detailed survey of the distribution of ions with respect to 


the mobilities will be given by calculating the ionic spectra from the charac- 
teristics. As shown in [9] the development of the partial stages of the different: 
ionization states during the measurements was more pronounced when the poten- 
tial applied to the corona wire increased comparatively slowly, and therefore the 
curves shown in Fig. 2 and 3 were used here for calculation of the ionic spectra. 
Considering the ionization state at the beginning of the production of ions by 
corona, when small ions are not yet established, the curves shown in Fig. 14 
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Fig. 3. Decrease of the measured number of ions after switching off corona potential. Con- 
: tinuation of Fig. 2. 


were used. As mentioned in [9], it must be pointed out here that the different 
characteristic properties of the curves of the number of ions measured at differ- 
ent adjusted limit mobilities are typical of all measurement series independent of 
the shape of the increase of the applied potential, only at a slower increase the 
development of different ionization states is more pronounced. Therefore the var- 
iations of the ionic spectra given here may be regarded as typical of all the processes 
of production and transformation of ions formed in a room by negative wire corona. 
Only the values of the number of present ions with corresponding mobilities and 
the time rate of corresponding transformations may be different at different in- 
creases of the applied potential. 


2. Successive characteristics 


Using the method of periodical alternation of chosen adjusted limit mobilities 
k, of the ionic counter it is possible to obtain some insight into the behaviour of 
the present ions direct from the tendency of the curves of the number of ions 
caught at different k,, as shown in [9]. But, if the intention is to obtain the 
ionic spectra, characteristics or current-voltage curves i=/(V) of the ionic 
counter, or, rather, curves of the number of ions and the reciprocal limit mo- 
bility n = F ( - 

* 
pointed out here that the number of ions given by us in the following is 
calculated dividing the electric charge measured with the electrometer of the 
counter by the elementary charge e = 4.80x 10°” ESU, assuming that the present 
ions are singly charged. Objection may arise here, especially if we regard the 
views pointed out by Noxran and O’Keerre [7] about the multiply charged 
large ions. If it would be found necessary, the number of ions » and N given 
later on by us, could be interpreted as the number of elementary charges e. 
A definite answer concerning the number of elementary charges of the large 


or the limit mobility n = »(k,) must be plotted. It must be 
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ions considered here could be given by simultaneous measurements of the ions 
and the condensation nuclei. 
For determination of the characteristics in our case we have plotted up straight 
lines parallelly to the ordinate axis in the figures of the curves of the number 
of ions caught at the chosen limit mobilities, and thus the crossing-points with 
the curves were determined. Doing so, we obtain the values of the number of 
caught ions at the different adjusted limit mobilities at a definite point of time. 
This operation was carried out at the ends of different time intervals (mostly 
of 10 minutes). The values obtained at a definite point of time may be plotted 


1 

in a diagram with respect to k, or, rather, to --. Examples of some of these 
* 

characteristics are shown in Fig. 6, 7, 8. 


Characteristics n = F (;:) obtained in this case have some interesting properties, 
* 


which must be considered here somewhat detailedly because of their importance 
for the general use of the method applied here. By this it will also be shown 


a, 1 ; 
in which way the characteristics n = r(t) may be used for analysis of the 
mobility distribution of the present ions without calculation of the general dis- 
tribution function /(k). hig, 
But some theoretical considerations on the characteristics must be inserted to 
understand the mentioned matter better. 


3. Some theoretical considerations on the characteristics 
3.1. Derivation of the characteristic 


3.1.1. Cylindric condenser as ion-counter 


Since Esert’s fundamental investigations [2] the cylindrical aspiration ion-counter 
has been used investigating the ions in atmospheric air. In the original EBERT 
apparatus a stream of air is drawn through a cylindric condenser, the inner cylinder 
of which is connected with an electrometer and charged to a potential which 
removes the ions from the air stream aspirated through the condenser. Ions of 
sign opposite to that of the charge on the inner cylinder will be collected by 
that cylinder discharging it with time. This method is the ‘discharging method”. 
In another method the outer cylinder of the condenser is maintained at a constant 
potential, while the inner cylinder is at the beginning of an observation near 
earth’s potential. Ions which are well within this condenser and of the same sign 
as the potential on the outer cylinder are driven towards the inner cylinder 
charging it, hence the designation ‘‘charging method”. The charge is measured 


with a sensitive electrometer. 
3.1.2. Trajectory of an ion in a cylindric condenser 


The behaviour of ions in a cylindric aspiration condenser may be considered as 


follows (Fig. 4). In the space between the cylinders Cz, and O;, which form the 
condenser, the electric field is 
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Fig. 4. Geometrical relations in a cylindric aspiration condenser. 
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at a distance @ from the axis of the condenser, where ra is the radius of the 
outer cylinder, 7; that of the inner cylinder and V the potential between both 
the cylinders. An air-flow moves in the direction X with a velocity u, which 


in general may be a function of 0, u = u(o). 


Therefore an ion with coordinates (x, 0) obtains two perpendicular velocities 


da 
Ur qi ble): 
V 
y= So =—kE, = ig, = ae 
oln “ 
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were & is the mobility of the ion. 


The trajectory of an ion which enters the condenser at a distance 9 = 7’ from 


the axis is determined by the equation 
kV. 
nlohgde re 


In - 


"% 


Because of the relation 
ie 


2x | ule)ede = % 


@ 


where ® is the volume of the air-flow aspirated per time-unit through the 


cross-section limited by the circles radii 7’ and @ 


PD, kV 
—_= L. 

Nae es 

In — 

vi 


(1) 
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If w(o) is not dependent on @ this equation may be written simpler - 


Pe Me) Bee (1.1) 
2% 2 i Ya 
Vj 


An ion with coordinates z = 0, 0 = a at the beginning of its movement through 
the condenser will reach in general a distance x on the inner cylinder 


r Ua 
®,% In — 

Ti 9 

= as (2) 
22k V 


and, if w is independent of 0 


. 
u(ra —ri) In = 


i 2.1 
wer 2kV (2.1) 


3.1.3. Limit mobility of the condenser 
If « =/ in (2) and (2.1), we obtain a mobility 


Ya 
+) Dock Vetesidas Cet 


ee ee ae 
en alae (3.1) 
* 21V, i ACY, 


which an ion must have to reach the end of the inner cylinder entering the ~ 
7 


condenser with the capacity C = 


at a distance @ =r, from the axis, 
Ya 
2 In — 
vi 
when V, is the potential applied to the condenser. This mobility hk, is called 
limiting mobility or threshold mobility. We will use the name limit mobility. All 
the ions entering the condenser at a distance @ = 7a and with mobilities k < k, 
will not reach the inner cylinder. All the ions entering the condenser at a dis- 
tance @ 57a reach the inner cylinder at a distance I’ $1 and will be captured 
on the inner cylinder, if their mobility is k = k,. 
The potential necessary to capture all the ions with the mobility & can be 
calculated from (1) and (1.1), if r’ =7ra, = 1 and 9 = 1%. 


r 
@\n “ 
ans Ni he DP 
Mee Inkl 4nCk (4) 
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Fig. 5. Ordinary ionic characteristics of a cylindric aspiration condenser. 


2 2 Ya 
u(r — 71) Nn — 
("a i) rm Uu(ra — 7) 


Qk er yee? 


V= (4.1) 


3.1.4. Ionic current in the condenser 


If N is the number of ions of corresponding sign per cm? of the air aspirated 
through the condenser, and e the charge of an ion, a quantity of electricity 
Ne passes per sec through the condenser, when the potential is not applied 
50 the condenser. 

From (1) we calculate 


Ce ee dn kG 


r 
In'— 


Vi 


and the current to the inner electrode is then 


f the potential is applied. ; , 
This current is independent of the distribution of the air-flow velocity with 


espect to 0, as first shown by Becker [1]. 


3.1.5. Shape of the characteristic 


As may be seen, the current @ increases linearly with increase of the potential, 
yf course, up to the potential V, which is necessary to capture all the ions 
vith the mobility &, a further increase of the potential gives no increase of 
surrent, a saturation is reached. The characteristic (current-potential curve) 1s 
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a straight line in this case, when ions with only one definite mobility are present. 
This straight line starts from the point of origin (Fig. 5). 


3.1.6. Relations between the mobility of ions present and the limit mobility; 
of the condenser : 


Some properties of the mentioned characteristic may be obtained by its: 


transformation. : ea 4 
By setting the expression (4) of the potential V, at which the limit mobility, 


k, may be reached 


= —— 4.2 
Vs 4nCk, (4-9) 

in (5) 
i=Neo*. (5.1) 


By dividing by e® we obtain the number of ions with the mobility k& caught 
on the inner cylinder using an adjusted lmit mobility hk, 
ie 


sa i (6) 


Further we will use this expression as the characteristic. The general properties 
of the characteristic are shown very onen in an expression. As may be 


: aes é 
seen in (4), es is proportional to V and to > If - increases, also the number 
sie * 
of caught ions increases, but only the fraction * of the total number of 


ions present in the group N will be captured, if k<k,. When k, has reached 
k, kh, =k 


n= WN, 
all the ions of this group are captured. No increase of the number of caught 


ions » follows at a further increase of - because the saturation is reached. 
* 
3.1.7. General form of the ordinary characteristic 
If several groups of ions NV’, N’’, N’’’, N’ with discrete mobilities k’ > k’’ > k’” > 
>k* are present (Fig. 5), and the used adjusted limit mobility k, is 
Lk" > ky >" 
all the ions with mobilities k>k, are captured 
n' = N’, 
nn" ons NE 
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but from the ions with mobilities k<k, according to (6) only the fraction 


io. 
k, is caught 
kl” 
nl" = === a 
ie ‘ 
kl” 
Re a ae NW. 


The common characteristic is then (Fig. 5) 


! ” wt Iv" , ” he aa Be IV 
Ca WN Eh SN NN hope tN 
# 0 
or generally 
es 
n= >» Ney ky Ni. (7) 


k=0 


k=Ky i 


If a continual distribution of ions with respect to the mobilities is present, the 
number of ions in the interval dk between the mobilities k and k + dk may be 
given by a distribution function 


dN 
K(k) = > 
or 

dN =f (k)dk 

and the characteristic is then 

co Kx ‘ 
n= [iteak+ 7 [ef @ds. (8) 
Ky 0 


3.1.8. Extreme forms of the characteristics 


If k,, is adjusted so that it is below the mobilities of all present ions, for all 
k<k, #(k) =0, the second term of the characteristic (8) is zero, the measured 
number of ions n is equal to the number of present ions. This is the condition 
for acting of the cylindrical condenser as EBERT ion-counter [2]. oe Ses 

If &, is adjusted so highly that none of the mobilities of the present ions is 
of the same value or higher than k, the first term of (8) is zero, and 


*% Ky 
Le Bdk= 7 | kd = 7 SHM = | SA (9) 
na-zf {(k) ie Ke io i he io” 
0 0 
where A is the conductivity of the air and this is the condition for acting of 
the cylindric condenser as GERDIEN conductivity apparatus [3]. A low k, = 
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os pees may be obtained by using a slow air-flow ®, or by using a high 
4nCV, ; 

capacity C of the working condenser or a high potential V,. A high k, may be 

obtained by using a speedy air-flow or by using a low capacity and low voltage. 

In general we cannot adjust /, so that one of the extreme conditions is satis- 

fied, and therefore we must use the general form of the characteristic with 


both terms. 


3.2. Evaluation of the number of present ions from the characteristic 


The intention of the measurements of the number of ions with an ion-counter 
is to determine the real number of present ions per cm, if this is possible with 
respect to the mobilities. From the measurements we obtain the characteristics. 
The ideal of the further solution of the problem would be to find the function of 
the distribution of the present ions with respect to the mobilities f(&) explicitly, 
but in general it is not practicable. But by a simple transformation of the char- 
acteristic (8) the total number of present ions with mobilities above k, may be 
obtained, as shown, for example in [12] 


2 3 dn 
v| = [iGjdk- nthe (10) 


or 


v]i= fraan=» cy ' ay 


ks 
or because of the relation (4) 
= r dn 
== ‘ed = — ——-—- 6 9 
fin [rea n Yaar, (12) 


The latter (12) is the mostly used form for the evaluation of the ionic spectra 


from the characteristics, for in this form it is possible to give a simple obvious | 


interpretation of the individual terms of the equation (12) by using the char- 
acteristic, because the change of the limit mobility may be imagined to be 
carried out by change of the potential V, applied to the condenser. But a 
similar interpretation may also be given for the equations (10) and (11), as shown 
in [12] and in some cases these forms are of advantage. By this interpretation a 
graphical method is also given for calculation of the number of ions N present 


at a definite mobility or in an interval of mobilities using corresponding char- 
acteristics, 


3.3. End-effect of the condenser and the characteristics 


The presented considerations about the characteristics are completely exact 
only if we assume that the electric field in the condenser is homogeneous. But 
a distortion of the field occurs at the ends of the condenser. 

Irrwara [6] has first shown that by using the “charging” method a not 
homogeneous electric field exists at the entrance of the condenser, and the 
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direction of this field is here such that ions with corresponding mobilities will not 
be let into the condenser. 


3.3.1. Imagined fore-condenser and perturbation coefficient 


_ Isratt [4], [5] interprets the result of the end-effect on the capture of the 
lons in the measuring condenser as an effect of an “effective fore-condenser”’, 
which gives a counter-field by the “charging” method. This effective fore-con- 
denser must be regarded as isolated from the measuring condenser. The effect 
of this imagined fore-condenser on the number of captured ions and by this 
on the characteristics may be taken into account by a perturbation coefficient 
a introduced by Israix [4]. Multiplying it by the limit mobility k, of the 
measuring condenser the limit mobility k, of the effective fore-condenser may 
be obtained 


ky = al. . 
For the Israii apparatus it is found [4] that 
a=95 +5. 


To simplify the calculations we have used henceforth a = 100 for our purposes, 
assuming that with this value we will not introduce too great errors in the 
consideration of problems of interest to us. 


3.3.2. Consequences of the end-effect 


Now we will consider some consequences, if the effective fore-condenser is accepted. 
The considerations presented till now in this article in connection with the idea 
of the characteristic have been carried out with the tacit acceptance that the 
number of ions caught in the condenser is limited only by a downwards smallest 
limit mobility k,, viz. if k, takes an increment dk, and if the interval dk, is 
occupied by a certain number of ions d N = f{(k,)dk,, the number of ions caught 
at the limit mobility k, +dk, must decrease as compared with the number 
caught at the limit mobility &,. This is the reason of the usual statement that 


the characteristic » = F (;.) must always be rectilinear or concave to the 
abscissa axis, but this statement is implied in the acceptance that all the ions 
with k>k,, k>°co would be caught. Because of the end-effect, as mentioned 
above, this is not the fact, for the caught ions must also have an upper limit of 
mobility, and according to the given interpretation we must state, that because 
of the effective fore-condenser a certain number of present ions will not be caught 
at all in the measuring condenser, and another part of the present ions will be let in 


only as a rate per cent of the whole number of present ions. 


3.4. General characteristic of the charging method 


The number of ions which are not let into the measuring condenser by the 
action of the effective fore-condenser (or the number of ions “caught” by the 
fore-condenser) may be determined by the equation 
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ak, 


y= [i@at+s [&/(bydk. 


oe 


0 


Without the fore-condenser the number of ions caught in the measuring con- 
denser could be 


No - f ibai + [arayar, 


Kx 
then the number of ions caught in fact is 


n= Ny — Ny; 
n= | fiaran x b fora] -[ fima + ms [rverae] (13) 


1 ak, 
is farmas, (13.1) 


or 


ak, ky 
n= fiwar rs - fri@ar— 
ky * 9 


a 


Now equation (13) must be accepted as the characteristic, if an upper limita-. 
tion of the mobilities exists, and a real characteristic of the charging method may 
be interpreted as superposition of two ordinary characteristics. 


3.4.1. Situation when an upper limit of the mobilities exists 


. : ee 1 
As may be seen, in this case the characteristic n = F(] need not be only 

* 
rectilinear or concave to the abscissa axis, but may take also other forms. A 
detailed consideration of this question is given in [12]. Obviously the same prob- 
lem could be described as follows. By moving the lower limit mobility k, up_ 
to higher values, the quantity of caught ions n may decrease: (1) because of the de- 

ak, 


ak, 
crease of the total number of present ions y| = (le {(k)dk determined by the 
Ky 
Kx 
lower limit mobility &, and (2) because of the decrease of the integral 
kx 
me: HH kf(k)dk 
j,| hak, 
0 


then more ions with a lower mobility are now eliminated. This decrease of the 
number of caught ions n is that meant till now, if the upper limit mobility is 
assumed = 00, or assuming that all the ions with mobilities from hk, up to co 
would be caught in the counter. When an upper limit mobility ak, exists, the 
phenomenon is another, viz. all the ions with mobilities k => ak, will not be 
caught at all in the counter, and another part of present ions with mobilities 
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fig. 6. General shape of the obtained characteristics of ions formed by negative corona; min 
time moments to which each characteristic is accorded. 


Jelow ak, will be let in only as a rate per cent of the whole number. There- 
ore by moving the lower limit mobility k, to greater values, the upper limit 
nobility ak, moves also to greater values, and when this upper limit mobility 
somes into a region where ions are present but until now not caught because 
yf the end-effect, the total number of caught ions must increase. In this case 
he change of the number of ions caught, if k,, increases, will be the difference 
yetween the decrease caused by the variation of the lower limit and the increase 
‘aused by the variation of the upper limit mobility. Therefore the total change 
nay be zero, as well as negative or positive due to the values of the groups 
yf the ions present at the lower and upper limiting mobilities. 


4.2. Separation of both the characteristics 


If it would be succeeded in separating both the characteristics we have 
ybtained the advantage that by variation of k, we have scanned not only the 
egion of the direct adjusted mobilities ks > k¥, but also the interval aks > ak’. 
\ similar scanning by the counter-field of the condenser in the charging method, 
f even in a form not detailedly elaborated, has been carried out by ScHouz 
10] investigating small ions in the atmospheric air. In some cases it is possible 
o separate the characteristics n, and mn; direct. In some cases it is easier to 
letermine the N curves by the methods considered in [12] and to carry out 
he separation of the superposed f{(k) and /(ak) functions. When the superposition 
akes place in the whole region of the characteristic the separation is not practi- 
able. Fortunately this case is not frequently met during our measurements. 


. General shape of the obtained characteristics of ions formed by negative corona 


The characteristics determined from the curves of the number of ions caught 
t chosen adjusted limit mobilities &, shown in Fig. 2 and 3 are presented in 
‘ig. 6, 7 and 8. The corresponding time moments to which each characteristic 
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Fig. 7. General shape of the obtained characteristics of ions formed by negative corona: 
during corona discharge, — — — after switching off corona; min time moments to which 
each characteristic is accorded. 
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Fig. 8. Some of the obtained characteristics in a larger 1/kx scale. 


- 


is accorded are denoted in the figures. For simplicity’s sake the obtained points 
of the characteristics are connected with straight lines in Fig. 6 and 7. By eval- 
uation of the characteristics assuming that the distribution of the present ions 
is continual with respect to the mobilities, slight curves were drawn through 


the points, as shown in Fig. 8 where part of the characteristics is plotted ina 
larger horizontal scale. 
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4.1. Characteristics after switching off corona 


The dotted curves in Fig. 7 and 8 are the characteristics after switching off 
, the corona potential. As may be seen these last curves have the shape of the 
ordinary characteristics: they begin at the zero point, increase and tend to a 
saturation value. They indicate the presence of ions with the mobilities, where 
the inclination of the curves is changed. The present ions have mostly lower 
mobilities. 


4.2. Characteristics during the corona discharge 


Another form of the characteristics may be stated during the corona discharge: 

(1) Saturation occurs from the beginning at k, = 7.8 x 10-¢em sec !: Vem", 
which event indicates that ions with mobilities below 8 x 107‘ em sec! : V em=2 
do not exist around the corona wire during this stage of the processes. 

(2) Durmg the development of the processes k, at which saturation may be 
stated, is displaced to lower mobilities at the beginning and to higher mobilities 
after that. Corresponding conclusions on the variation of the lowest mobility of 
the present ions may be drawn. 


(3) From c. 130—140 minutes the characteristics increase at higher ‘a (or 
lower &,,). Appearance of larger ions must be expected from this time. ‘ 

(4) Saturation has not been established in such a marked form during our 
earlier measurements. This event may be explained in the following manner: 
The used adjusted limit mobility has in these earlier cases not reached the 
values necessary for saturation, and ions of mobilities below the used adjusted 
k,, raust be present. p 

; : : eae I 

(5) As shown by the theoretical considerations, the characteristics n = F (F| 


te 


must tend to the zero of the diagram if 7 — 0, when no disturbances are pres- 


ks 

ent, or when no ions are present at higher mobilities. As may be seen in the 
figures, increases of the characteristics are established at higher k,. During our 
earlier measurements we have also met similar increases, but in the present case 
this event is expressed very markedly. The regularity of the form of these in- 
creases must be noted here (Fig. 8). The cause of the increase of the charac- 
teristics at higher k, must be due to the scanning of the ions with the upper 
limiting mobility ak,. Ions with corresponding mobilities (smaller intermediate and 
slower small ions) must be present in a greater amount here. 

As may be seen, the characteristics shown here are of such a form that all 
their properties considered in the survey of this matter are manifested very 
markedly. This is the reason why we have considered all this question so de- 
tailedly here. 


5. Obtained mobility spectra of ions formed by negative corona 


Although an insight into the distribution of present ions with respect to the 
mobilities is obtained by consideration of the characteristics, a definite statement 
of this problem could be given by the mobility spectra. For this purpose the 
curves of the number of ions N as a function of the mobility were determined 
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Fig. 9. Fig. 10. 


Fig. 9. Mobility spectra of*ions formed by negative corona in the region of large and large- 
intermediate ions. — Fig. 10. Mobility spectra of ions formed by negative corona in the region of 
small-intermediate and small ions. 


from the characteristics n = F (-) and n = w(k,) using the methods detailedly 


described in [12]. And the mobility spectra /(k) were determined by these 
curves. These spectra are shown in Fig. 9 and 10 for the ions present during the 
corona, and in Fig. 11 after switching off the corona. 


5.1. During corona discharge 


During corona (Fig. 9 and 10) it is inferred that: 
(1) At the beginning we have a band at mobilities of large and large-inter- 
mediate ions. 


(2) During the process this band transforms and besides, a larger band of 
large-intermediate ions appears. 


(3) Moreover, another band in the region of smaller intermediate ions with 
k = (400 + 1000) 10“ em sect: V em™! occurs (Fig. 10). 

(4) A wing of an intensive band is present in the region of real small ions 
(Fig 10). The form of this wing was not established very definitely because of 
the properties of the used apparatus, but the presence of a great amount of ions 
is definitely inferred in this group of mobilities. These ions will be subject to 
a further investigation with a more appropriate apparatus. 


560 


ARKIV FOR FYSIK. Bd 5 nr 26 


5x a Nien t 
sl. 1 
Al cay 4 om sec!:Verm! 
1 
28 


See ies es 
ee eae 48 


58 


Ses a . 
0 10 20 30 40 50 60 70 80 90 100 
k —— 10 “cm sec": Volt env! 


Fig. 11. Mobility spectra of ions present after switching off corona potential. 


9.2. After switching off corona 


After switching off corona the mobility spectra are of another feature (Fig. 11): 

(1) Small ions were not present here in amounts necessary for measurements. 

(2) Large-intermediate and large ions have here the leading role. Only a wing 
of the band of these ions is established by the used adjusted mobilities. 

(3) The ions are displaced to lower mobilities in the course of the transforma- 
tion processes. 


6. Tendency of groups of ions in different intervals of mobility 


As shown by the mobility spectra, the following groups of ions produced by 
negative corona may be inferred: 


Designation Interval of mobilities in Denomination of the ions 
10-* em sec-!: V em} 
ct, Se RS STS ree 2 000—co small 
A Ty i heiacke : 100—2 000 small-intermediate 
(Sia i ge SE ee 1070 large-intermediate 
a Ce ee 2.5—10 Langevin-large 
7} oa ee ee O0—2.5: ultra-large 


The number of ultra-large ions may be approximately determined by the 
increase of the characteristics at lower mobilities as shown in [8]. 

The tendency of the number of ions present in the mentioned intervals of 
mobility is shown in Fig. 12 during corona discharge and in Fig. 13 after 
switching off corona. 


6.1. During corona discharge 


The predominant ions at the beginning of the corona discharge are the small 
ions, but besides, large-intermediate and Langevin ions are also present. The 
number of small ions decreases after reaching a maximum and then increases 
after that again. If the smaller scale variations of the number of small ions 
shown in Fig. 12 by the corresponding points are real or not, may not be established 
by the material at hand. The number of present larger ions decreases at the beginning 
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Fig. 12. Tendency of the groups of ions in different intervals of mobility during corona dis- 
charge. 


earlier than the small ions, but after a minimum it increases very rapidly and 
exceeds the number of measured small ions. The real relation between the pres- 
ent larger ions and small ions cannot be determined, because the number of 
small ions measured with the used method is only a fraction of the total number 
of present small ions. During the mentioned increase of the number of larger 
ions a division of this band occurs, as shown by the spectra. The Langevin 
band remains comparatively constant during all the further process, while the 
large-intermediate group Nip increases markedly. The sum of both these bands 
is also shown in Fig. 12. The rédle of the small-intermediate band is compara- 
tively small. The same is valid for the ultra-large ions at the beginning, but 
during the process the number of ultra-large ions reaches nearly the number 
of the measured small ions. 


6.2. After switching off corona 


; After switching off the corona the presence of small and small-intermediate 
ions was not detectable with the used method. The large-intermediate and 
Langevin ions reunited in one band and these ions were dominant in this phase 


180 210 240 0 30 60 90 min 
Fig. 13. Tendency of the groups of ions present in two intervals of mobility after switching 
off corona potential. 
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Fig. 14. Number of ions measured with Esrrr ion-counters and the Isra#z large-ion counter 
adjusted at different limit mobilities kx, when small ions are not yet established. — Fig. 15. 


‘Tendency of two groups of ions when increase of the number of small ions is not yet established. 


of the process. The presence of the ultra-large ions must also be accepted. 
Concerning the shape of the variations of these last ions direct measurements 
‘in this region of mobilities must be carried out. 


6.3. During the first phase when no small ions were formed 


The trend of the number of ions produced during the first phase of the devel- 
opment of corona, when no small ions were found [9], is calculated from the 
data given in Fig. 14. The mobility spectra show in this case a wider band in 
the region of lJarge-intermediate, Langevin and ultra-large ions and a small band 
in the region of smaller intermediate ions. The corresponding curves of the 
variation of the number of ions in these two bands are presented in Fig. 15, 
where the prevalence of the larger ions is markedly shown. 
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SUMMARY 


Mobility spectra of ions formed by negative wire corona were determined by 
successive characteristics obtained with periodical alternation of chosen adjusted 
limit mobilities of an ion-counter. Groups of ions in several regions of mobility 
were inferred and their transformation was pursued. 


A theoretical consideration of the used method is given. 


Institutet for hégspaénningsforskning vid Uppsala Universitet, October, 1951. 
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Communicated 14 November 1951 by G. Borexrus and H. Atrvin 


A 35-million volt synchrotron 


By OLLE WERNHOLM 


With 15 figures in the text 


Introduction 


A synchrotron, accelerating electrons to a maximum energy of 35 million electron 
volts, has been constructed and tested at the Royal Institute of Technology, Depart- 
ment of Hlectronics. The energy of the electrons is continuously variable from three 
million volts up to full energy. When the particles have reached the desired energy 
_ the beam is caused to hit a platinum target. The x-rays produced emerge from the 
machine in a beam which at the higher energies is a few degrees wide. 

The detailed theory of the synchrotron has been treated in several papers (1) since 
the basic idea for the method of acceleration was given independently by VEKSLER (2) 
in 1944 and McMitian (3) in 1945. Only a brief outline of it will be given here. 

In the synchrotron the electrons are accelerated in a magnetic field by a radio 
frequency voltage in a way similar to that used in the cyclotron. The magnetic 
field guides the particles into a circular orbit in which they rotate in synchronism 
with the radio frequency field. During the acceleration the orbit is of fairly constant 
radius as the magnetic field increases to match the increase in energy of the electrons. 
For constant radio frequency it is necessary to inject the electrons at a velocity 
near that of light. 

Consider a beam of electrons moving in a circular orbit in a magnetic field (flux 
density B) with the velocity of light ¢. Their angular velocity is 


Cc rcs) We 2 (eB 


age ia aL e 


where W is the total energy of the electrons =mc? eV. Somewhere along the orbit 
(Fig. 1) the electrons pass a gap where a radio frequency field with a component tan- 
gential to the orbit is suddenly applied. The frequency of the electric field is chosen so 
’ that its period equals the time in which the electrons make one revolution. Electrons 
entering the gap at times when the radio frequency field is zero will run in phase 
or in synchronism with the electric field and their energy is called the equilibrium 
energy. Electrons entering the gap at a phase different from zero will either gain or 
loose energy. If the electrons are accelerated, their momentum will increase and 
therefore, according to (1), the angular velocity will decrease (larger radius). The 
time in which they make the revolution will thus become a little longer than the 
period and on the following passages of the gap the electrons will meet successively 
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Fig. 1 a. Diagram of the arrangement of magnetic and electric fields in the synchrotron. The 
magnetic field is perpendicular to the plane of the orbit. — b. Radio-frequency field versus — 
time. Points a, a’ and a” indicate radio-frequency field on successive revolutions of the electrons. 


lower radio frequency fields (a’, a’’ Fig. 1b). According to a similar argument also 
those electrons which meet a retarding field are caused to cross the gap at zero 
phase. The approach to zero phase is in fact made in a relatively slow oscillation. 
The effect of the applied radio frequency field is evidently that the electrons which 
prior to the application of the radio frequency field were uniformly distributed 
around the orbit are focussed in phase and will circulate in the same orbit in a bunch. 
As long as the magnetic field is kept constant no energy is added to the electrons. If, 
however, the magnetic field is raised slowly the electron bunch will according to (1) 
gain energy from the electric field in the gap. The acceleration takes place at a 
stable phase angle around which the particles execute their damped oscillation in 
phase and radius. The increase in energy is delivered almost entirely by the radio 
frequency source; the magnetic field only guides the electrons into orbits that fit 
the frequency of the electric field. 
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The minimum radio frequency voltage to maintain acceleration in a sinusoidally 
varying magnetic field with an angular frequency Q is 


Vain = 200-20-7- QO - cos Qt (2) 


where W is the final energy and r the orbit radius. Visi, for a 50 c/s operated synchro- 
tron in the 30 MeV range is of the order of 50 volts. 

The magnetic field for a synchrotron need only cover an annulus with dimensions 
to allow for the radial and axial oscillations of the electrons during the acceleration. 
This is the main advantage of the synchrotron as compared to the betatron which 
besides the guide field also needs the high central flux which induces the accelerating 
electric field. The lower magnetic energy storage in the synchrotron magnet also 
means a reduced condenser bank for the resonant circuit used for the excitation. 

As has been mentioned the condition for synchrotron acceleration with constant 
orbit radius is that the electron starts the acceleration with a velocity close to that 
of light. Electron synchrotrons have therefore been combined with a low energy 
betatron for preacceleration of the electrons to 2-3 million volts which is approxi- 
mately 99 % of the velocity of light. 

The use of betatron starters for synchrotrons instead of high tension generators 
has mainly two advantages. Firstly, there are no insulation problems. Secondly, 
the same vacuum chamber can be used for the betatron as for the synchrotron and 
at the moment when the synchrotron is beginning to operate the electrons exist in a 
well focussed beam in the centre of the vacuum tube. 

The Wr1pEROE (4) flux condition for betatron acceleration is 


FY ewer 2: 
sparen tle eae 3 j (3) 


The time derivative of the average flux density inside the orbit must be double 
the value of that existing at the orbit. In the electron synchrotron this high central 
flux is achieved by placing magnetic shunts inside the guide field poles. As soon as 
the desired betatron energy is reached, these so-called flux bars saturate and the 
betatron action disappears. Simultaneously the radio frequency voltage is turned 
on and the acceleration continues. The central flux is needed only during a very 
short period in the beginning of the acceleration cycle. 

Betatrons and synchrotrons require the same shape of the guide field for axial 
and radial focussing. The field has to decrease in radial direction in order to hold 
the electrons stable in the plane of the orbit. Furthermore, the field has to decrease 
in such a way that the force of rotation (proportional to 1/r) is balanced by the mag- 
netic force (proportional to v - B). If the radial distribution of the flux density is 
given by B, =k- r”, the two requirements can be formed as 


0O>n>-—1 (4) 


An electron synchrotron. giving 8 MeV and operating with betatron start was 
first run by Gowarp and Barnes in 1946 (5). Some months later this was followed 
by the 70 MeV machine at G. E. in America constructed by Pottock, Lanemurr, 
et al. (6). Several synchrotrons in the range of 30 MeV are at present operated in Eng- 
land, and in America two or three 300 MeV machines are running. 
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Ener, Time from zero field Flux density B 
a Section "20 aad 30 microseconds 0.003 Vs/m 
b r.f. start 2.5 MeV 400 microseconds 0.05 Vs/m 
c r.f. stop 35.5 MeV 5000 microseconds 0.6 Vs/m 


Fig. 2. Variation of the magnetic field and sequence of events during acceleration. 


Operation characteristics 


In the synchrotron to be described here, the current which produces the magnetic 
field is taken from the 50 cps a-c mains. One quarter of each cycle or 5000 micro- 
seconds are used for the acceleration and during this time the field increases from 
zero to its peak value of 0.6 Vs/m?. The peak obtainable energy W is given by the 
relation 


3-108 Bus > 1 = VW?—W? (5) 


where Wg is the rest energy of the electrons, B,,.x is the peak orbit induction, and r 
the radius of the orbit. 

The electrons are injected into the betatron with an electron gun pulsed to 18 kV 
for about 3 microseconds. The instant at which the injection has to occur is approxi- 
mately determined by the relation 


- mM 
r+ B(t) -|/: Wee (6) 
where r is the radius of the orbit, B the flux density at the instant of injection, 
and W; the injection energy. The sequence of events occurring during the accelera- 
tion are shown in Fig. 2. 
At the end of the quarter cycle the electron orbit is asymmetrically expanded 


against a target and the radiation appears in bursts of a few microseconds duration 
and with a repetition of 50 a second. : 


Magnet and power supply 


There are two main types of magnet construction used for synchrotrons. One type 
has a rectangular transformer-like yoke and has been.used chiefly for betatrons. 
The other type, which has been adopted here, consists of a number of 0 shaped 
units arranged in a ring, in such a manner that the openings of the C’s form the 
ringshaped air gap for the guide field. Due to its circular symmetry this construction 
has the advantages of better uniformity of the magnetic field, simplicity and com- 
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Fig. 3. One of the twenty C units. 


pactness. The C design, however, suffers the serious disadvantage of poor accessi- 
bility to the acceleration tube and this is especially true for lower energy machines. 
Some of the constructional details used for this magnet may be more practical for 
synchrotrons in the hundred-million-volt range, but during the construction it was 
considered that this machine might serve as a model for a large one and that useful 
experience could be derived from this design. 

The shape of the single C unit of the magnet assembly is shown in Fig. 3. Its 
laminations are made of silicon-alloyed transformer iron with a loss of 1.1 W/kg. 
Paper is used as insulation between the 0.35 mm thick laminations which are clamped 
together between two silumin frames. In order to make the C’s fit into the ring 
(Fig. 4) the pole ends must be tapered. This has been done by making the outermost 
laminations of the C unit successively shorter (see Fig. 3). No clamps can be used 
for the pole end because they would introduce gaps between adjacent magnets in 
the ring and would thus affect the uniformity of the magnetic field. The laminations 
of the pole ends were therefore baked together with nitrocellulose varnish while 
held in a special form. With the twenty C’s in position on the moulded silumin 
frame the gaps between adjacent poles is about | mm. 

In order to make access to the acceleration tube possible, the C units are cut at 
the upper end of the vertical section and the upper parts are mounted on a frame 
similar to that for the lower. Together with the upper magnetizing coil it can be 
lifted to give access to the acceleration tube. Two diagonally opposite C’s are made 
with longer return paths for the flux to give space for vacuum pump connections 
and outlet for the x-ray beam. The total weight of the magnet is about 1.3 tons. 
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Fig. 4. Lower part of the magnet assembly. 


When injected, the electrons approach the stable orbit in a damped oscillation. 
A stable region of about 12 % of the orbit diameter (40 cm) allows radial oscillation 
amplitudes up to 2.3 em, which was considered sufficient to give normal x-ray 
output. With the slightly elliptical form of the vacuum tube the axial oscillation 


space will become somewhat smaller than the radial or in this case about 2 em. — 


‘ : ; : ‘ l+n 
As the ratio of amplitudes of axial and radial oscillations is V — a value of 


less than —1/2 is preferred and the value of n was chosen to —0.6. 


A pole form that would give a magnetic field with the requirements indicated 
above was taken from a one-third scale model made of solid steel. It was magnetized 
with d. c. current and the field was measured with a small coil rotated at a speed of 
4500 r/min. The poles were repeatedly machined until the desired magnetic field 
was found. Pole form and a graph showing the variation of » with radius is given 
in Fig. 5. 

The reluctance of the flux path containing the flux bars (Fig. 5) is dimensioned 
to provide the necessary flux for betatron acceleration and to cause saturation of 
the bars when the electrons have reached relativistic energies. The orbit position 
can be adjusted by varying the air gap in the plane of the orbit (Fig. 5). A variation 
of only one-tenth of a mm gives as large a shift as 1 cm in orbit radius. The bars 
are made of the same transformer iron as the magnet. 
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Fig. 5 a. Cross-section diagram showing the pole form and vacuum tube. — b. Graph showing 


the variation of field exponent » in the plane of the orbit. 


To determine the betatron orbit position a set of ten concentrically arranged 
single turn coils with radii from 18 to 22.5 cm was placed between the poles. The 
electron orbit is located where the induced electric field is a minimum. This minimum 
was found by dividing each coil voltage with the radius of the coil. The measure- 
ments must be done at low magnetizing currents so that the bars are unsaturated. 

About 35000 ampere turns are required to give the peak induction of 0.6 Vs/m? 
at the orbit. The two magnetizing coils which carry 180 amperes r. m. s. consists of 65 
turns each and are wound with four parallel strands of copper wire with a rectangular 
section of 35mm. Cooling air is forced through three air channels in each coil 
to dissipate the coil losses, which amount to 4.5 kW. The @ of the magnet is about 100. 

Across the coils is connected a condenser bank (of 140 uF) which produces the 
reactive power for the magnet. This parallel circuit is fed from the a. ¢. mains by 
means of a variac and step-up transformer with a secondary voltage of 3000 (Fig. 6). 
The total losses of the circuit that have to be supplied from the mains are 6.5 kW, 
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220 V | 


Variac Transformer Auxiliary condensers Magnet 


Fig. 6. Circuit diagram of the power supply for the magnet. 


of which 1 kW are condenser losses, 1 kW iron losses in the magnet, and the rest 
copper losses in the magnetizing coils. 

Because of the saturation of the flux bars the inductance of the magnet depends 
on the magnetizing current. With unsaturated flux bars the inductance is 90 mH 
which reduces to 70 mH with the magnet fully excited. Therefore, when the magnet 
is started by increasing the voltage with the variac, the circuit has to be retuned 
to keep it in resonance with the frequency of the mains. By means of five switches, 
regulated from the variac control, suitable condensers are added to the circuit during 
the starting up. In full operation the condenser bank consists of twenty-two units 
in parallel, of 7 uF each and 3000 volts r. m. s. rating. 


Vacuum tube 


The electrons are accelerated in a continuously pumped vacuum chamber of glass, 
shown in Fig. 7. Its cross-section is elliptical im order that as much of the accelera- 
tion space as possible be enclosed. (When evacuated the tube is subject to a total 
outer pressure of 2.5 tons, but a mean wall thickness of only 3 mm has proved to be 
sufficient to prevent tube failure.) 

The tube was made in the glassblowing shop of this department. Starting from 
cylindrical pyrex tubing the glassblower bends two semicircular halves having the 
correct curvature. Hach half is then given the desired cross-section by blowing a 
small portion at a time in a graphite form covering a sector of about 60°. Both halves 
are then joined and the joints shaped in the same form. 


To vacuum pump Electron gun 


R.f. resonator 


Vig. 7. Photograph of the vacuum tube. 
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Fig. 8. Photograph of the electron gun. 


Different conducting layers on the inner surface of the tube have been used. The 
purpose of the coating is to carry away charges which tend to build up on the glass 
walls and which would deflect the beam. Earlier a chemically applied silver coating 
was used but was found very unstable. ““Aquadag”’ can easily be applied but is diffi- 
cult to outgas. Palladium and platinum from a colloidal solution in organic oil have 
been used successfully, of these the latter has been preferred as being less laborious 
to handle. The resistance used. is of the order of a few hundred ohms between two 
opposite connections on the walls. 

The electron gun (Fig. 8) is of the same construction as that used by Kerst (7) 
in the 22 MeV betatron. The spiraled tungsten cathode is pulsed to 18 Kilovolts 
negative during 3 microseconds; and, directed by a Wehnelt cylinder, the electrons 
leave the gun through a slit in the grounded anode. Injection occurs from outside 
the stable orbit and in a region where the electrons have no radial stability (n= —1, 
7 =22.3 cm). The output of the machine has proved to be very sensitive to the direc- 
tion of the injected beam. The gun is mounted in a bellows and can be directed to 
inject tangentially to the magnetic field by a screw mechanism. It is also essential 
to direct the injection relative to the plane of the orbit, and the means for making 
this adjustment is an o-ring seal between the gun stem and the outer silumin plate 
on the bellows. These adjustments can be made during operation by means of a 
selsyn mechanism from the control panel. 

The electric field for the synchrotron acceleration is supplied by a concentric 
quarter-wave radio frequency resonator. It is tuned to 238 Mc/s (wavelength 1.26 m) 
and the voltage at its open end, which forms the accelerating gap, is 150 volts peak. 


r 1 
A dielectric in the resonator (dielectric const. = ¢) reduces its length by a factor —= - 
€ 


Some ceramic materials suited for high frequency work have dielectric constants of 
about 80 but a resonator made of such a material is still of a length which is in- 
convenient to insert into the vacuum tube. The resonator is therefore made as a 
part of the tube (Fig. 9) and its dielectric is pyrex glass (Corning 7740) of the same 
type as the rest of the tube. This system also has the advantage that the acceleration 
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Acceleration gap Coupling strip 


Fig. 9. Photograph of the resonator for the radio-frequency acceleration. 


space is unaffected by the resonator but it can be more troublesome from the vacuum 
point of view. 

The resonator was prepared in a way similar to that described by ELDER et al. 
for the G. E.70 MeV synchrotron. A running wire continuously painted with carborun- 
dum was used to cut out the 50 degrees sector from a piece of pyrex glass moulded 
in the graphite form. A silver layer was applied on its inner and outer surface by 
painting it with silver paste (Hannovia No. 38) and baking it in an oven to 550° C. 
The coating is laminated to avoid eddy currents produced by the a. c. magnetic 
field and the laminations as well as the accelerating gap were formed by removing 
silver with a dentist’s grinding wheel. 

A sector of the vaccum chamber was cut out and replaced by the resonator, 
Sealing the resonator to the vacuum tube has been made either by glueing the 
joint with Araldite or wrapping it with electrical tape. The whole resonator has to 
be painted with Glyptal to get a good vacuum. 

A 35 liter/sec oil diffusion pump keeps the pressure during operation below 5- 10° 
mm Hg. The pump connections are made so that the tube under vacuum can be 
swung from its position on the poles to a table outside the magnet. 


Electronics 


The various electronic apparatus necessary for the operation of the synchrotron 
are shown in the block diagram Fig. 10. Besides the injection modulator, radio — 
frequency source and orbit expander which take a more direct part in the accelera- 
tion, some monitoring instruments have to be applied. An ionization chamber 
measures the mean ionisation in the beam and a photomultiplier counter in combi- 
nation with an oscilloscope are the means of determining the shape and position of 
the y-pulse. | 

The sequence of events during the acceleration quarter cycle (Fig. 3) starts with 
the injection, which occurs about thirty microseconds after zero magnetic field and 
is followed by the radio frequency start a few hundred microseconds later. 

Injector and radio frequency transmitter are both started with a pulse from 
peaking transformers magnetized in series with the synchrotron magnet (8). Their 
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Fig. 10. Block diagram of electronic apparatus. 
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Fig. 11. Circuit diagram of the injection modulator. 
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Fig. 12. Circuit diagram of the radio-frequency transmitter. 


magnetic circuits contain a thin strip of permalloy wound with a few hundred turns of 
copper wire. Most of the time the strip is saturated; only when the a. c. field in the 
transformer (and in the synchrotron magnet) passes zero a pulse of a few microseconds 
duration is produced over the permalloy winding. A shift in time of the pulse, suffi- 
cient to trigger injector and radio frequency source at proper instants, is accomplished 
by biasing the transformer with stabilized d. c. 

Originally a one shot multivibrator was used asa delay mechanism instead of the 
peaking transformer. The multivibrator was started from a peaking strip placed 
in the magnetic field and the duration of the multivibrator pulse could be varied 
so that its tail after derivation could be used to trigger the injector and radio fre- 
quency source in the required range. This system, however, made the output very 
unstable; injector and radio frequency timing had to be adjusted very often to keep 
the output at a fixed value. The reason for the instability is that on account of the 
high Q of the magnet a small change in the frequency of the mains causes a relatively 
large change in the magnetizing current. The trigger pulse from the multivibrator, 
which appears at the same phase independent of the rate of rise of the magnetic 
field, will thus start the apparatus at a wrong instant. The peaking transformer on 
the other hand gives a pulse related to the absolute value of the magnetic field and 
this system has shown a good stability. 

The injector (Fig. 11) is similar to a magnetron modulator. A pulse-forming network 
is discharged through a thyratron and the pulse is fed to the gun cathode over a 
pulse transformer. ; 

The r. f. source is a grid modulated triode oscillator (Fig. 12) operated with a 
multivibrator pulse which in turn is generated from a pulse from the peaking trans- 
former mentioned above. A 50-ohm coaxial cable connects the oscillator to the 


accelerating resonator. The frequency of the oscillator is 238 Mc/s and the available 
power 25 Watts in the pulse. 


Orbit expansion 


Normally, the electrons are caused to strike the target placed at a radius less 
than the orbit radius, by shutting off the radio frequency before the magnetic field 
has reached its peak value. As the field continues to increase the electrons will spiral 
inwards until they hit the target. If the acceleration is interrupted late in the quarter 
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Fig. 13. Diagram of the asymmetric orbit expansion. 


cycle the pitch of the spiral is so small (of the order of one thousand of a mm) that 
the y-pulse will last for several hundred microseconds. 

For some purposes it is desirable to work with shorter pulses which can be achieved 
by passing a high current pulse through coils on the poles at the instant when the 
radio frequency is stopped. The additional magnetic field produced by the coils 
expands or contracts the orbit against the target resulting in a y-pulse of a few 
microseconds duration. 

During the construction of the orbit expansion apparatus it was considered that 
the same device was to be tried for extracting the electron beam from the machine. 
In regard to this a symmetric expansion such as that commonly used for betatrons 
is useless unless the injector is placed inside the orbit. Inside injection was for several 
reasons impractical and an asymmetric expansion as shown in Fig. 13 was therefore 
preferred. 

Gowarp (9) and others have shown that a step field added to the main magnetic 
field can be used to give the electrons a forced radial oscillation of an amplitude 
sufficient to make the electrons hit a target placed outside the acceleration space. A 
step field giving a suitable oscillation was calculated and it is shown in the graph of 
Fig. 14. The deviation (x) from the circular orbit is of the approximate form 


xz = 6 (1— cos ¢) (7) 


- where 0 is the oscillation amplitude and » the azimuth angle. 

About 1000 peak amperes through four single turn coils attached to the poles are 
required for the expansion. A current pulse.of 35 microseconds duration is obtained 
by discharging a condenser through an ignitron in series with the coils. The ignitron 
is triggered from a “multiar’’ circuit controlled by a voltage obtained by the inte- 
eration of the magnet voltage. The energy of the radiation is therefore related to 
the absolute value of the magnetic field and independent of changes in magnet 
current. 
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Fig. 14. Azimuth distribution of the step function field. The electron oscillation is calculated. 
for an additional step field 7 % of the main field. 


Operation 


When the machine was first operated the beam intensity was rather low and 
the quanta were detected by means of a GM counter. Certain improvements, mainly 
of the magnetic field and injection technique, have resulted in an output of about 1 
roentgen per minute at one meter from target. 

Eddy currents, originating from shortcircuits between laminations and flux crossing 
laminations, produce together with hysterisis of the iron appreciable irregularities 
of the magnetic field. As eddy currents are 90 degrees out of phase relative to the 
accelerating field, their effect is most prominent in the beginning of the acceleration 
cycle. The field distribution at injection is therefore somewhat different from that. 
which can be measured by a coil moved through the field. An estimate of the magni- 
tude of the irregularities can be obtained by measuring the time delay between differ- 
ent parts of the field at zero phase. This was done with two peaking strips, one in 
a fixed position in the field and one that could be moved in azimuth around the 
orbit. The pulses generated in the strips were fed to a double beam oscilloscope, 
one pulse to the y-amplifier of each beam and the time difference were read directly 
on the screen. In Fig. 15 is given a curve showing the typical form of the irregula- 
rities. In the middle of the gap of each C unit the field is delayed up to a maximum 
of 6 microseconds. Corrections of the irregularities were therefore made by delaying 
the field in the regions between adjacent magnets and this was done by means of 
single turn coils of suitable form attached to the pole face and loaded with a variable 
resistor. The current passing through this resistor is of the order of 15 amps. r. m. s. 
In this way the field has been corrected so that the irregularities at the time of injec- 
tion does not exceed 3% of the average injection field strength (calculated from the 
injection voltage). 

Attempts to measure the radial phase distortion in a similar way failed because 
the accuracy of the measurements could not be extended far enough. Radial time 
delays of a few tenths of a microsecond make an appreciable change in the field 
exponent » and so short intervals between two almost sinusoidal pulses of 10 micro- 
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Fig. 15. Magnetic field irregularities for ten magnets, 


seconds duration are difficult to determine. Furthermore, the difficulty is increased 
because the pulse from the moving strip is subject to a change in form depending 
on the change in rate of rise of the magnetic field as the strip is moved radially. 

However, the field exponent at the time of injection can be corrected by passing 
current through coils on the poles one above and one below the orbit. An improve- 
ment of 6 times in output was gained by passing 1.5 amperes r. m. s. through two 
such coils of somewhat smaller radius than the orbit. The direction of the current 
had to be 180° out of phase to the voltage induced in the coils by the magnetic 
field. This might be an indication of a radial timelag of the magnetic field inside 
the orbit probably caused by the flux bars. 

A phenomenon observed among various synchrotron operators is the multiple 
structure of the y-beam. The examination of the pulse form can be made with an 
oscillograph connected to a photomultiplier tube placed in the beam. The complex 
pulse form appears only when the orbit is allowed to contract slowly to the target, 
either when the flux bars saturate or after radio frequency shut down. As soon as 
the rapid orbit expansion is used the pulse is single and of a few microseconds dura- 
tion. ; 

Originally when operated as a betatron the machine produced two pulses 120 
microseconds apart about 500 microseconds after injection. It was noticed that a 
misalignment of the gun sometimes resulted in three or four pulses different in size 
but all occurring within the 120 microseconds. With the gun adjusted for maximum 
yield only two pulses appeared and both almost equal in size. 

The last of the two pulses appears at the expected time and the first pulse is, 
therefore, according to an explanation suggested by Lawson (10), supposed to arise 
- from electrons oscillating around the equilibrium orbit. After injection the electrons 
approach the stable orbit in a damped oscillation, which under certain conditions 
and for part of the electrons may result in an oscillation of fixed amplitude. At the 
end of the acceleration when the orbit is slowly contracted either by saturation of 
the flux bars or by the disappearance of electric field the oscillating electrons will 
first hit the target. 

The radial oscillation, damped as well as undamped, has a frequency related to 


the frequency of rotation as w V1—n which for n=0.64 is 0.6 w. The undamped 
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oscillation is sustained by small circumferential nonhomogeneities of the magnetic 
field. Lawson tested his hypothesis by placing pieces of laminated iron outside the 
poles. The disturbances caused by the iron pieces made a change in the relative 
size between the two pulses. 

The leakage flux from the central airgap between the shunts protrudes into the 
acceleration space and by varying the position of the shunts vertically the same 
effect can be obtained as with external iron pieces. Half a mm vertical shift is suffi- 
cient to get the first of two equal pulses completely incorporated into the second. 
The output of the machine is independent of pulse shape; it is the same for the 
single pulse as for the double one. 
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